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INDUCED RANDOM SB-TRANSFORMATION

SIMON BAKER AND KARMA DAJANI

ABSTRACT. In this article we study the first return map defined on the switch region induced by
the greedy and lazy maps. In particular we study the allowable sequences of return times, and
when the first return map is a generalised Liiroth series transformation. We show that there

exists a countable collection of disjoint intervals (Z,,)22 ,, such that all sequences of return times

are permissible if and only if 8 € Z,, for some n. Moreover, we show that there exists a set
M C (1,2) of Hausdorff dimension 1 and Lebesgue measure zero, for which the first return map
is a generalised Liiroth series transformation if and only if 8 € M.

1. INTRODUCTION

Let 8 € (1,2) and Ig := [0, ﬁ] Given = € Iz we call a sequence (b,)2%; € {0,1} a
[-expansion for z if

Non-integer representations of real numbers were pioneered in the papers of Rényi [13] and Parry
[12]. Since then they have been studied by many authors and have connections with ergodic theory,
fractal geometry, and number theory (see the survey articles [10] and [15]). Perhaps one of the
most interesting objects to study within expansions in non-integer bases is the set of expansions,
ie.,

Sate) = {0 € 0.1 ) =),
n=1

A result of Sidorov states that given S € (1,2) then Lebesgue almost every z € Ig satisfies
card Yg(z) = 2% [14]. Moreover, for any k € NU{Xo} there exists 3 € (1,2) and x € I5 such that
card Xg(x) = k, see [6, 8, 9]. The situation described above is completely different to the case of
integer base expansions where every number has a unique expansion except for a countable set of
exceptions which have precisely two.

A useful observation when studying expansions in non-integer bases is that a S-expansion has
a natural dynamical interpretation. Namely, let Ty(z) = Sz, T1(x) = Sz — 1, and

Ds(z) = {(an)gozl e {To, T} : (ano---oar)(zx) € Iy for all n € N}.

It was shown in [1] that card Xg(x) = card I'g(z) and the map sending (b,,) to (T}, ) is a bijection
between these two sets. As such, performing the map Ty corresponds to taking the digit 0, and
T corresponds to taking the digit 1. An all encompassing method by which we can use the
maps Ty and 77 to generate [-expansions is the random [B-transformation. This map is defined
as follows. Set 2 = {0,1}Y and denote by o the left shift on 2. Consider the transformation
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1 1
Kg:Qx[0, ——] = Q x [0, =—] defined by

B-1 -1
(w,Toz), if0<z <,
Kg(w,r) =< (ow, Ty, ), if% <z < 5([31_1),
(w, Thz), if ﬁ <z < ﬁ

The random [-transformation Kp was introduced and studied in [3, 4, 5]. Given z € I, the
map K generates all possible S-expansions of x. Furthermore, it is a random mix of the classical
greedy and lazy maps defined by

Ty(x), if0<z< 4,

Gp(z) =
Ti(z), if 5 <z < 5,
and
To(.’L‘), 1f0§.’13< ﬁ7
Lg(x) = L )
Tl(m), 1fm§$§m
1 1
respectively. Let S := [B, m], we refer to S as the switch region. This is the region where

the greedy map G and lazy map Lg differ, and is the region where the coordinates of w are used
to decide which map to use. Understanding the dynamics of the maps Ty and 77 on the switch
region provides valuable insight into the possible I'g(z), and thus the possible Xg(x).

This paper is concerned with the dynamics of the first return map defined on the switch region.
We consider the induced transformation Ug of Kz on the set {2 x S. More precisely, Ug : 2 x S —
Q x S is defined as follows:

Up(w,x) := Kgl(w’m)(ww), where 1 (w,z) = inf{m > 1: Kz'(w,z) € Q x S}.

Similarly we set

Upo(x) = Us((0)*,x) and Ug 1 (2) := Us((1)*, 2).
Note that when we have fixed the sequence w to equal (0)° or (1)°° the maps Ug and Ug 1 are
well defined maps from S to S.

