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ABSTRACT. We prove absolute convergence of the multi-body correlation functions as a
power series in the density uniformly in their arguments. This is done by working in the
context of the cluster expansion in the canonical ensemble and by expressing the correlation
functions as the derivative of the logarithm of an appropriately extended partition function.
In the thermodynamic limit, due to combinatorial cancellations, we show that the coeffi-
cients of the above series are expressed by sums over some class of two-connected graphs.
Furthermore, we prove the convergence of the density expansion of the “direct correlation
function” which is based on a completely different approach and it is valid only for some inte-
gral norm. Precisely, this integral norm is suitable to derive the Ornstein-Zernike equation.
As a further outcome, we obtain a rigorous quantification of the error in the Percus-Yevick
approximation.

1. INTRODUCTION

Correlation functions of interacting particle systems provide important information of the
macroscopic as well as the microscopic properties of the system. This was well captured
already in the literature in the 30’s, see [21]. Around the same period, with the development
of power series expansions by Mayer and his collaborators, [29], a direct perturbative rep-
resentation of correlation functions in terms of integrals over configurations associated to a
graphical expansion has been suggested in [30], where the density expansion of the n-body
correlation function has been derived. However, being perturbative expansions around the
ideal gas, the density expansions of the correlation functions are not expected to be valid
at the densities of the liquid regime. So, one tries to “develop a theory of classical fluids
without using the density expansion formulas”, [34].

A candidate for deriving such relations is the original Ornstein-Zernike (OZ) equation, [37],
which, however, cannot be solved as an equation as it contains two unknown quantities,
namely the correlation function and the direct correlation function. Hence one has to pos-
tulate a relation between them, that is what one calls a closure scheme. A lot of effort has
been made in this direction and various suggestions have appeared. In [49], G. Stell sys-
tematically relates the most popular closure schemes (such as the Born-Green-Yvon (BGY)
hierarchy, [6, 52], the Hyper-Netted Chain (HNC) and the Percus-Yevick (PY) equation [40])
to graphical expansions and tries to quantify them in this way. Ever since an enormous body
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of works was created, which by now is a standard tool in liquid state theory, see e.g. [17].
Furthermore, there is recent interest in developing coarse-graining methods based on this
theory, see for example [36, 35, 31].

However, in [49] it is also acknowledged that “the manipulations involved in obtaining these
infinite sums ... have been carried out in a purely formal way and we have not examined
the tmportant but difficult questions of convergence and the legitimacy of the rearrangement
of terms”. The convergence of the activity expansion of the pressure and the truncated
correlation functions for stable potentials integrable at infinity is well established since the
'60s. A first result about rearrangement of terms in the above sense immediately followed;
J. Lebowitz and O. Penrose showed in [25] that the resumming to achieve expansions in
the density from expansions in the activity can be justified rigorously for the free energy
and a lower estimate for the radius of convergence of the density expansion was also given.
The analogous result for the expansion of the truncated correlation function is sketched,
we discuss its limitations below. Other resummings had to the best of our knowledge not
been considered. The present paper is a first step in picking up this line of research by
studying the convergence of the expansion of the n-body correlation function and of the
direct correlation function. Note that the latter cannot be directly expressed as an expansion
of the activity and following the line of argument in [25] seems more involved. Contrary to
the previous approach, we work directly in the canonical ensemble (which is natural for
density expansions) and control for the first time directly a cluster expansion based on 2-
connected graphs. In a first step, we relate the correlation functions to an extended partition
function and we obtain the result as a consequence of the validity of the cluster expansion of
the free energy in the canonical ensemble. However, more delicate estimates are needed in
order to control the density expansion of the “direct correlation function” and to establish
the validity of the Ornstein-Zernike equation.

Before we discuss the aforementioned problems and previous works in more detail, let us
state the main results of this paper

(1) Absolute convergence of the density expansion for the truncated correlation functions
uniformly in the arguments of the correlation function, with essentially the same
radius of convergence as for the activity expansion.

(2) The rigorous derivation of the graphical representation of the density expansion of
the truncated correlation function by some class of two-connected graphs.

(3) The convergence of the density expansion (in the thermodynamic limit) of the direct
correlation function in the L! sense in the difference of the arguments. Furthermore,
we show that this type of convergence implies that the direct correlation function
defined via its expansion solves the OZ equation in the thermodynamic limit.

(4) The order of the error term in the closure which gives rise to the Percus-Yevick
equation is rigorously derived.

Note that the convergence in (1) holds also in the L'-sense and one can show it by following
the line of proof presented later in the paper.
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Let us discuss the points raised above in more detail. The first mathematically rigorous
construction of the correlation functions in the thermodynamic limit was obtained in the high
temperature and low density regime in [4] based on a fixed point argument for the Kirkwood-
Salsburg (KS) equations. Then, further progress has been made in the 60’s starting with
the works of Groeneveld, Penrose and Ruelle. Ruelle used in [47] a fixed-point argument,
while Penrose uses an iteration of the (KS) equations in [38]. Closely related, in [39] Penrose
introduced the so-called tree-graph estimate, further developed in [7], cf. also [43] and
references therein for recent progress. After the 60’s, the technique of cluster expansion has
been further developed and its validity has been established for a large class of different
systems, for example with the introduction of the abstract polymer model [16, 23]. We refer
to [13] for a review of the different sufficient conditions for convergence. For the case of
the classical gas, all results are based on the grand canonical ensemble as the techniques
that have been used exploit the infinite sum over the number of particles. However, in this
paper we are considering expansion in the density. The coefficients of this expansion were
identified as sums over 2-connected graphs already in the 40’s, cf. [29].

In order to derive from the expansion in the activity an expansion in the density, two further
steps are required, as in any resumming: first, some “inversion” theorem from analytic
function theory in order to show the convergence of the density expansion and second a
combinatorial relation between graphs, e.g. a “topological reduction” in the language of
Stell, to identify the coefficients in the density expansions. Part of the latter is to check the
admissibility of the rearrangement of terms in the series necessary to realize the combinatorial
relations. In general, this is an issue because the series in the graphs is only conditionally
convergent. For Mayer’s combinatorial identities [29] this is not an issue due to the iterative
structure leading in each order to finite many identities. For details as well as for a lower
bound on the radius of convergence, see [25]. See also [42] for a recent improvement mainly
for potentials with negative part. For the multi-species case see [51] as well as [20]. In
[27] this relation between graphs is put in the systematic context of operations between
combinatorial “species”.

In [25], it was also pointed out that one can derive the convergence of the correlation func-

tions following similar arguments as for the free energy. The coefficients affn) of the density

expansion of the truncated correlation functions u™ (qy,...,q¢,) = p" > re, pka,(:)(ql, ey Gn)
are themselves functions of the position. A straightforward application of the arguments
from [25] gives only convergence for fixed qi,...,q,. However, in order to work with the
expansion, e.g. in order to show that it satisfies the Ornstein-Zernike equation, one needs
that the series is absolutely convergent with respect to the uniform norm in the arguments or
the L'-norm, that is Y37 p" [pac-1) ]a,i")(o, Q2,5 qn)|dgs ... dg, < oo (due to translation
invariance). It may be possible to achieve this also via an indirect proof in the spirit of
[25], but to the best of our knowledge it has not been presented in detail. This issue is also
relevant for the sketch of the proof in [1], where the authors exploit the finite range of the
considered potentials by examining analyticity in the Fourier space. However, this argument
requires the stronger sense of convergence in L'-norm (explained above) in order to connect
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the Fourier transform of the series in density with the series of the Fourier transform of its
summands.

In this paper, we follow a direct and natural approach to obtain the density expansion
starting from the canonical ensemble. In [44] the validity of the cluster expansion in the
canonical ensemble has been established for the free energy combining the cluster expansion
techniques for abstract polymer model and tree-graph estimates for particle systems. Because
of the latter, no significant improvement for the radius of convergence for the virial expansion
over the activity expansion was achieved. Extending these techniques, in this paper, we prove
the convergence of the density expansions for both the correlation and the direct correlation
function working directly in the canonical ensemble. Here, it is worthwhile to note that the
direct correlation functions is quite different from the truncated correlation functions. First,
there exists no natural graphical expansion for the direct correlation function in the activity.
Second, even in the density, we are not aware of a natural expansion of the direct correlation
function in finite volume, but one can define an expansion which is at least correct in the
thermodynamical limit. Third, we prove directly the convergence of this expansion which
is represented by two connected graphs without using any thermodynamical relations. One
may expect that expansions given by classes of more connected graphs give leading terms
which are more relevant, however convergence proofs, since based on combinatorial relations,
are much harder to obtain. In fact, there is no known analogue of the tree graph inequality for
two connected graphs. We bypass this by using the new technique of [44] developed for the
canonical ensemble. However, the direct correlation function is an example of an object that
is not a thermodynamical object in the canonical ensemble, but the technique is nevertheless
applicable. The choice of norm (in the position variables ¢;) is crucial for that. Working with
an integral norm allows us to combine translation invariance and combinatorial cancellations
(see Lemma 5.2). The main benefit of the direct approach is that it elucidates how the
derivation of convergence is intrinsically related to the underlying combinatorial structure
of the graphs in the formal computations in Stell. For the supremum norm the cancelations
which are essential for the proof do not seem to hold. “Miraculously”, the integral norm is
exactly what is required to prove the validity of the Ornstein-Zernike equation.

