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Abstract

Given a finite set of real numbers A, the generalised golden ratio is the unique number G(A) > 1
for which we only have trivial unique expansions in smaller bases, and non-trivial unique expansions
in larger bases. We show that G(A) varies continuously with the alphabet A (of fixed size), and we
calculate G(A) for certain alphabets. As we vary a single parameter within A, the generalised golden
ratio function may behave like a constant function, a linear function, and even a square root function.

We also build upon the work of Komornik, Lai, and Pedicini (2011) and study generalised golden
ratios over ternary alphabets. We give a new proof of their main result, that is we explicitly calculate
the function G({0,1,m}). (For a ternary alphabet, it may be assumed without loss of generality that
A =1{0,1,m}.) We also study the set of m € (1,2] for which G({0,1,m}) =1+ /m and prove that
it is an uncountable set of Hausdorff dimension 0. Last of all we show that the function mapping m
to G({0,1,m}) is of bounded variation yet has unbounded derivative.

Mathematics Subject Classification 2010: 11A63, 28 A80.
Key words and phrases: Beta expansions, Generalised golden ratios, Combinatorics on words

1 Introduction and statement of results

Let A :={ag,a1,...,aq} be a set of real numbers satisfying ap < a1 < --- < aq. We call A an alphabet.
Given 8 > 1 and = € R, we say that a sequence (u)3, € AN is a -expansion for  over the alphabet A
if

When the underlying alphabet is obvious we may simply refer to (ug) as a S-expansion. Expansions in
non-integer bases were introduced by Rényi [§]. Perhaps the most well studied case is when 5 € (1,2]
and A = {0,1}. For 8 € (1,2] and this choice of alphabet, x has a S-expansion over A if and only if
z €0, ﬁ] Moreover, a result of Erdés, Jod, and Komornik [3] states that if 5 € (1, 1+T\/5) then every
z € (0, ﬁ) has a continuum of S-expansions. This result is complemented by a theorem of Dardczy and
Katai [2] which states that if 8 € (%7 2] then there exists = € (0, ﬁ) with a unique S-expansion. Note
that the end points of the interval [0, ﬁ] trivially have a unique -expansion. The above demonstrates



that the golden ratio acts as a natural boundary between the possible cardinalities the set of expansions
can take. It is natural to ask whether such a boundary exists for more general alphabets.

Before we state the definition of a generalised golden ratio it is necessary to define the univoque set.
Given an alphabet A and 5 > 1 we set

e}
Us(A) == {(uk)g“;l e AN Z % has a unique expansion}.
k=1

We call Uz(A) the univoque set. Note that for any alphabet A and 8 > 1 the points

both have a unique expansion, so ag and ag are always contained in the univoque set. Here and throughout
w denotes the infinite periodic word with period w. We are now in a position to define a generalised
golden ratio for an arbitrary alphabet. Given an alphabet A, we call G(A) € (1, 00) the generalised golden
ratio for A if whenever 8 € (1,G(A)) we have Ug(A) = {ag,aq}, and if 5 > G(A) then Uz(A) contains a
non-trivial element.

Komornik, Lai, and Pedicini [4] were the first authors to make a thorough study of generalised golden
ratios over arbitrary alphabets. Importantly they proved that for any alphabet A a generalised golden
ratio exists. For ternary alphabets, they showed that the generalised golden ratio varies continously with
the alphabet. We extend this result to alphabets of arbitrary size.

Theorem 1. Let Ay := {(ag,a1,...,aq) € R : ag < ay <--- <ag},d>1. The map (ag,ai,...,aq) —
G({ao,a1,...,aq}) is continuous on Ag.

We prove this theorem in Section [2} In the rest of the paper, we restrict our attention to alphabets
of the form A ={0,1,..., |m],m}, m > 1. Throughout we let

G(m):=gG({0,1,...,|m|,m})

and Ug(m) := Uz ({0,1,...,|m],m}). In particular for m € (1,2] we have A = {0,1,m}. Every ternary
alphabet can be assumed to be of this form because shifting the alphabet and multiplying by a constant
do not affect the generalised golden ratio, thus

o) - ({01, 222 - o(for =2 ))

a1 — aq az — ay

with ¢2=22 € (1,2] or £2=0¢ € (1,2]. The authors of [4] rather considered alphabets {0, 1, m} with m > 2.
Since G({0,1,m}) = 9(2{0, 1, == }), their results read as follows in our setting.