Remark 1.1. The map Ug is defined on 2x.S, and both Ug,g and Ug 1 are defined on S. However,
there exists w and x for which Kg(w,x) is never mapped back into Q x S, thus for this choice of w
and = the map Ug is not well defined. Similarly, there exists x for which Ug ., is not well defined.
However, it is a consequence of the work of Sidorov [14] that the set of x for which Ug(w,x) 18
well defined for alln € N and w € Q is of full Lebesque within S. Similarly, the set of x for which
Uj o, (z) is well defined for every n € N is of full Lebesque measure within S. Throughout this
article we will abuse notation and let S denote both the switch region and the full measure subset
of S for which Ug and Ug,,, are well defined. It should be clear which interpretation of S we mean
from the context.

For ¢ > 1 let rj(w,x) == rl(UZafl(w,x)) be the ith return time to the switch region Q x S.
Note that for any 8 and w, the set {ri(w,z)}zecs equals Rg := {m,m +1,...} where m is some
natural number that only depends upon 3. We emphasise that Rz has no dependence on w. One
of the goals of this paper is to understand the sequences (r;(w, z))2; and to answer the following
question: given w € € and a sequence of integers (j;)52, € Rg, when is it possible to find x € S
such that r;(w, ) = j;, for i = 1,2,...7 The following theorem provides an answer to this question.
Before we state this theorem we have to introduce two classes of algebraic integers. Let oy denote
the unique solution in (1,2) of the equation

et 2k 2 —1 =0,



INDUCED RANDOM SB-TRANSFORMATION 3

Qp V& Nk

1.7549... | 1.8393... | 1.8546...
1.8668 ... | 1.9276... | 1.9305...
1.9332... ] 1.9660... | 1.9666...
1.9672... | 1.9836... | 1.9837...

QY | W DO = | 3

FI1GURE 1. Tables of values for ag, v and ng

and let 7 denote the k-th multinacci number. Recall that the k-th multinacci number is the
unique root of

contained in (1,2).

Theorem 1.1. Let 5 € (ag, k] for some k > 2, then for any w € Q and (j;) € Rg there exists
x € S such that ri(w,x) = j;, for i =1,2,.... Moreover, if 8 ¢ (ag, k] for all k > 2, then there
exists w € Q and (j;) € Rg such that no x € S satisfies ri(w,x) = j;, fori=1,2,....

As we will see, the algebraic properties of «aj and v, correspond naturally to conditions on
the orbit of 1 and its reflection ﬁ — 1. These points determine completely the dynamics of the
greedy map Gp and lazy map Lg respectively, and hence it is not surprising that these points
play a crucial role in our situation as well. For values of 3 lying outside of the intervals (o, vi] it
is natural to ask whether the following weaker condition is satisfied: given (j;) € Rg does there
exist w € Q and x € S such that r;(w,x) = j; for i = 1,2,.... Let n; denote the unique root of

the equation
2P 4k 1 =0

contained in (1, 2).

Theorem 1.2. Let 8 € (ag,nx] for some k > 1, then for any sequence (j;) € RI; there exists
w € Q and x € S such that ry(w,x) = j; fori=1,2,....

If B satisfies the hypothesis of Theorem 1.2 then the orbit of 1 and ﬁ — 1 satisfy a cross over
property. This cross over property is sufficient to prove Theorem 1.2. Note that ay < v, < 1y for
each k£ > 1. We include a tables of values for ag, v, and 7y in Figure 1.

The second half of this paper is concerned with the maps Ugo and Ug ;. Before we state
our results it is necessary to make a definition. Given a closed interval [a,b], we call a map
T : [a,b] — [a,b] a generalized Liiroth series transformation (abbreviated to GLST) if there exists
a countable set of bounded subintervals {I,,}22; (I, = (In,7™n), [ln, ™n)s (lny Tn], [In, ) for which

the following criteria are satisfied:
(1) I,Nn I, =0 for n #m.
(2) Xpli(rn =) =b—a.
(3)
) —as EZI0=0)
Tn —n

for x € I,,.

Property (3) is equivalent to the map T restricted to the interval I,, being the unique surjective
linear orientation preserving map from the interval I,, into S.
The traditional Liiroth expansion of a number x € (0,1] is a sequence of natural numbers
(an)$2, where each a, > 2 and
1 1 1

1’:——’—74_._’_ +...
ar  aj(a; — asg ai(ay — Das(ag — 1) ---ay,
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This Liiroth expansion (a,) can be seen to be generated by the map T : [0,1] — [0, 1] where

: 1 1
T({E): n(n—i—l)x—n, 1fl‘€(ﬁ,;]
0, ifx=0

GLST’s were introduced in [2]. Our definition is slightly different to that appearing in this paper
but all of the main results translate over into our context. Namely if T': [a, b] — [a,]] is a GLST
then the normalised Lebesgue measure on [a, b] is a T-invariant ergodic measure. Our main result
for the maps Ug,o and Ug,; is the following theorem.