In liquid state theory, as discussed above, several closures for the Ornstein-Zernike equation
have been suggested. Moreover, starting from the grand-canonical ensemble, a wide range of
expansions for various thermodynamic quantities have been investigated, see the systematic
presentation of his and earlier works of others (e.g. [33, 11]) by G. Stell in his seminal
work in [48]. His approach is mainly based on the tools of functional differentiation and re-
summations of the cluster expansion, or “topological reduction” as he calls it. The first was
already used in [3], analogously to the use of generating functionals for stochastic processes.
Note also that in one of these earlier works, Hiroike and Morita suggest that using more
complex re-summations “the theory of classical fluids may be constructed with the knowledge
of the pair distribution function alone, even if a form of the pair interaction potential is not
known.” This is also closely related to the inverse or realizability problem, where one seeks
to find a priori properties of the correlation function, see [24] and the references therein. All
these considerations are purely formal and not even in the high temperature and low density
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regime it is a priori clear that these calculations can be made rigorous. At least in this
regime, as a by-product of the validity of the convergence for the expansions proved here,
we can evaluate the error in closure schemes such as the Percus-Yevick equation, rigorously.
The approximation is correct up to the order of p?, as expected. Note that this scheme gives
rise to approximations that are not as simple as restricting to the leading order, quite the
contrary; a systematic rule is given on how to select terms from all orders. As series in the
graphs, the expansions are only conditionally converging and hence the evaluation of the
error is not a direct consequence of the convergence of the activity or density expansion of
the truncated correlation functions. Trying to construct closures with higher order error, as
already suggested in [49], is more complicated. This is left for the future together with the
quest of an expansion that can be valid in the liquid regime.

The structure of this paper is as follows: In Section 2 we present the model and the main
results. Referring to the list given above, item (1) is based on the definition of the truncated
correlation functions via the generating functional for correlation functions, which allows
us to relate it to the abstract polymer model and derive the convergence result from the
general theorem of cluster expansion cf. Theorem 2.1 for a representation of the correlation
function in a weak form and 2.7 for the pointwise representation. This is proved in Section
3 and 4 respectively. As expected, the range of convergence is strictly inside the gas phase;
it is the same for both expansions and it can be easily improved along the line of [32].
The proof of item (2) is given in Section 4. It requires a modification of the cancelations
derived in [44] taking into account the difference in the combinatorial structure. Another
crucial property is the splitting property (4.16) which is based on translation invariance.
Even though the correlation functions break the translation invariance of the expansion, the
splitting property is preserved. Item (3) requires a re-definition of the activity in the abstract
polymer representation in order to show convergence when one of the two arguments of the
direct correlation function is considered in the L' norm, as shown in Section 5. We conclude
with Sections 6 and 7. In Section 6 we discuss the connections to combinatorial identities.
In fact, the different expansions in [48] have a strong combinatorial flavour. The results of
this paper are applied to liquid state theory in Section 7 and are to be investigated further
in upcoming works. Moreover, as a by-product we also prove item (4).

2. THE MODEL AND THE RESULTS

We study a system consisting out of N indistinguishable particles described by a config-
uration q = {qi,...,qn} (where ¢; is the position of the " particle) confined in a box
A(0) := (=%, 47 c R? (for some ¢ > 0), which we will also denote for short by A when we
do not need to explicit the dependence on /. For simplicity, we consider periodic boundary
conditions, that is, we identify opposite sides of the square A to obtain a torus. The effect of
other boundary conditions is left for future studies. The particles interact via a (translation

invariant) pair potential V : R? — R U {oo}, which is stable, integrable at infinity and
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V(q) = V(—q). A potential V is called stable, whenever there exists B > 0 such that:

> V(g —q)>-BN, (2.1)

1<i<j<N

for all N and all ¢y, ...,qny. In particular, bounded below. A potential V is called regular,
whenever

c(p) = e V@ _ 1]dg < . (2.2)

Ra

The latter condition holds for a potential bounded below if and only if [, |V (¢) Al|dg < oo.
The hard-core potential fulfils all these assumptions with C'(8, R) = |Bg(0)|, the volume of
the ball with radius the interaction range R.
The energy of the system H, is defined as

Hy(q) == Y Vg, (2.3)

1<i<j<N

where ¢; ; denotes among the vectors ¢; — g; +nf, for n € 7%, the one with minimal length.
The length of ¢, ; is equal to the geodesic distance of ¢; and g; on the torus.

2.1. Thermodynamic functions and partition functions. The associated canonical
partition function of the system described above is given by

1

Zoan = 5 /A dar .. dgy e AHA(@), (2.4)

Given p > 0, the density, we define the thermodynamic free energy in the thermodynamic
limit by

1
= lim , where =———1log 7 , 2.5
Jolp):= M foan Joan = —grplos Zsan (2.5)
N=|p|Al]

where |A| is the volume of A. The limit exists for suitable sequences of volumes A and is
actually independent of the boundary condition [14], [15].
The associated canonical ensemble in the volume A is defined for a measurable set C' C R
by
1 1 —BHx(q)
psan(C) = ~7 dq, ...dgye : (2.6)
ZgaN N Janae

We introduce some relevant quantities in statistical mechanics to be studied next. Given
a test function ¢ we define the Bogoliubov functional Lg(¢) in the canonical ensemble, in
analogy to the definition in the grand-canonical ensemble (by considering the grand-canonical
measure restricted to the N-particle sector), see [3], equation (2.11):

Lo(@):= [ T10+ota)msntia) (2.7
k=1
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This is the generating functional of the correlation functions associated to the canonical
ensemble. In fact, by expanding the product in (2.7) we obtain

Z - fb ) - )Py N (a1, - - ) day - . dgn, (2.8)
where for n < N and the points ¢i,...,¢, € A we have defined the n-point correlation
function in the canonical ensemble pE@V(ql, ey Qn) as

(n) — 1 d d 1 e~ PHA(9) 2.9
PAN(QLs - ) (N—n)!/ANn Gn+1 - - - QNZBAN . (2.9)

Note that pEX)N =1 and pfxl)N Thus, in the thermodynamic limit we obtain p(Y) = p.

\AI
The existence of the thermodynamic limit p™ for n > 2, that is the limit when |A| 1 oo
with N = |p|Al]], is more subtle than for thermodynamic quantities like pressure and free
energy which are on a logarithmic scale. Analogous results in the grand-canonical ensemble
are well-established [46, 47]. Furthermore, for small values of the activity, the correlation
functions can be represented as power series in the activity. A by-product of our analysis
below is that we also establish the convergence of the thermodynamic limit in the high-
temperature-low-density regime in the canonical ensemble. The only related previous result
we are aware of is [5].

The logarithm of the Bogoliubov function

log Lp(¢ Z 925 Q). O(g)uN (a1, - ) dgr - . gy, (2.10)

n>1 !
is the generating function for u Anz\, (q1,- -, qn), the sequence of truncated correlation functions
or Ursell functions. Relation (2.10) can be understood as the definition of u@\,(ql, ey Qn)-

These are the analogues of the cumulants for the sequence of correlation functions. The
correlation functions and the Ursell functions can be related directly via a combinatorial
formula by comparing (2.8) and (2.10) and give rise to the to the relation, see e.g. [46],
p.87 or [48], equation (2-8), which can also be used as an inductive definition for the Ursell
functions:

n (1P
PN, ) = > HuA'N‘) (a,,), (2.11)

{Pl,,Pk}GH(l,,TL)

where II(1,...,n) is the set of all partitions of {1,...,n}. For P, = {j1,...,jjp}, we use
the shortcut notation: qp = (%1s -+ -+ Qjp,)- For example, for n = 2 we have:

2
U(A)N(ql, @) = ,O(A,)N(qh Q@) — p(A)N(%)p(A)N(qz)

We will see that in the thermodynamic limit the functions of p, p™ and u™ (the limits of

pg\"ﬁv and uf\ng\,) have as leading order p". Hence, it is common to introduce the following
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order one functions: -
pA,N(q17 ] )Qn)

aN (@, 1) = T (2.12)
and .
n uAer<q1> s 7Qn)
RN, o) 1= e : (2.13)

Due to the periodic boundary conditions all correlation functions introduced above will be
invariant under translation. Furthermore, as bounds will be uniform in A and N, it follows
that all relations to be described in this subsection will still hold true in the thermodynamic
limit.