Theorem KLP. The function G : (1,2] — R is continuous and satisfies
2<G(m) <1+vm
for all m € (1,2]. Moreover, the following statements hold.
e G(m) =2 form € (1,2] if and only if m = 23—: for some positive integer k.

o The set M := {m € (1,2] : G(m) = 1+ /m} is a Cantor set, its largest element is x® ~ 1.7548
where x ~ 1.3247 1is the smallest Pisot number.

e Each connected component (my,mz) of (1,22)\ M has a point p such that G is strictly decreasing
on [my, u] and strictly increasing on [, ms); G is strictly increasing on [22,2].

In Section [3] we reprove all these results, making some of the statements more explicit and simplifying
several proofs. The function is given by implicit equations on subintervals of (1,2],and it has the following
unusual regularity properties of the function G.

Theorem 2. The function G : (1,2] — R is differentiable except on the set MM and on the countable set
of points u defined in Theorem KLP. Its derivative is unbounded, but its total variation is less than 8/3.



The set 9t is uncountable, but its Hausdorff dimension is 0.
Theorem 3. We have dimg (91) = 0.
On certain intervals, the function G has the following simple form.

Theorem 4. Let h be a positive integer and 2" < m < (1 + /%)h. Then we have

m

g(m) = G({0,1,m}) = m*/".

n [I] the first author studied G(m) for integer m. In this case the following results hold.
Theorem B. Let m € Z with m > 2. The following statements hold:

o if m is even,
g(m) = mt LtV OmED i s odd,

o If m is odd, then there exists §(m) > 0 such that for all B € (G(m),G(m) + §(m)), the set Ug(m)

m+1

5= and a subset of the sequences that end with =5~ 1 mtl

m 1m
consists of M= 5

e If m is even, then there exists 6(m) > 0 such that for all B € (G(m),G(m) + d(m)), the set Ug(m)
consists of 7 and a subset of the sequences that end with % .

For each positive integer k, we also calculate G(m) on a small interval to the right of k. These
calculations demonstrate that the function G can vary in different ways as we change a single parameter.
For now we postpone the statement of these results.

2 Continuity of G(A)

Before proving Theorem |1} we recall results of Pedicini [7, Proposition 2.1 and Theorem 3.1] on (unique)
expansions in non-integer bases over arbitrary alphabets; see also [4, Theorem 2.2].

Theorem P. Let § € (1,q(A)], with

ag—a
g(4) =1+ —
max{a; — ag,as — a1,...,a4 — ag—1}

Every x € [5, 5] has a B-expansion over A. We have uguy - -- € Ug(A) if and only if, for all i > 0,

Z H_k < ajy1+ % when u; = a; # aq, (2.1)

and

Z uH'k > aj_1 + % when u; = a;j # ao. (2.2)

Remark 2.1. The conditions (2.1) and (2.2)) can be restated in terms of uniqueness regions U,, a € A:
We have > .2 “”’“ € Uy, for all i > 0, with U, = [%_ﬂl,al + ﬁ), Uy, = (aj_l + %,aﬂ_l + %) for
1S1<da a’ndUad:(ad 1+B 172(1[3}

By the following lemma, it is sufficient to consider 8 < g(A).

Lemma 2.2. We have G(A) < q(A).

Proof. If > 1+ ﬁ for some 0 < j < d, then a; + % < Gj41 + % and thus a;ag € Ug(A). O

Remark 2.3. This upper bound is attained for certain alphabets. For example, let A = {0,1,4,5}. For
B = q(A) = 8/3, the uniqueness regions are Uy = [0,1), U; = (3,4), Uy = (4,5) and Us = (7,8]. For
Pheo pi- € Uy, we have 35,2 ) =55 € (Uy, — u;)B; the latter intervals are [0,8/3), (16/3,8), (0,8/3)

and (16 / 3, 8] respectively. Therefore, the only unique expansions are 0 and 5.