Theorem 1.3. There exists a set M C (1,2) of Hausdorff dimension 1 and Lebesgue measure
zero such that:

(1) If B € M then both Ug o and U1 are GLSTs.
(2) If B ¢ M then both Ug o and Ug,1 are not GLSTs.

What is more we can describe the set M explicitly.

Before we move on to our proofs of Theorems 1.1, 1.2 and 1.3 we provide a worked example.
Namely we consider the case where § = 1+T\/g

of our later proofs.

. This case exhibits some of the important features

Example 1.1. When 8 = # then S = [%,1]. Let Cj = {w € Qw1 = j}, j =0,1, then for
any w € Cp, r(w,1) = oo, and r1(w, %) = 1, while for any w € Cy, we have r(w,1) = 1 and
r1(w, %) =o0. Ifzx € (%, 1), then ri(w,z) > 2 for allw € Q.

Let
(1) B :={xeS:Uso(a) = (T{"" o To)(z)}
and
2) Bli= {2 €8:Usi(a) = (T o Th) (@)}
where i > 2. A simple calculation shows that
i+1 i+2
1 1 : 1
0 __ i i i—1 —1( =
(3) Bi—(gﬁn,gﬁn} (T 0 T) (ﬁ,l}
and
1 1 1 1 ; 1
1 1—1 —1
(4) Bz = [E+W,B+E):(TO OTl) [E,l),
where i > 2.

The collection {BY : i > 2} is a partition of (%,1), and {B} : i > 2} is a partition of (%,1).
Equation (8) demonstrates that Ugg restricted to BY is a full branch, thus Ugg is a GLST.
Similarly equation (4) implies Ug 1 is a GLSTs. We include a diagram of the graph of Ugg in
Figure 2.

By the aforementioned results of [2] we know that a« GLST is ergodic with respect to the nor-

malised Lebesque measure u. As such we can state the average return time. For 8 = 1+T‘/5
Lebesgue almost every x € S satisfies

n—1 n—1 oo

1 . 1 . -
Jan D ori(0)% ) = Jim D33 iy (o) ()
3=0 7=0 1=2
=2
=26~

=3.6178....
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BY B3 By B}

=

FIGURE 2. The graph of Ugy when 8 = %

Where in the above X BY denotes the characteristic function on BY. Note that the result stated
above holds with r;((0)*°, x) replaced with r;((1)>°, ).

By Theorem 1.1 we know that there exists w € Q and (j;)52, € RRIL\/E for which no x satisfies
ri(w,x) = j; fori =1,2,.... This is essentially a consequence of thleact mentioned above that
if w e Cy then r1(w,1) = oo, and r1(w, %) = 1, while for any w € Cy, we have r1(w,1) =1 and
r1(w, %) = 00. This statement implies that we cannot have a return time 1 followed by any other
natural number.

2. SEQUENCES OF RETURN TIMES

2.1. Proof of Theorem 1.1. In this section we prove Theorem 1.1. The proofs of Theorems 1.1
and 1.2 both make use of a nested interval construction. We begin by examining the condition
B € (ag,vk]. Tt is easy to show that the following statements hold:

5) BE(an?) — (Tf‘loTo)(%) > m — (Té“_loTl)(m) <%
and

N 1y 1 . 1 1
©) Bl = 1oh)(5) <5 = @WeT(55-3) 2 551

Thus 8 € (ag, Vx| is equivalent to the orbit of % either jumping over the switch region, or satisfying
Ug,o(%) = (Tf o TO)(%) = % Similarly, 8 € (ag,vx] is equivalent to the orbit of m either
jumping over the switch region, or satisfying U571(m) = (T} o Tl)(ﬂ([jl_l)) = 5(/51—1)' The
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following properties are important consequences of the above. First of all it is straightforward to
see that for 5 € (ou,vi] we have Rg = {k+ 1,k +2,...}. Secondly we have

(7) BY = (T{ ™" o Ty)~'(S)
and
(8) B} = (Tg~ ' o T1)~(S)

for i > k+1 where BY and B} are as in Example 1.1, but in this case they do not form a partition
of S. We now prove Theorem 1.1, we separate our proof into the following propositions..