Next, we concentrate on the case n = 2. We express all correlation functions as functions of
the difference of coordinates 05\2,)1\7(‘11 —q), uf)N (@1 — q2), g1(\2)N (¢1 — g2). The latter is known
as the radial distribution function (in case that the potential V' is also radially symmetric)

and hf,)N(QI — @2) as the structure function. Then the following relation holds

N \2
W (@ — a2) = 9w (o — @) — (—A) , (2.14)
plA|
which in the thermodynamic limit simplifies to
W (g — @) = 9% (a1 — @) — 1. (2.15)

Another type of correlation function playing a central role in the theory of liquids is the Orn-
stein - Zernike direct correlation function c¢(qi,qz). In the thermodynamic limit it is defined
via the following relation, usually called in the literature as Ornstein-Zernike equation:

M (g1, q0) = c(q1, q2) + /dC(QlaQS>h(2)(Q3aQQ)p(1)(QS)dQS- (2.16)
R

The direct correlation function is the building block of the classical theory of fluids, see e.g.
[49] and the references therein. For the case of dilute classical systems with finite-range
interactions, it has been investigated in [1] that the direct correlation function expressed in
terms of its graphical expansion satisfies the Ornstein-Zernike equation by expressing it in
the Fourier space (whenever one can interchange the Fourier transform with the series in the
density). The purpose was to show polynomial correction to the exponential decay of the
correlation, see [12] for details. Similar results have been proved for the finite range Ising
model above the critical temperature [8], as well as the random cluster model [9]. Further-
more, similar graphical expansions have been proved to satisfy the Ornstein-Zernike equation
also in the context of point processes and the random connection model of percolation [26].
Here, in Theorem 2.9, working directly in the canonical ensemble and expressing the involved
quantities as graphical expansions, we prove that the direct correlation function is an abso-
lutely convergent series in powers of the density and satisfies (2.16) in the thermodynamic
limit.

In contrast to the grand-canonical ensemble where the activity appears as a parameter in
the definition, in the canonical ensemble the density only enters as a parameter in the
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thermodynamic limit. In finite volume, the right approximation to the density is given by
the following (or similar) expression for n < N:

N(N—-1)---(N—=n+1)

Al ’
which tends to p" in the thermodynamic limit. For n > N we put Py x(n) = 0. For the
convenience of the reader, the first result is stated without any reference to the polymer
expansion to be considered next. It expresses the correlation functions in terms of these

approximated powers of the density and establishes that it convergences to a power series
expansion in p in the thermodynamic limit.

Theorem 2.1. There exists a constant ¢y := co(BB, C(5), ||¢llco, ||@ll1) > 0, independent of
N and A such that if pC(B) < co (with N = [p|A|] and C(B) as in (2.2)), for any test
function ¢ we obtain:

Py a(n) :=

for n <N, (2.17)

O(qr) .- Slan)ui'N (g, qa)day - dgn =D Fpan(n, k), (2.18)
An k>0
where .
Foan(n, k) = Z Py jaj(m + k)Bga(n,m, k). (2.19)
m=1

The factor Py a(m+k) is defined in (2.17), while Bg s(n,m, k) is an infinite sum which will
be given later in (3.14) after introducing the abstract polymer model. Note that both Fza n
and Bg p are ¢-dependent. Furthermore, there exist constants C,c > 0 such that, for every
N and A, the coefficients Fg a n(n, k), n > 1, satisfy

|Fpan(n, k)| < Ce . (2.20)

For At R with N = |p|A|] the coefficient B a(n,m, k) converges to a limit Bg(n, k) which
is determined in (4.11) and the series

$a1) - S u™ (a1, - ga)day .. dgn = p* Y p*Ba(n, k) (2.21)

Rdn >0

15 absolutely convergent.

Remark 2.2. To prove Theorem 2.1 we follow the strategqy presented in [44]. As a result,
the radius of convergence or the value of ¢y can be determined in the same way as in [44].
However, one can easily obtain slightly better values by following the machinery developed in
[13] and also the improvements on the tree-graph inequality in [43] and applied in the case
of the canonical ensemble as in [32].

For convenience we will work with hf@v (which asymptoticaly coincides with uf\"zv up to a

power of p). The next step is to identify in hf@v the leading order terms that survive in

the thermodynamic limit and show that it converges to a function 2™ which is analytic in
p. Furthermore, the limit is uniform in ¢,...,q,. Up to translation invariance the limit
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holds also in L'. In order to obtain an explicit description of the limiting A, we need an
explicit asymptotic expression for Bg z(n,m, k) in terms of a graphical representation. The
resulting expression for h™ was already shown in [30], [33] and [48], and a proof for pointwise
convergence was sketched in [25]. First, we introduce some concepts from combinatorics and
graph theory. We also denote by f;; = e PV@=4) — 1 Mayer’s f-function.  Partially
following [27] we define:

Definition 2.3. A (simple) graph is a pair g == (V(g), E(g)), where V(g) is the set of
vertices and E(g) is the set of edges, with E(g) C {U C V(g) : |U| = 2}, |- | denoting
the cardinality of a set. A graph g = (V(g), E(g)) is said to be connected, if for every pair
A, B C V(g) such that AU B = V(g) and AN B = @, there is an edge e € E(g) such
that e N A # @ and e N B # &. Singletons are considered to be connected. We use Cy to
denote the set of connected graphs on the set of vertices V- C [N], where we use the notation

[N]:= {1,..., N}.

Definition 2.4. A cutpoint of a connected graph g is a vertex of g whose removal (with the
attached edges) yields a disconnected graph. A connected graph is called 2-connected if it has
no cutpoint. A block in a simple graph is a maximal 2-connected subgraph. The block-graph
of a graph g is a new graph whose vertices are the blocks of g and whose edges correspond to
a pair of blocks having a common cutpoint.

Cutpoints are frequently also called articulation points. In this article, we reserve the latter
notion for the following slightly more general concept. We use this terminology in order to
stay close to Stell’s seminal presentation [48] of these graphical constructions.

Definition 2.5. Let k € N, n € Ny. We consider graphs with n + k vertices, of which the
first n vertices are singled out and for simplicity we call them “white”. All other vertices are
considered to be “black”. The set of all such graphs is denoted by G, n+r. Single vertices are
not considered as graphs. Similarly, we denote by C, n4i the set of all connected graphs on
n + k vertices with n white vertices.

A wvertex is called articulation vertex if upon its removal the component of which it is part
separates into two or more connected pieces in such a way that at least one piece contains
no white vertices.

We denote by B;i];:% the subset of Gy, ik free of articulation vertices.

The easiest example to distinguish cutpoint from articulation point is the graph: 1 (white)
- 2 (black) - 3 (white), which is an articulation free graph, but it is not a 2-connected one,
as the vertex 2 is a cutpoint (but not an articulation point).

This concept of articulation vertices free graph is also crucial for the definition of the so-
called direct correlation function, see below in (2.27) and (2.28). Motivated by the distinction
between an articulation point and a cutpoint, we introduce the concept of a nodal point.

Definition 2.6. A vertex is a nodal vertex if there exists two white vertices in its connected
component, which are different from the first vertex, such that all the paths between that pair
of chosen white vertices passes through the first vertex.
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We denote by B, n+r the set of all connected graphs over n white and k black vertices free of
articulation and of nodal vertices. The latter coincides with the collection of all two-connected
graphs on n + k vertices with n white vertices.

The nodal points are exactly the cutpoints of a graph that are not articulation points. For
a graph g € G, 4, we define the activity

n+k

EA(%{L"W /H sz H fw H ¢ Ql (2'22)

{z,]}GE €{l,...,n}
as well as its version without the test function ¢, but w1th dependence on a fixed configuration

qi;---,qn:
n+k

C(Q’Qb---,% . / H dq] H

j=n+1 {i,j}€E

figs (2.23)
(9)

where f;; = e AVla—4)) — 1. If ¢ is compactly supported around some point in A, then 5/\
scales as |A|~"% while (3 is of order one. Note also that in this paper we tend to denote
with a ® all quantities that depend on the positions ¢, ...,q,. Now we are ready to state
the theorem about the existence of the infinite volume limit of (2.13):

Theorem 2.7. There exists a constant co > 0 such that for all pC(B) < ¢y we have:

h(n)(ql,,..,qn) = Cllim hE@V(ql,...,qn Zp Z C Giq1y -5 qn), (2.24)
AR,R_’LN*O‘“’ k>0 cBAF
=[plAl] g n,ntk
where
n+k

C(gi s+ ) == lim CR(gi 1, Gn —/ II do I £ (2.25)

ATR? ;
j=n+1 {i,7}€E(g)

Moreover, at infinite volume, we have the following bound:

sup }h(n)(qh )| <G (2.26)

q1ye-qnEA™

Remark 2.8. The constant cq can be determined in a similar fashion as the one in Theo-
rem 2.1, but here it depends only on BB and C(B). FEquation (2.24) is the representation
given in formula 5-5 in [48], where it is derived from a formal re-summing of the grand
canonical ensemble power series representation in the activity. Here the formula is derived
directly in the canonical ensemble. In Stell’s words, “h™(q, ... ,qn) 18 the sum of all distinct
connected simple graphs consisting of white 1-circles labeled by 1,2, ..., n, respectively, some
or no black pi-circles, and at least one f-bond, such that the graphs are free of articulation
circles, i.e., are 1-irreducible”.