Proof of Theorem[]l As G(A) = Q( A—ag ), we have G({ag,a1,...,a4}) = G(tor(ag,a1,...,aq)), with

aq—aop
a1 —ap a2 —ap aq—1 — o
/
Ay — Al (ao,al,...,ad)r—>< , ey
ag — ag Qg — o aq — ag
!
L d—)P(R), (al,ag,...,ad_l)l—>{0,a1,a2,...,ad_1,1},

and A, = {(a1,a2...,a4-1) € RI“1:0<a; <ay < - <ag_i <1}. Asr is continuous on Ay, it is
sufficient to prove that G o ¢ is continuous on A’d.

Let a = (a1,a2...,a4-1) € Al, and € > 0 arbitrary but fixed. We will show that |G(«(b)) —G(c(a))] <
3e for all b in a neighbourhood of a. Let first X C A/ be a closed neighbourhood of a such that
lg(¢(b)) — g(u(a))| < e for all b € X. (Note that g o ¢ is continuous on A/,.) Set

a—gg%q( t(b)) — e, Y ={beX:G(b))<a}.

If Y = (), then X is a neighbourhood of a with |G(¢(b)) — G(t(a))] < 2¢ for all b € X. Otherwise, let
£ > 2 be such that Eizl a ®>(a+e—1)"% Then

¢
1 1
biz1 —b; < — 2.3
I+l j*q(b(b))—lfoz—ke— Z:: k (2:3)
for all (bl,...,bd,1) €Y, 0<j<d, with by =0, bg = 1. Set
é(a,b) = omin ((aj41—a;) = (bjt1 — b))
(with bg = ap =0, bg = aqg = 1), and let Z C X be a neighbourhood of a such that
L_ﬁ«xab) _b . <(a,b) foralll<j<d, 1<k<{ (2.4)
(a+e)k aoF — T (ate)k ozk_ e '
1—aj 1—bj 1—b 1—a; .
— < d(a,b J_ I < §(a,b) f No<j<d, 1<k</¢ 2.5

for all b = (by,...,bq—1) € Z. Note that §(a,b) < 0, thus we also have

S

' 1—ij<1—bj bj <% 1—bj<1—aj

aj
) = )

< < < for all 0 < j <d. (2.6)
a+é€ « o+ « o+ € « a—+e€ @

For b € YN Z and G(¢(b)) < 8 < a, choose u = uouy --- € Ug(e(b)). Assume, w.l.o.g., that
uouy ¢ {00,11}. We show first that u does not contain £ consecutive zeros or ones. Indeed, suppose that

Uiyl = Ujtpo = -+ = Uj+¢ = 1 for some ¢ > 0; then we had
(') 14
Uitk 1 1
Zﬂk > 2D or 2 b=
= k=1
for all 0 < j < d, hence u; = 1 because of ([2.1]); recursively we would obtain that u;—1 = -+ = ug = 1,
contradicting that ugus # 11. Similarly, uj41 = w42 = - -+ = w4 = 0 implies that Y, (1 —uipx) 3% >

bj —bj_1 for all 1 < j < d, hence u; = 0 because of (2.2)), eventually contradicting that uou; # 00.
Let now i > 0. We have ;1 (8-+¢) % < u;4£87" for all k > 1 because (2.6) implies that a;(8+¢) "
bjﬂ_k for all 0 < j < d. Moreover, (2.4) and (2.6) give that
aj bj aj b
_ Y 2% 2 <§ab
BreoFf B (atel ak> (a,b)

IA

foralll1 <k </, 1<j<d. Sinceu;;j # 0 forsome 1 < k < /¢, we have fLHk(ﬁ—i—s)’k < quﬁ’k—i—é(a, b)
for some k > 1. Using ([2.1)), we get

(oo} (oo}

m k Uitk
> @ fg <> é@ +6(a,b) < bji1 —bj +6(a,b) < aj11 —a; when u; =b; # 1.
k=1 =1



Similarly, we obtain from (2.2)), (2.5) and (2.6)) that

oo

1—u 7 1
Yith o Z u+k d(a,b) <bj —bj_1+d(a,b) <aj —aj—1 when u; =b; #0.