Proposition 2.1. Let 8 € (ag,vk] for some k > 2, then for any w € Q and (j;) € RE there exists
x € S such that riy(w,x) = j;, fori=1,2,....

Proof. Let 3 € (ax,7x] and let us fix (w;) € Q and (j;) € {k+ L,k +2,.... . Welet 7, = Bt
and

Wi—1

. —1
. pw j1—1 -1/ pw Ji—1—1 j1—1 w;
(9) T := BY 0 (T2 oﬂﬂ)(B;)m~ww@T 0T, )0 o (T oﬂﬂD (B2)

for i > 2. In the above and throughout we let w; = 1 — w;. Any element of Z; satisfies r(w, z) = j;
for 1 <1 <. Note that by Equations (7) and (8) we have (Tj%_l oT,,)(Z1) = S, by an induction
argument it can be shown that

(10) ((Tu%_l OTwi)O"'O(T(%_l OTw1))(Ii) =S

for all ¢ € N. Equation (10) guarantees that Z; is nonempty and well defined for each i € N.
Moreover, Z;11 C Z; by equation (9). Thus (Z;) is a decreasing sequence of compact intervals and

E:ﬁL
=1

is nonempty. Finally, any « € E satisfies r;(w, x) = j; for all 7 € N. O

Proposition 2.2. Let 5 € (1, 1+T‘/3], then there exists w € Q and (j;) € Rg such that no z € S
satisfies ri(w, x) = j;, fori=1,2,....

Proof. Any 8 € (1,%] satisfies Rz = {1,2,...}. We now fix the sequence w = (0)> and
(4i) = (1)*°. There exists no = € S satistying r;((0)*°,z) = 1 for all ¢ > 1, as this would imply
there exists z € S satisfying Ti(z) € S for all i > 1. This is not possible as repeated iteration of
Ty eventually maps any element of S outside of S. O

Proposition 2.3. Let 3 € (%,2) \ Up2 5 (o, Vi), then there exists w € Q and (j;) € Rg such
that no x € S satisfies r;(w,x) = j;, fori=1,2,....

Proof. For 8 € (1+T‘/5,2) we have 1 (w,1/8) > 2 for any w € Cy. Moreover, by our assumption
that 8 ¢ (ak,yx] for any k > 2 we must have
o 1)(3) < (5357
ot (5) < (3 55—

for some k > 1. For such a § we have Rg :={k+1,k+2,...,}. Let w = (0)* and (j;) = (k+1)°°,
we now show that there exists no x € S satisfying r;((0)*°,z) = k + 1 for all 4. Since k + 1 is the
earliest return times there exists a single interval Z for which Z := {x € S : r1((0)*,z) = k + 1},
moreover for any o € Z we have Ug o(x) = (T oTp)(x). Thus, any  satisfying 7;((0)®,z) = k+1
for all 7 € N must satisfy

(11) (TF o Tp)'(x) € S for all i € N.
We now explain why this is not possible.

The map T o Tj scales distances by a factor 51 and satisfies (T} o Tp)(z) > « for x to the
right of the fixed point of TF o Ty. We previously observed that (7% o Tp)(1/8) € (%, m] thus

the fixed point of T o Ty is to the left of S. Therefore under repeated iteration of the map 17 o Tp
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every x € S is eventually mapped outside of S. This implies that equation (11) cannot hold and
we have proved our result. O

Combining Propositions 2.1, 2.2 and 2.3 we conclude Theorem 1.1.

2.2. Proof of Theorem 1.2. We now prove Theorem 1.2 our proof is similar to Theorem 1.1 in
that we make use of a nested interval construction. However, with our proof we do not explicitly
construct the desired w, we can only show existence, as such our proof takes on an added degree
of abstraction.

Let us start by examining the consequences of § € (ay, 1] for some k > 1. For k > 2 we ignore
the intervals (ay,yi] as their proof is covered by Theorem 1.1. For § in the remaining parameter
space the following inclusions hold

(12) (Ty OTO)(%) € (%aﬁ}

(T OTl)(g(gl, 1)) € {2(;, 1)’ 5(517 1))'

We emphasise that for any 8 € (1,2) the point m is the midpoint of the interval S and is
thus always in the interior of S. Equation (12) is equivalent to U, 5’0(%) being contained in the left
hand side of S, and Uﬁﬁl(ﬁ) being contained in the right hand side of S. As such the two
orbits cross over when they return to S.