For the particular case of two fixed white vertices, recalling the definition of a nodal point
and of the set By ,, 12 we define the direct correlation function in the canonical ensemble, i.e.,
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for fixed volume A and number of particles N + 2:

N

p ~o

cﬂm Q1;C]2 = § k:_ E A 9 C]1,Q2 (2'27>
k=0 €Bs,

Then we have the following theorem:

Theorem 2.9. There exists a constant ¢o > 0 such that for all pC(B) < co, the direct
correlation function 05\2,)1\/4—2 in (2.27) converges in the thermodynamic limit, to

(@1, ¢2) Zp Z C 9415 ¢2), (2.28)

gEB2 o4

which is an analytic function in p, for pC(B) < co. Furthermore, the series (2.28) converges
in the following sense:

SUP/dQ2 Z g q1,q)| < Cem*, (2.29)

(SN
a gE€B2 21k

uniformly in A.
Furthermore, the direct correlation function cf)N 4o in (2.27) fulfils the Ornstein-Zernike
equation (2.16) up to the order O(1/|A|) and the limit function fulfils the Ornstein-Zernike
equation (2.16).

Remark 2.10. The constant cq in the above theorem is independent of the test function ¢,
hence it is different from the constant cq in Theorem 2.1. Howewver it is determined in a
similar way and can be estimated explicitly. Moreover, as a direct consequence of (2.29), we
have that
sup [ daz 2 (a0, 00)| < o (2:30)
G €N JA
which, together with (2.26) (for n = 2), proves that the Ornstein-Zernike equation (2.16) is
well defined.

3. CLUSTER EXPANSION, PROOF OF THEOREM 2.1.

Using the relation between the logarithm of the Bogoliubov function and the truncated
correlation functions (Ursell functions), cf. (2.10), we can express the truncated correlation
functions as variational derivatives of the logarithm of an extended partition function:

/ $(a0) - o) u™ (qr - q)dgs . dgy = ;:n M@)o, (31)

where
N

Zgan(ag) = %/H(l + ad(q))e P Ddg, .. dgy. (3.2)
Y=l
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This follows from the fact that
Zg AN (o)

LB(OéQb) = Zﬁ,A,N(O) )

We define the space Vi whose elements are all ordered pairs (V, A) where V' C {1,...,N}
and A C V. We say that two elements (V;, A1) and (V3, Ay) are compatible, and denote it
by (V1, A1) ~ (Va, Ag), if and only if Vi ~ V5, where two sets Vi, V, are called compatible
(denoted by Vi ~ V3) if Vi NV, = &; otherwise we call them incompatible ().

Then we split (3.2) as

Z/&A’N(O) = Zﬁ,A,N~

AT

Zsan(ad) = o 255 v(ad) (3.3)
and write
k
Zgh v (a9) = > [T ca(vi A)), (3.4)
{(V1,A1) 00, (Vie, Ap ) Yo i=1
where
GV, A) =4 S G, 4),  Gulg A) = / s I Il 69

geCy {i,j}€E(9) i€A

with the latter as already defined in (2.22), and dg,, is a shorthand for the product measure
[Licy dg;. In the literature, see [2], this is called subset gas and it is a special case of the
general Abstract Polymer Model, which consists of (i) a set of polymers Vy, (ii) a binary
symmetric relation ~ of compatibility between the polymers (i.e., on Vi x Vi) and (iii) a
weight function (4 : Vi — C. We also define the compatibility graph Gy to be the graph
with vertex set V3 and with an edge between two polymers (V;, 4;) and (V}, A;) if and only
if they are an incompatible pair. In this framework we have the following formal relation for
the logarithm, which will be justified rigorously in Theorem 3.1 below (see [23]):

k
log Z§' v (a¢) = log > [T A | = > adt,  (36)

{(V1,A1)000s(Vie, Ag) F o 7=1 I€ET(VE)
where .
o= > (—nEEl (3.7)
GCGr

The sum in (3 6) is over the set I(Vj{,) of all multi-indices I : V5 — {0,1,...}. We use
the shortcut (f := = [Tv.a) (V. A))HVAD “but for notational simplicity in stating the main
theorem of cluster expansion, we use the notation v := (V, A) for the generic polymer
consisting of the ordered pair (V, A) € V5. Then, defining supp ! := {y € Vi : I(y) > 0},
we denote by G; the graph with ZVESupp 1 I(7) vertices induced from the restricted Gy: in
supp I, by replacing each vertex v by the complete graph on I(+) vertices. Furthermore, the
sum in (3.7) is over all connected subgraphs G of G; spanning the whole set of vertices of
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Grand I := [ ., I(7)!. Note that if I is such that Gr is not connected (i.e., I is not a
cluster) then ¢; = 0.

We state the general theorem for the special case of the subset gas, following [23]

to which we refer for the proof.

Theorem 3.1 (Cluster Expansion). Assume that there are two non-negative numbers a, c >

0 such that
> v < a. (3.8)
(V,A): V31
Then, for every polymer (V' A") € Vi, we obtain that
Z ’cICI{‘eE(V,A)GsuppI HVADeVl < KA((V/7A/))|€a\V’I+CIV’\’ (3.9)

LI((V',A)>1
where the coefficients ¢y are given in (3.7).
Proof of Theorem 2.1: From (3.1), (3.2) and by representing the partition function by the
subset gas, we first check the validity of the convergence condition (3.8) of Theorem 3.1.

In order to bound the activity (a ((V, A)) we use the tree-graph inequality (see the original
references (28], [39], [7]; here we use the particular form given in [41], Proposition 6.1 (a)):

> IT =™ > TIT 1l (3.10)

9€Cn {j,k}EE(g) TeTn {j,k}eE(T)

where 7, and C, are respectively the set of trees and connected graphs with n vertices. We

obtain that
> G ((vV,A) [V <

(V,A): V31
< Z \A|H¢”|A\ 1,(28B+c) |V|’7- | ”¢|||‘jlc(ﬁ>|l/|1
(VA)-V31 ’A‘
1 ol L(28B+0) (N - 1) " sBre 1) 1 A
< ‘ S PPN () (aflg]loc)
ATl Z n—1) AP Zl

1 ¢ . . N n—1

< A0+ alole® 0 Y (Wt alele s Lo 3
o0 n>2

where we have also bounded the finite volume integrals [, |f;«|dg, by C(8), given in (2.2).

Hence, given «, ||¢||o and ||¢[|1 by bounding % < p and choosing pC(f) small enough

(depending on «, ||¢|| and ||¢||1), the right hand side is finite being a convergent geometric
series; hence (3.8) holds. Then, applying Theorem 3.1, the logarithm of the partition function
is an absolutely convergent series (3.6) which we analyse next. Let

n = Z |AII((V, A)) and m = ‘ Uv,4)esupp 1 A’- (3.12)
(V,A)€esupp I
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Note that m is the number of white vertices and n the number of white vertices counted
with their multiplicity, that is the number of times a particular vertex appears in different
polymers. Moreover, let k£ be the number of the remaining vertices, i.e., all vertices which
are in the Vs, but not in any of the A’s, that is, Uy, ajesupp 1V = [m + k]. As |V| > 2, then,
if A= @ for all A, we should have that 2 < k < N. Otherwise, if m = 1 then k > 1, while
for our case of n > 2, we have that k& > 0 as below. Recall that [m] = {1,...,m}. Since
cr¢t does not depend on the actual labels in sets U, a)esupp 1A and Uy, ayesupp 1V but only
on their cardinality, we have:

N n N-—-m
in in N m+ k n
log Z,B,B&,N(O“b) = log ZB,R,N(O) + Z < ) < )Oé Z CIC/I\
k=0

m

n=1 m=1 I:U(V,A)Esupp IA:[m]

U(V,A)Esupp IV:[m+k}
Z(V,A)Esupp I |A‘I((‘/7A)):n

n N-—-m

= log ZF5 x(0) + D> > " ) " a"Pyyay(m + k)Baa(n, m, k), (3.13)

n>1 m=1 k=0
where Py |y is given in (2.17),

|A’(m+k) s
B@A(Tl, m, k) = W Z CICA (314)
o I:U(V,A)GsuppIA:[m}

U(V,A)Gsupp IV:[erk]
22 (v, a)esupp 1 A ((V,A))=n

and (, is given in (3.5).
Hence, from (3.1), taking the n-th order derivative in (3.13) and evaluating at o = 0, we
obtain another absolutely convergent series from which formula (2.18) is proved with Fjz 5 n
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as in (2.19). Furthermore, from (3.13), (3.11) and (3.9) the bound (2.20) follows:

- N m -+ k
Fyan(n k) < Z( )( ) 3 exchet
— m+ k m

I: U(V,A)Esupp IA:[m]
U(V,A)Esupp IV:[mJ’_kj}
Z(V,A)Gsupp I |A|I((V1A)):n

N
< —ck o I ck
R SLANED SR
m=1 I: ’U(V,A)EsuppIA‘:m
U(V,A)EsuppIAal
’U(V,A)GsuppIV|:m+k
Z(V A)esupp I |A|I((V7A)):n
< e kN Z Z |CI<'/I\|eCZ(V,A) I(V,A)IV]
(V/,A)): A1
(v A'))
/ N
< Ny |CA((V',A'))|€(“+C)W|§mC’e_Ck, (3.15)

(V/,A"): V51

for some constant C' > 0, uniformly in NV, n, k and A. In order to get the second line from
the first we used that k < >7 4 I((V,A))[V| and we replace the first sum by the series
>->_, and drop the n dependent condition in the second sum.

Concluding, the proof of (2.21) is a consequence of the above uniform bounds complemented
with the investigation of the infinite volume limit of all terms. It will be given in the next
section and in particular in formula (4.11). O

4. LEADING ORDER TERMS, PROOF OF THEOREM 2.7

Given (3.14) we first identify the terms that will survive in the thermodynamic limit. We
claim that in the thermodynamic limit a summand in (3.14) is non-zero only if for all the
polymers (V; A) in supp I, only exactly one has A # &. Indeed, polymers (V, A) with A # &
have activities (5 ((V;, 4;)), i = 1,2, which are of order O(1/|A|""*!), whereas, polymers of
the type (V, @) have associated activities (4 ((V,2)) of order O(‘AI‘%) As each polymer
has at least one vertex in common with some other polymer, this implies the claim by power
counting. More precisely, let us consider the following case: suppose the contrary is true
and let (V1, A1) and (V3, A3) be two polymers with both A; # & and Ay # &. Moreover,
the two polymers are connected with each other either directly (sharing a label) or via other
polymers of the type (V,@). If Vi NV, # @ then B, (given in (3.14)) is of order O(l ‘)
The same is true if they are connected via other polymers of the type (V,@). In order to
show it, let us assume (without loss of generality) that there is only one such connecting
polymer. As for the latter the activity is (,((V, 9@)) = O(IAU%)’ we obtain that, again, the
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corresponding term in Bg s is of the order of:

|A||V1\+|V2H-|V|—2 1 1 1 _ L
’A“Vﬂ ’A“Vzl ’A“V\*l ‘A’
Hence, the structure of the leading term at the level of the multi-indices is quite simple: only
one polymer, call it (Vy, Ag) has Ay # @. Then, for all other polymers with A = & we can
have a further structure as explained below (and as in [44]). Since it is always true that the
total number of labels (m + k) should satisfy m + &k < >, r(IV] —1) + 1 (due to the
fact that each (V) A) should be incompatible with at least one of the other polymers, i.e.,
have at least one common label and Vo U Uy aycquppr, v, V = [m + kJ), overall we have:

I(V,A)) =1,V(V,A) € supp !, and (4.1)
m+ k= |Vo| + > (V] =1). (4.2)

(V,A)esupp I, V£

Hence, we restrict the summation over multi-indices in this subclass satisfying properties
(4.1), (4.2) and containing only one polymer (Vj, Ag) with Ay # @. We denote this fact
by adding a superscript x at the sum as e.g. in (4.4) below. The polymers (V, &) can be
attached to the polymer with A # & either on a vertex not in A (a black circle in the
terminology of Stell) or in a vertex in A (a white circle in the terminology of Stell). In order
to visualize the last case, we give the following example: consider the following multi-index
I: I is equal to one on the two polymers ({1,2},{1,2}) and ({1, 3}, @), zero otherwise. The
two polymers intersect in the label 1. We have:

I _ d(h d(h dQ1 dQ3
ARG = IAPa? [ olm)ole) fialn — o)) i [ ol = T

= 042/¢<Q1)¢(Q2)f1,2((h - Q2)dQ1dQ2 /f13 Q1 — Q3)dCI1dQ3

[A]
= 042/¢(Ql)¢(¢12)f1,2(£]1 —Q2)dCI1dQ2'/f1,3(Q3)dCI3-

As we will explain later, this term will be canceled by one summand from the term |A3¢{

with I’ being the multi-index which is one only on the polymer ({1,2,3},{1,2}) and in
particular with the summand in |A[*¢{" which is associated with the graph on {1,2,3} with
exactly two edges {3, 1} and {1,2}. Let us start with the formal proof for these cancelations.

Proof of Theorem 2.7: Following the discussion above, we split Bg s from (3.14) as follows:

B/g,A(n, m, k) = BB,A(TL, k)énym + RB,A(TL, m, k), (43)
where
3 |A|(n+k) * ;
B/gyA(n, k) = Dkl Z CICA (4.4)
I A(D)=[n+k]
and

A(]) = UVGsuppIV (45)
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Recall that the superscript * indicates that the sum is over all multi-indices that satisfy
properties (4.1), (4.2) and that contain only one polymer with A # @, for which we have
already chosen its labels and we call it Ay := {1,...,n}. For this reason, we can now
consider multi-indices in Z(V, ), where the class V, ;. consists of all subsets of the labels
corresponding to the white vertices {1,...,n} and the black vertices {n+1,...,n+k}. The
new polymers either they contain Ay or they intersect it at most one point. Therefore, in
the new set-up with I € Z(V, ;) the conditions (4.1) and (4.2) can be rewritten as

I(V)=1,VV €supp I, and (4.6)
ntk=Vol+ Y (VI-1),

Vesupp I, V£V

where Vy D Ag and we still refer to them by a % over the sum. Moreover, the term
Rsa(n,m, k) in (4.3) consists of lower order terms 1/|A|. Following [45], Lemma 6.1 and 6.2
(to which we refer for the details) we can prove that also their sum is of order 1/|A| , namely
that

|Rg.a(n,m, k)| < (4.8)

C

[A]

for all n, k and uniformly on ¢ (the dependence on ¢ is through (2.22)).
The next step is to investigate cancellations that take place in finite volume. These originate
from the fact that in the sum in (4.4), the activity function corresponding to a given struc-
ture (graph) might appear in several multi-indices multiplied with different combinatorial
coefficients and as a result they may cancel with each other exactly. To implement this step,
we fix a graph and we sum over all multi-indices that can produce it (also compatible with
the previous restriction, in particular that all white vertices have to be in one polymer) and
apply Corollary 1 in [44]. However, this corollary can only be applied directly for the case
of only “black” vertices. For example, the graph 1 (white) - 2 (black) - 3 (white) is not
canceled. The vertex 2, even though it is a cutpoint, it is not an articulation point as it
is linked to only “white” vertices. Indeed, in this case we do not have cancellations as the
vertices 1 and 3 are white and hence the only cluster of polymers in the sum (4.4) which
contains this graph is ({1, 2,3}, {1, 2})) since all whites have to be in only one polymer. This
is one example of a graph that survives the cancelation.

In the next lemma we give a substantial account of these cancelations and show that (4.4)
can be expressed as in [48].

Lemma 4.1. For alln > 2,k > 1 and A large enough (as it is required in Lemma 4.3 ),

(4.4) is equal to
‘n—‘rk

Bga(n, k) > g {1, n}).

geBn ,n+k

The proof of Lemma 4.1 will be given after concluding the proof of the theorem. The next
challenge is to extract bounds on the quantity h@\](ql, ...,qn). To this end, we need to
interchange the integrals over ¢y, ..., q, with the sum over k in the thermodynamic limit,



CORRELATION FUNCTIONS AND THE ORNSTEIN-ZERNIKE EQUATION 19

hence we need to prove convergence of the cluster expansion with activities being functions
of q1,...,q, in an appropriate norm. From (2.19) using the splitting (4.3) we have:

n—1
Faan(n,k) = Pxja(n+k)Bga(n, k) + > Pyjaj(m+ k)Rga(n,m, k), (4.9)

m=1

where the second term is vanishing in the limit A 1 R?. Substituting in (2.18) we obtain:

/ Hd% 3(g:) P BN (a1, - - ) =

n+k
St [ T T s]]ow
k>0 Cgemat AT or (iglen(
n—1
+3 3 Pygaf(m+ k) Raa(n,m, k). (4.10)
k>0 m=1

Then, having the bounds (2.20) and (4.8) we can take the thermodynamic limit on the right
hand side of (4.10) and obtain:

anpkBﬁ n, k Bﬁ n, k / H sz Qz Z / qun+2 H fz,]a
k>0 R =1 geBAr | IR {i.j}€E(g

(4.11)
which implies (2.21) in Theorem 2.1 and gives an explicit formula for Bs(n, k). In order to
obtain (2.24) we need to go one step further and show that we can exchange the sum over
k and the integral over dq; ...dq,. This is the content of the next lemma where we choose
to work in the finite volume case, since we will need it in the sequel.

Lemma 4.2. For anyn > 2 and k > 1 we have that

gGBn n+k {'L,‘]}GE
for some positive constants ¢, C independent of k, N and A, with N = | p|Al].

The proof of Lemma 4.2 will be given at the end of this section. Since the bound (4.12) is
uniform in the volume A, we can pass to the limit A 1 co and prove (2.26), concluding the
proof of Theorem 2.7. 0

We conclude this section with the proofs of the two lemmas.