The cross over property described by equation (12) implies
(13) (Tt 0 To)(BR11) U (Ty 0 Th)(Bjy1) = S-
Moreover, for any i > k + 1 we have
(14) (T{ 0 To)(Biyy) = S
With the identities (13) and (14) we may now prove Theorem 1.2.

Proof of Theorem 1.2. Let 8 € (vk,nx] and let us fix a sequence of return times (j;) € R% =
{k+1,k+2,...}N. We will construct a set .J, such that for any = € J there exists a sequence w
satisfying 7;(w,x) = j; for all ¢ € N. We construct J by building a sequence of levels Jy, Ja, .. ..
Each J; will denote a finite collection of compact intervals {Il’}lzz1 Moreover,

2i+1 2i

(15) Uzt cUz
=1 =1

for each 1 =1,2,.... Thus

oo 2°
J=NUzZ
i=11=1
is nonempty, and as we will see, for each x € J there exists an w € {2 such that r;(w,x) = j; for
i =1,2,.... We emphasise that in our construction not every I} will necessarily be nonempty.

For each level J; it is useful to define a collection of maps M; = { ff}?;l. Each f/ will be a map
from Z} into S. These maps will also have the property that

,
(16) U s =s.
=1

We start by letting
Ji={BY,B} } and My = {T{* "' o Ty, TJ* ' o T1}.
By Equations (13) and (14) we have

(T o To)(BY ) U (T o Th)(B)) = S
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So we satisfy (16) when ¢ = 1. Assume we have constructed J; and M; for 1 <4 < N, and (15)
holds for 1 <7 < N—1, and (16) holds for 1 <+4¢ < N. We now construct Jy1 and My 1. To each

[ € My we associate the compact intervals (le)_l(B?N+1) and (le)_l(B}NH), the set of these

new intervals is our Jy 1. By (16) this collection of intervals {(f¥)~"(BY, ), (f)""(Bj,,,)}

is nonempty. Each f} is a map from Z}V into S, thus (le)_l(B}NH) C 7}V and we have that
equation (15) holds for i = N. _
To each (fN)~1(BY. ) we associate the map (T/¥** "' o Ty) o fN, and to each (f¥)~*(BL_ )

JIN+1 IN+1
. ini1—1 . . . .
we associate the map (TgV*"'" " oTy)o le respectively. This collection of maps is our new My 1.
Moreover

(U@t omyo i) o () 1B, ) u (U@ om) o )0 (1)1 (BL,))
=1 =1

2N 2N
= (@ o) (U A UM B, ) v @ e (UM ) B),L))
=1 =1

_ (TfN+1*1 o T())(BO

JIN+1

=S ( By (13) and (14)).

YU (TN oTy)(BL. ) ( By (16) for i = N)

IJN+1

Therefore we satisfy (16) for i = N + 1. As such we can repeat the above steps indefinitely and
J; and M; are well defined for all i € N and satisfy equations (15) and (16). This implies that the
set J is well defined and nonempty.

It is not immediately obvious why an = € J admits an w € Q such that r;(w,z) = j; for all
i > 1. We now explain why. If z € J, then by our construction for each n € N there exists
(wMi_, € {0,1}" such that

(17) (T2 0 Tyn) oo (T2 0 Tyn)(z) € S
i Wy

w

forall 1 < i < n. We identify the finite sequence (w}*) with the infinite sequence v, = (W7, ...,w}, (0)*).
We equip Q with the usual metric d(-,-) where d((e;), (6;)) = 27™():09)) where n(z,y) = inf{i :
€; # 0;. With respect to this metric §2 is a compact metric space, thus there exists v € Q and a

subsequence of the (vy,) such that v,, — v. This v has the property that
(18) (T2oT,,) oo (TioT,)(z) €S

for all : € N. (18) is a consequence of v being the limit of sequences satisfying (17). Clearly (18)
implies that r;(v, ) = j; for all i € N. O

Remark 2.1. We end this section by pointing out that there are non trivial examples of 8 € (1,2)
for which there exists (j;) € Rg and no x € S and w € Q for which r;(w,z) = j; for all i € N.
For example take p = 1.754. We chose 3 to be this value because it is slightly less than as. Thus
Ty o TO(%) € S, but it is only slightly less than the right end point of the switch region. Clearly
Rg :={2,3,...}. However, any point that can have a return time two gets mapped close to the
endpoints of S under the corresponding map. Being close to the endpoints of the switch suggests
either a large return time or a small return time. This is the case for f = 1.754, and a simple
calculation shows that it is not possible for ri(w,x) =2 and ro(w,z) = 3.