Proof of Lemma 4.1. We rearrange the finite sum in (4.4) by first fixing a graph g € C,, 1«
and then summing over all multi-indices in the new space Z(V, ) that can produce such
graph. Hence, given g € C,, ,, 4k, we identify the articulation points and define the set of
graphs B(g) := {bo, b1, . .., b.} where the b;’s are the components free of articulation vertices.
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Notice that one of them, by (without loss of generality), contains all white vertices with labels
in Ayg. We denote by F.(g) the collection of all F' C B(g) such that Uerb is a connected
graph, where we use the notation Upepb := (UperpV (b), Upep E()) for the union of graphs.
We also define H(g) to be the collection of all such graphs:

Hig):=={g g =|Jb.F € Fulg)}- (4.13)
beF
Similarly,
A(g) ={V(d), 9’ € H(9)} (4.14)

is the collection of the corresponding subsets of the set of labels. We use the shortcut I ~ ¢
for the class I : supp ! C A(g) with A(I) = V(g), |[VNV'| = 1,VV,V’ € supp [ and each
edge of g is contained in some polymer V' with I(V') > 0. We have:

Atk *
Byalnt) = M0 S G 1) Y (4.15)

gecn n+k I~g

where we recall that the sum * is over all multi-indices that satisfy (4.6), (4.7) and that
contain only one polymer with V'O Ay, Ay = {1,...,n}. Note that this sum is finite. Then,
in order to obtain (4.4), we show that the sum of multi-indices > 7, c; is one if g € Bk,
and zero otherwise, as it will be proved in (4.17).

To do that, we follow the corresponding proof in [44]. We give here the necessary modi-
fications. The key property for the cancellations is the fact that for any ¢’ € H(g), with
g = Upep b for some F' € F.(g), the following factorization holds

) =[] ), (4.16)

beF

for all finite A. Note that for simplicity we have used the notation (x(g) := (a(g, Ao), if
V(g) D Ag and (u(g) := Calg, @) otherwise. The relation (4.16) is due to the fact that
the intersection points of the articulation vertex free components b in g’ are articulation
points (for ¢’) and that for the integration in (4 we assume periodic boundary conditions.
Moreover, all white vertices are contained in by. Notice that if we had white vertices in
different components, then (4.16) would not be true. Then the main result in [44], Lemma
2 still holds true:

Lemma 4.3. For any V* € V,; and any g € Cy~, let B(g) = {bo, b1, ...,bx} be the set of
its articulation vertex free components. Thus there exists £y > 0 such that for all £ > {4 the
coefficient multiplying the monomials Cx(bo)", Ca(b1)™, ... Calby)™ (where A = A(0)), for
anyn; € {1,2,..}, i =0,1,...,k, in the series Y ;. 4y crCy with (V) =3 e, n(g),
1s equal to zero except when k =0, i.e., when g is itself an articulation vertex free graph.

The only modification in the proof with respect to [44] is when we check the convergence
of the new cluster expansion, in equation (47). The presence of the white vertices makes it
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even easier since we win a power of |A| because of non translation invariance, therefore we
refrain from repeating the proof here and we refer the reader to [44].

Thus, since we know that in (4.15) the component by has to appear in each summand and
since by Lemma 4.3 there should be only one component, then the only non-zero contribution
comes from the articulation vertex free component, i.e., g € Bﬁn 4 In other words, we have

that for every g € C,, i N (B2 k)

> c; =0 (4.17)

I:supp ICA(g), A(I)=V"~
VNV’ |=1,VV,V'€supp I

and = 1, otherwise. Notice the difference with respect to [44]: here, the element by € B(g)
as it appears in A(g) (via H(g), defined above) is special and consists of articulation free
graphs in their new definition within the presence of “white” vertices. This concludes the
proof of Lemma 4.1. ([l

Proof of Lemma 4.2. Recall the use of the shortcut I ~ g for the multi-indices in Z(V, ),
as in (4.15). Then, using (4.17) we can write the left hand side of (4.12) as follows:

NN=1)...(N—(n+k)+1) 1 k
( | |f(\|"+k( - )n!k‘!/,\knldq"ﬂ‘ > 11 fwz

gecn n+k {Z,]}EE ]Ng

N +k i 1
B (n+k)<nn )/AkjnldqnﬂlAl—"*k Z o Z PUSRE

A(I)= [n+k] gl

: i>|c"<nﬁk>(nzk)/qu”“|A\n+k 2 AL s

IGI(Vn,k g€Cy ;n+k: {Z]}GE
A(I)=[n+k]| g~I

where the class g ~ I consists of all graphs that can be constructed as follows: for each
V' € supp I, choose a graph gy € Cy and g is obtained by gluing the graphs gy and gy at
the unique intersection point VN V’. Let Vy, Vi,...,V, be the polymers in the support of
a given I, i.e., with I(V;) > 0,4 =0,...,r. Without loss of generality we suppose that V}
is the (only) polymer that contains Ay := {1,...,n}, the set of the labels corresponding to
the white vertices. We can write:

S I sl Y I BIY I 4

9€Cn ntk {1.7}EE(g 90€Cv, {i.7}€E(g5) J=1|g;€Cv; {i.j}€E(g;)
~1
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as each of the polymers Vi, ..., V, intersects with V; at most at one label. Alluding to the
constraints (4.6) and (4.7) we split the integral as follows:

k
1

gECn n+k: {Z j}GE
g~I

where, we have introduced the notation:

dq .
R fA\V\Ao\ IAl\Y/\iol Z:gGCv H{U}GE(Q f” it V'S5 Ao,
R _: da, ) )
SUSK Javi Iev 2t [ 2geey i jrer) fz‘,j‘ , iV N Al € {0,1}, (4.20)
otherwise.

Note that these activities differ from the ones in (3.5) by not having the test functions ¢
inside of the integral, but instead some fixed configurations ¢ " (which we indicate by the

*). Thus, we can bound (4.18) using (4.19) and the definition of the binomial coefficient:

Pun(®) Z)|Cf|( )H|<A < Do) 5 Z il (@21)

I€Z(Vn i AC[N—n]
A(I)=[n+k] A=k A= Aqu

Then, it is easy to show that the abstract polymer model in V, y_,, (with n white labels and
N — n black) with compatibility condition V' ~ V' if and only if VNV’ = @& and activities
(%, satisfies the hypothesis (3.8) of Theorem 3.1. To show it, for the case Vi O Ay we have:

sup  [CY(Vp)| < e2PBIMl Z sup /dgVO\AO H | fil - (4.22)

A A
1, EAIA0! €Ty, da, EA! (ijYeE(r)

Considering one of the labels in Ay as the root, we take the supremum of f;; for any edge
which has another label from Ay as a vertex further away from the root. This will give a
contribution of || f; ;|| for each such edge. The remaining vertices give a contribution C(f).
Overall, we bound (4.22) by

< PN Ty | (1 figllso v C(B)) I C ()Mol (4.23)

where sVt denotes the maximum of the two numbers s, ¢. Similarly, for the case |V N Ay| €
{0,1}, we have:

I < [Twil(ePEC(B)) M. (4.24)

With these bounds it is easy to show that (3.8) holds. Then, Theorem 3.1 can be applied
obtaining an absolutely convergent series ) 1e2(V, 1) cr(C)Y, equal to the logarithm of some
abstract polymer model partition function, but which does not necessarily correspond to
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some correlation function due to the absolute value in (4.20). Thus, from (4.21), using (3.9),
we obtain that

S allGl e > el e < Cemek, (4.25)
IEZ(Vp N—n) IeZ(Vy,N—n)
[A()\Ao|=k |A(I)\Ao|=k
for some C' > 0 as in (3.15), depending on n. O

5. DIRECT CORRELATION FUNCTION, PROOF OF THEOREM 2.9

Using (2.18), Theorem 2.7 and definition (2.23) the leading order of the second Ursell function
can be expressed as follows:

/A2 dq1dgs ¢(Q1)¢(Q2)Usi)jv(Q17 G2) =

/A2dQIdQZ¢(Q1 (g2 ZPNW 2+F)z— 2%, Z (h(g; Q17QQ)+O(’A‘) (5.1)

k>0 9652 Dk

In order to derive the Ornstein-Zernike equation in the canonical ensemble, we split the
graphs in the right hand side of (5.1) at the nodal points (recall Definition 2.6). These are
the points through which pass all paths joining ¢; to g2, hence we can order them. Given
g € Bﬁg +1» we choose the first nodal point starting from ¢; and call its label j. Note that
by the definition of articulation points, j # 1,2. Upon the removal of this point the graph
g splits into two connected components: g; with [ + 2 vertices and g, with £ — [ + 1 vertices
with the only common vertex being the one with label j. Note that g; contains ¢; and g
contains gz. Since g; is the location of a nodal point, we can write

5X(g;q1,qQ)z/AdqjC}(gl;ql,qj) Cr(92; 45, 2)-

Then, the leading term in (5.1) yields

2

-2

/A2 dqrdgz $(q1)9(g2) PNA|(2+k)2!1k! > Qgiane)t

0 9gEB2 k42

?