3. PROOF OF THEOREM 1.3

Let us begin our proof of Theorem 1.3 by defining the set M that appear in its statement. Let

1 1 1
M: {5 € (1,2) : card B5(1) 1} U {5 c(1,2): Uﬁ,o(ﬁ) e {ﬂ, = 1)}}.
The first set in this union is the set of univoque bases, the study of this set is classical within
expansions in noninteger bases, we refer the reader to the following papers for more on this subject
[7, 8,9, 11]. In [9] Erdds and Joé showed that the set of univoque bases has Hausdorff dimension
1 and Lebesgue measure zero. The second set in the above union is a countable set of algebraic
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numbers, thus M has Hausdorff dimension 1 and Lebesgue measure zero. It is worth noting that
ifge{fe1,2): Ug,o(%) € {%, m}} then card ¥g(1) = Rg. The important observation to
make from the definition of M is that the following statement holds

1 1
p €M < — and ———— are never mapped into the interior of S.

B B(B-1)
This property will be sufficient to prove that both Ug ¢ and Ug ; are GLSTs. Our proof of Theorem
1.3 is split over the following propositions.

Proposition 3.1. If 8 ¢ M then Ugo and Ug1 are not GLSTs.

Proof. If 8 ¢ M then U/@g(%) € S°. In which case at the left endpoint of S the graph of Ug o has
an incomplete branch. Thus it is not possible that Ug is a GLST as all of the branches are full
for this class of transformation. The proof that Ug; is not a GLST is similar and appeals to the

fact that Ug,l(m) e sv. O

Proposition 3.2. If 3 € M then Ugy and Ug, are GLSTs.

We will only show that if 8 € M then Ugyg is a GLST, the proof for Ug,; being analogous.
Moreover, as we previously demonstrated in Example 1.1 that the maps Ugo and Ug; were
GLSTs for 8 = 1+T\/5 we restrict our attention to the interval ( 1+2‘/5, 2), where the rest of the set
M exists.

Before proceeding with our proof that Ugg is a GLST we make several observations. Let

B e (“5‘67 2) and z € S be such that Ug g is well defined, then

(19) Upo(e) = (Tg] o - o T o Tp)()

for some w; € {0,1} that alternate digits with w; = 1. Equation (19) holds because the map Ty
maps every element of S outside of S. The quantity ¢ — 1 is the number of times = jumps over
S before eventually being mapped inside. Note that if ¢ is even then w; = 0 and if ¢ is odd then
w; = 1.
Let
Cp :=T,"(5) and D, := T, "(S5)
where n € N. Equation (19) demonstrates that if Ug ¢(z) is well defined then z must eventually

map into a C), or a D,,. Note that for 5 € (HT\/g, 2) the C,, are all disjoint and contained in the
interval (0, %), and similarly the D,, are all disjoint and contained in (m, ﬁ)

It is instructive here to make a final notational remark before we give our proof. As we will see,
the proof of Proposition 3.2 relies heavily on understanding the trajectories of certain intervals
under certain maps and where they lie relative to C,, D,, and S. Often we will be in a situation
where a relation (I NJ =@, I C J) is true only if we ignore the endpoints of these intervals. For
ease of exposition instead of repeatedly emphasising the fact that this relation holds modulo the
endpoints we will simply state that the equation holds. This is technically not correct, but our
proof still holds and is far more succinct by adopting this convention.

Proof of Proposition 3.2. To prove Ug, is a GLST it suffices to show that for any x € S such that
Up,o(z) is well defined then we have

(20) {yeS:Usoly) = (T0 00T o To)(y)} = (T3 0+~ o T} 0 Tp) "H(S).