E2k1 g )
* < [ )/ Z CA (91501, 95) Z Cr(g2:45,92) | - (5.2)

j=3 1=0 91 €By,142 92€B5Y 11,
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We rewrite this in such a way that direct two-point correlation function (uniquely defined up
to leading order) as given in (2.27) appear. By choosing the label j = 3 in (5.2) we obtain

N-2

1
/A2 dqdqs 5¢(Q1)¢(Q2) g Pyaj(2+ k? Z G g qr, o)+

9632 k42
1 e
ZPNW 2+ k) Z/d%“ Z CA 9151, 43) (k 1- 1) Z Ca(923 a3, 42)
91€B82 142 92€B5Y 14y

By using new labels l; := [ and [, := k — 1 — [, the last summand can be rewritten as follows

N-3-11

Z/d%ll Z (g1, 03) Z Py jaj(h +l2+3 Z (39233, q2). (5.3)
l1=0 91€B82 1, +2 12=0 92’562 do+2
Let us introduce the following shorthands
Cr(2, 11+ 2;q1,g3) Z CA 91541, q3) (5.4)
9165211+2
and
B;\(Q,lz—i-Q; Q3,QQ =T I, Z CA 927%,(]2) (5-5>
92682 o2
Then we can rewrite (5.3) as
N-3
/ dqs Z Pyl +1D)CR (2,11 + 2,1, g3) ¥
11=0
N—-3-14

» Z PN|A| l1+l2—|—3)
Pyl + 1) Pya(l2 +2)

Py (lo +2)BX(2,1b + 2,43, ¢2),  (5.6)

which is a finite volume version of the convolution term in OZ equation.

Proof of Theorem 2.9: The proof will be divided into two lemmas: the first (Lemma 5.1)
proves the validity of the Ornstein-Zernike equation at finite volume (up to leading order)
and the second (Lemma 5.2) the infinite volume convergence. Combining the two results we
conclude the proof of Theorem 2.9. U

Next we present the two lemmas. As a consequence of (5.6) we have:
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Lemma 5.1. Under the hypothesis of the previous theorems, the function Cg\z)N defined in
(2.27) fulfils the Ornstein-Zernike equation to leading order in the following sense:

2¢(Q1)¢(Q2)u5x2,)zv(Q17Q2)dQ1dCJ2 = 9 2¢(Q1)¢(Q2)CE\2,)N(QI;Q2) dqidqs
A A
+ 2¢(q1)<b(qz) </PCE\Q,)N(Ql;Q3)UE\2,)1\7<Q37Q2)CZQ3) dq,dgs
A A

+0 (ﬁ) | (5.7)

Proof. Using the estimates (3.27) and (3.28) in [44], namely that for some constant ¢ it
holds that for all [ and N

P Al
we can replace in (5.6) all terms of the form Py a|(l) by powers of p up to an error of order

: . Py (l1+lo+3
O(1/|A|). Applying that to the fraction PN,‘A‘J(Vl,l‘I‘\f“:E)IPNjA|(l)2+2)

Py () 1‘ g

we replace (5.6) by:

N-3 N-3—I1

/ dgs Z Pyl +1D)CR(2, L+ 251, g3) Z Pyaflz +2)BR (2,12 + 2;¢3,¢2).  (5.9)
A

11=0 12=0

We write the Ornstein-Zernike equation plus terms of lower order in |A|. Then (5.9) can be
written as:

N-3 N-3
/ dqs Z Py (i +1)CR(2, 1+ 2501, 3) Z Py aj(la + 2)BR(2, 12 + 25 g3, ¢2)
A 11 =0 lo=0
N-3 N-3
— / dqs Z Pyl +1)CR(2, 1 + 2;¢1, g3) Z Py a(la +2)B (2,1 + 25 g3, q2).
A 1,=0 la=N—-3-1;

We show that the second term is of order O(1/|A|):

N-3 N-3
/ dqs Z Py a4+ 1)CN2, 1 + 2541, g3) Z Py aj(la 4 2) B3 (2,12 + 2; g3, ¢2)
A =0 lo=N—-3-I
00 [v/2]
< sup Z Py a(la +2) | BA(2, 12 + 2; ¢5, ¢2)| / dqs Z Pyaj(l+ 1) [CR (2,1 + 2541, g3)|
9% 1=[N/2]-2 A =0

+ supZPN7A|(l2+2)‘BR(2,Z2+2;q§,,CJ2)|/dQ3 Z PN7|A‘(11—|—1)|C’K(2,l1+2;q1,q3)‘.
4 A

3 1,=0 L1=[N/2]
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In order to show that the above bound is of order O(1/|A|), one notes that both summands
contain the following two factors which are tails of the corresponding convergent series:

sup Y Pyyay(l+2) |BR(2,1+ 2;q3,¢2)| < Ce™ (5.10)
@293 1 1
and
sup Z Py a(l+1) / dqs |C’R(2, I+2;q, Q3)‘ < Ce ™, (5.11)
a1=N+1 A

for some constants C, ¢ > 0. The first follows from the bound in (4.12), while the second is
claimed in (2.29) and proved in the next lemma. O
The second result is about the convergence and integrability of 05\2,) (q1,q2) as N — oo. In
order to take the limit in (5.7) and get the infinite volume version of the OZ equation, we
need to prove (2.29) which is given in the following lemma:

Lemma 5.2. For some positive constants C' and ¢ independent of N and A and for every
I € N and ¢ € A we have that

Py ar(l +1) / dgz |CR(2,1 + 25 q1, q2)| < Cpe™h, (5.12)
A

for A large enough.

Remark 5.3. As it will be clear in the proof, for the above estimate to hold it is important
that we have an integral in qs, that is an integral over the variable corresponding to the second
white vertex. For short we call it the integrated white vertex.

Proof. The proof follows the line of calculation in Lemma 4.2. The main difference is that
here we do not require that there exists a special polymer V| containing both white vertices.
Hence we restrict to the class

I(V)=1,VV €supp !, and (5.13)
mtk= Y (V|-1)+1 (5.14)
Vée&supp [

and we denote it by using the superscript *x over the sum, in order to distinguish it from
the previous case. Recalling the shortcut I ~ g for the class of multi-indices in Z(Vyy,) as
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in (4.15), we have:

P jaj(h +1) / dgo |C (2,011 + 2;q1, @) | =
A

= ( 1) |;\’ll+1<1+1)+1)/j\dq2 i Z C/.\(9391,QQ)ZCI

|
h! 9€C2 241 I~g
N (N -1 = 1 -
= —( )/dqz Y amr Y, Gleae)|. (5.15)
AL\ 4 A e |AR .
2,01) 9€C2 2414
A(D)=[l1+2] g~1

The class Vy,, consists of all subsets of the labels corresponding to the white vertices {1, 2}
and the black vertices {3,...,l;+2}. The class g ~ I is as before in (4.18). The compatibility
graph of the polymers is a connected graph whose blocks are complete graphs (usually called
Husimi graphs, see [27, 19]). Within this structure we denote by Vi,...,V, the chain of
pairwise incompatible polymers such that the label 1 € V; and the label 2 € V,.. Note that
r could be equal to 1, but in this case the structure would be exactly as in the previous
theorem. We denote by ¢; the common label of V; and V;44, j =1,...,7 — 1 and by V], for
s from an index set S, the remaining polymers attached to the rest of the structure by the
label i5. Note that by translation invariance the activity associated to V! does not depend on
the label that connects it to the chain. Hence we can write (letting x;, := ¢; and z;, := ¢2)

Z 5/.\(9;Q1,Q2) - /A’“—l ]i[dxl] H Z 5/z(g;xij—17‘rij)H Z é:/.\<g7xls) (516>

g€Ca 241y J=1geCy; s€S geCy,
g~1

Notice that this expression does not factorise like in the previous case for the reason that
the two white vertices are not in the same polymer. It is exactly here that the extra integral
over dgs is helpful. By integrating over the common labels i;, j = 1,...,7 — 1, we obtain:

/AdCI2 Z Q:R(Q;Ch,%)

9€Ca 2414
g~1

r—1 r
< [ 181 (DIETEAENI ) (PR TER]

J=1 gECVj ses gGCvS
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Transforming to the difference variables x;; — z;,_, we see that the integrals in the chain

factorize as well. Then, by introducing the notation

IAI'% SUPg, en fA dQ2| decv Cf\(g; Q1>Q2)‘> itV > {Q17Q2}7

C (V) = |A|I\1/I—1 Sy dael 2 gecy 51.x£95 )|, %f V3g,Vn{n}l=9 (5.17)
AV SUPgren | 2 gecy SALg @), ifVoaq,VN{e}=9o
|A|1|V||decv Cilg: 2], ifV{q,et=9

we obtain the following upper bound for (5.15):