Where we have assumed Ugo(z) = (T} o --- o T{" o Tp)(x). We now explain why Equation (20)
implies Ug o is a GLST. The intervals on the left hand side of equation (20) are all disjoint, thus
we satisfy part (1) of the definition of a GLST. By Sidorov’s result we know that for Lebesgue
almost every x € S the map Ugo(x) is well defined, thus the lengths of the intervals on the left
hand side of equation (20) sum up to equal the length of S and we satisfy part (2) of the definition
of a GLST. Lastly, the right hand side of equation (20) demonstrates that Ug restricted to this
interval is surjective onto S, since there is a unique surjective linear orientation preserving map
from this interval onto S we also satisfy part (3) of the definition of a GLST.



10 SIMON BAKER AND KARMA DAJANI

We begin with the most simple case, we assume that Ug o(x) = (T} o Tp)(x), i.e. To(z) € Dy, .
Importantly, since 8 € M we know that 1 ¢ DY . Thus Ty(S) N D, = [1, ﬁ] N Dy, = D,,.
Therefore T, *(D,,,) € S and any y in this interval satisfies Ug o(y) = (T}"* o Tp)(y). This implies
that

(21) {y € 8:Ugo(z) = (T7" o To)(y)} = (1" 0 To) 7 (S).
It remains to show that equation (20) holds in the general case. Obviously
(22) {yesS: Ug}o(y) = (TLL: O--- oTln1 oTo)(y)} C (TLLZ O--- oTln1 oTO)_l(S).

So we have to show that the opposite inclusion holds, for this we examine the formula for Ug g
more closely. We assume Upo(x) = (T} o --- o T{"* o Tp)(x) for some i > 2. Since i > 2 we have
Ty(x) is contained in a connected component of [1, 525) \ UpZ; D,,. Let us denote this interval by
T:. We also let

1 1 1 1 1
=41 ), Ty ), T (= ), T —— ), G} glz——-1):n=>0.
E {TO (5>7T0 (5(5— 1))’T1 (B)’Tl (5(5— 1))’%(1)’%(5 -1 1) "= 0}
Here G is the greedy map defined earlier. Since 8 € M no element of F is contained in the

interior of a Cy,, a D,,, or S.
Importantly Z; = (a1,b1) where aq,b; € E. In this case either

b= (7 () o= (17 5) 157 ).

2-p 1)
B-1"8/

The endpoints of 77" (Z;) are elements of E and are therefore not contained in the interior of
any C,. Either (T7" o Tp)(z) € C,, for some n or maybe (T o Tp)(z) € T (1) \ USL,Cy. If
(T7"™ oTp)(x) € T (Z1) \ USL, Cy, then let the connected component it is contained in be denoted
by Zs. Let Zy = (az, ba) then again as, by € E. In which case

Therefore
THIZ)NS =0 for 1 <k <ny—1and TM(T;) C (

1

(23) THZ) NS =0 for 1 <k <ny—1and TJ*(Zy) C (WQ
The endpoints of T5?(Zz) are again contained in E and therefore do not intersect the interior of
any D,,. The point x has either been mapped into a D,, or is contained in a connected component
of T5'?(Z2) \ Uy, Dy, If it is contained in a connected component of T('?(Zz) \ USZ;D,, then
we repeat the previous steps. Eventually z is mapped into either C,, or D,,, and our algorithm
terminates. Without loss of generality we assume 2 is eventually mapped into D,,. The above
algorithm yields a finite sequence of intervals (Ij);;ll which satisfy the following properties:

(1) Zr € To(9).

(2) For1<j<i-1

Tfj(Inj)ﬁS: 0 forl<k<n;
(3) For 1 <j <i—2wehave Zj;; C T:,Lj (Z;)
(4)
Dni - T:};:ll (Ii—l)-

Where in the above w; = 0 if j is even and w; = 1 if j is odd. These properties have the following
consequences:

(5) (T3i)~1(S) € Zia

(6) For1<j<i-—1

(Thio-oTE) MS)NS =0 for 1 <k < nj.

(7) For1<j<i—1
(Tio---oT1) "1 (S) C I,

(8)
(T oo Ty o Ty)"1(8) C 8.
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Property (8) states that (T} o --- o T{"* o Ty)~!(S) € S. Moreover, properties (5), (6) and (7)
imply that every y € (I} o--- o T o Ty)~1(S) satisfies Up o(y) = (I o --- o T 0 Tp)(y). Thus

(Tfi 00T o Ty)H(S) C{y € S : Usoly) = (T} o -+ o T1" 0 Ty)(y)},

which when combined with equation (22) yields (20).

(1]
2]

(3]
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