D SN G I | QRGTGTENED SIND SN CU ) G TUG GRS

I1€Z(Va ) Véesupp 1 AC[N-1] I:A(I)=AU{1,2} Vesupp I

A(D)=[11+2] A=l
Then, it is easy to show that the abstract polymer model in Vs y_» (with 2 white labels and
N — 2 black) and activities (} satisfies the hypothesis (3.8) of Theorem 3.1 (by obtaining
similar bounds as previously). Thus, from (5.18), using (3.9), we obtain that

Yoo el e Y el et < cenh, (5.19)
I€Z(Vo,n—2) I€Z(Vo,n—2)
[AMDO\{1,2} =l [AMDO\{1,2} =l
for some C' > 0 as in (3.15). O

6. TOWARDS A COMBINATORIAL INTERPRETATION

Until recently, it was customary to investigate the density expansions of thermodynamic
quantities in the context of the grand-canonical ensemble. This was because the lack of
the canonical constraint (i.e., having a fixed number of particles) allowed for special re-
summations. As a result, the representation of coefficients is given by classes of graphs
whose different connectivity properties are related to combinatorial identities, see [48] for
more details. For example, for the conjugate pair of free energy and pressure this is the
well known dissymmetry theorem, see e.g. Theorem 3.7 in [27]. The correlation functions
h™ for n > 2 actually correspond to an easier structure than in the case n = 1. Let us
consider the case n = 2 and the expansion of p in terms of the activity. Upon the removal
of one white vertex the graph decomposes into connected components which either contain
the other white vertex or not. Collecting those not containing a white vertex, we reconstruct
the expansion of p™ in terms of the activity. One repeats the same procedure for the other
white vertex. The remaining graph has the property that both white vertices are contained in
exactly one articulation point free block. Considering the associated block-articulation point
graph, the parts that do not correspond to the special block containing the white vertices,
reconstruct exactly the p(V-expansion at each black vertex of the special block. One can
argue similarly for all n > 2, cf. Section 5 in [48]. Using the combinatorial language, as e.g.
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in [27], this is just the following combinatorial identity interpreted as formal power series:
Cr = (C")" BT (C), (6.1)

where C*, BAF respectively, denotes the set of connected, articulation point free respectively,
graphs with n special vertices. C*® denotes the set of graphs with one special vertex, but
multiplied with the activity.

The case n = 1 has a more difficult structure. Let us derive it in more detail; we have

(1) n—1

1
patla) _ Y- / dgs .. . dgne PN, (6.2)
An—1

z Za(2) = (n—1)!

where z is the activity and Z,(2) the grand-canonical partition function. Writing ~##a(@ =
> 9EGn I (7B () fi.;, we split the graph and the integral over the connected components of

each graph. Recalling the definition of the activity fX(g; Q- -5 qn) given in (2.23), we get
that (6.2) equals to

Al( )Z n—1) IZ Z P! Z (hgiq) H 2P ‘ZC q; 90

n>1 k>1 (Po,...Py)€II(2,...,n) geC(PyuU{1}) Jj=1 geC(Pj)

= Z”zn_lﬁ d Qlga) = Zn: > Glga), (6.3)

n>1 ) g€Cn n>1 ) gecl,n

e

where 1 is a special point (hence absorbing the factor n). Upon the removal of the white
vertex, the remaining graph splits into connected components Py, ..., P,. Denote by C;(P)
the set of all graphs in P U {1} which have 1 as a special vertex and are still connected even
on its removal. In other words, 1 is not an articulation circle in the sense of Stell. Then,
from (6.2), we have that

PP
R ) SE D DI 1 { B TS

n=1 k=1 " (Py,..Py)ell(l,...,n) j=1 g€eC1(Pj)
ZP
= 1+Zk'(2 > Glsa)
k>1 p>1 " g€C1 pi1
lgl—1
z e
geCy

where in the last sum we denote by C; the set of connected graphs with 1 as a special vertex
and any cardinality. At this point, as described in the case n > 2 before, we are able to

systematically replace the black z vertices by black pE\l) vertices and thus obtain that

Slal )
> ,uCAg% > Bamlpll = FL () (1)), (6.5)

gecs m>1
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recalling that

Bam == — Z H (e‘ﬂv(qi_’“) —1dgy . ..dgms1, ¢ fixed, (6.6)
9€B1mi1 " A" (i eE(g)

is the virial coefficient and Fy(p) :==>_,,+; mLHﬁAmpm“.

This is exactly the combinatorial identity given in [27], Theorem 1.1. The above calculation
is also one of the motivations to define (following [48]):

Y (q1) == log(p(qy)) — log(z Z Bm(p(q1))™, (6.7)

m>1

in the thermodynamic limit. Note that because of translation invariance both h")(q;) and
p(q1) are constant. This is also closely related to the Legendre transform giving the equiva-
lence of ensembles between pressure and free energy at the thermodynamic limit:

p(z) = Sgp{plogz —fp)},  flp)= Sgp{plogz —p(2)}.

In the first case the sup is attained at log z = f’(p) and hence

hY =logp— f'(p) = F'(p), (6.8)
where F(p) = p(log p—1)— f(p) is the free energy corresponding to the “interaction” between
the particles.

We conclude this section by noting that the OZ equation corresponds to the following easy
combinatorial fact. For the second correlation functions the expansion in the density is given
by the sum over all graphs free of articulation vertices. Hence the block graph associated
to such a graph is actually a chain connecting the two white vertices. The OZ equation is
nothing more than an iterative representation of this fact.

7. APPLICATION TO LIQUID STATE THEORY IN THE GAS REGIME

The rigorous expansions that we present in this paper can serve as a tool for quantifying
the error in existing theories which are extensively used in the liquid state, as well as for
suggesting systematic error-improving schemes. However, this is only possible in the gas
regime where all these expansions are valid. Extending these results to the liquid state
regime is a highly nontrivial problem, if even possible. We give here a first glimpse of this.
To start, we recall that the Ornstein-Zernike equation (2.16) is not a closed equation as it
involves both correlation functions h® (g1, ¢2) and ¢(q1, ¢2). One suggestion for a closure is
the Percus-Yevick (PY) equation [40] that we describe below. Starting from the OZ equation
for h®(r) and c(r), following [49], one first introduces a new function ¢ as follows:

t(r) = cx (), (7.1)

where we use the convolution: ¢ * h(% = p [c(r' )W (r — ')dr’. Then the OZ equation
takes the form

R (r) = ¢(r) + t(r). (7.2)
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Note that all involved functions (h(?), ¢ and t) are analytic functions in p. Furthermore, c(r)
can be written as

c(r) = f(r)(1+t(r)) +m(r), (7.3)
where f(r) := e V(") — 1 is a known function of the potential V(7). The relation (7.3) is
essentially the definition of m(r) which is an analytic function of p as well. Following [49] the
function m can be expressed as a sum over two connected graphs which upon removal of the
direct link f connecting the white vertices (if it is present) it is two-connected (no articulation
and no nodal points). For example, the first term of m(r) is the graph 1 —3 —2 —4 — 1.
However, in [49], “the manipulations involved in obtaining these infinite sums ... have been
carried out in a purely formal way and we have not examined the important but difficult
questions of convergence and the legitimacy of the rearrangement of terms”. The present
paper establishes this convergence with respect to f-bonds. The convergence allows to
quantify the error after truncating these terms. For example, m is of order p?. Furthermore,
a future plan is to investigate whether another suggestion could be made, relating some of
the terms in m(r) with respect to t(r), or by introducing another function (instead of (r))
as a candidate for a good choice for “closing” OZ equation. Combining (7.1) with (7.2) and
(7.3) we obtain:

t=[f(L4+t)+m]*[f(14+1t)+m]+[f(1+1t)+m]xt. (7.4)

One version of PY equation is setting m(r) = 0 and obtaining a closed equation for #(r).
Alternatively, using (7.2) and (7.3) one can introduce the functions y(r) and d(r) by

gP(r) = e YO 4 t(r)) + m(r) = e PV Oy(r), y(r) = 1+t(r)+d(r), (7.5)
and hence m(r) = e #Vd(r). Thus, we can rewrite (7.4) as
y = 1+d+[fy+dxle™y-1]. (7.6)

Again, setting d(r) = 0 we obtain another version of PY equation. All involved functions are
analytic in p and our results imply that the formal order in p of d coincides with the actual
order. Now, one can investigate a method of systematically improving the PY equation,
by adding some terms from d (or from m for hard-core potentials). For example, in [49]
it was suggested to set d equal to the first order term in its expansion, since this gives a
“PY approximation that it leads to an approrimate g that is exact through terms of order
p? in its virial expansion”. A partial goal of the analysis in the present paper is to provide
a framework in which one can further investigate such closure schemes and estimate the
relevant error.

Other closures include the Hypernetted Chain (HNC) equation, the Born-Green-Yvon (BGY)
hierarchy and many others for which we could investigate the validity of the corresponding
graphical expansions. We conclude by mentioning that another direction that has attracted
considerable interest is the construction of exact solutions of the PY equation, which however
usually cannot be expressed as truncations of convergent series. But still, several sugges-
tions have been made for models of rigid spheres; see [10] and the references therein for a
comparison of the different methods.
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