1(ﬂ+6’“_

Therefore, we have 0 € Up;-(t(a)), thus G(v(a)) < G(v(b)) +eforallbeY N Z.

For b € X \ 'Y, recall that G(v(a)) < q(c(a)) < a+ 2¢ < G(u(b)) + 2¢. Similarly, we obtain for all
b € Z that G(c(b)) < G(«(a)) + & when a € Y, G(¢(b)) < G(¢(a)) + 3e when a ¢ Y. This gives that
|G(t(b)) — G(v(a))| < 3¢ for all b € Z, thus G o« is continuous at a. O

3 Generalised golden ratios over ternary alphabets

3.1 Statements

Komornik, Lai and Pedicini [4] described the function m +— G(m) on the interval (1,2]. We provide more
details for this function, in particular for the set

M:={me (1,2]: G(m) =1+ Vm}.
For h > 0, let 7, be the substitution on the alphabet {0,1} defined by
m(0) = 0", (1) = 0”1,

and set S = {7, : h > 0}. A (right) infinite word u is a limit word of a sequence of substitutions (o, )n>0
if there exist words u(™ with u(®) = u and u™ = g, (u®*Y) for all n > 0. A sequence (0,,),>0 € SV is
primitive if o, # 19 for infinitely many n > 0. Primitive sequences of substitutions have a unique limit
word. If o, = 79 for all n > 0, then 01 and 1 are limit words of (0,),>0. We use the following sets of
limit words (or S-adic words), where S* = |J,,~,S™ denotes the set of finite products of substitutions
in S:

§=8,U87;USt with Sy ={c(01): 0 € 5}, Sy={o(1): o€ 5},

Ss = {u: u is the limit word of a primitive sequence of substitutions in SN}.

Remark 3.1. Note that each element of S is a Sturmian sequence.

For u = uguy - -- € {0,1}Y, we define m, > 1 by

Remark 3.2. We can rewrite (3.1]) as

=
1+F+Z 1+F’f+2’

=0

i.e., the quasi-greedy (1+,/my)-expansion of 1 is 2u. This shows that m,, is well defined.

For o € §*, we define the interval I, = [mo((ﬁ),m”m] - (1, 3+2\/5]. We define 5, > 2 implicitly via

the equation
s <1+z ,m)

oo ~(0’)

where

ﬁé")ﬂga)ﬂ(;) <=0 (01), ug">u§”>u§”) = o(1).

Moreover, we let 1, denote the coinciding value, i.e.

o0
= Z BE
= s

:1




Note that all the numbers and sequences do not change if we replace o by o7y since 79(01) = 01 and
70(1) = 1. Therefore, we can assume that o € S*\ S*7.

The following proposition recovers the main part of Theorem KLP, adding explicit equations giving
for generalised golden ratios.

Proposition 3.3. The interval (1, 3+2\/g} admits the partition

{I,: o€ 8\ S} U{{mu}: ue Syl (3.2)

Foro € S* and m € [ma(oi),ug], G(m) is given by

)

=1 .
m +;g(m)k

For o € 8* with o(1) #1 and m € [,ua,mgﬁ)], G(m) is given by
” o)
G 1~ Lt 2 Gy
We have
M={my:ueS\{1}}.
3.2 Partition of (1, %5]
We first prove that (3.2)) forms a partition of (1, %] We use the notation oy ,) = 0001 Op.
Lemma 3.4. Let o € S*. Then o preserves the lexicographic order on infinite words.

Proof. The lexicographic order on infinite words is preserved by the identity and by o € S. By induction
on n, this holds for all o € S™, n > 0. O

Lemma 3.5. Let 0 € S* with o(1) # 1, and write 0(1) = Owl. Then
a(01) = 0wO1.
In particular, 1w0 is a circular shift of o(1).

Proof. Since o(1) = o719(1) and o(01) = 079(01), we assume w.l.o.g. that o = 74,7, - - 75, with n >0,
hyn # 0. Let 0y = 1p,,. Then o[ ,,(1) = Owl with

w = 09(1) op0,1(1) 00,011 (1)T(0,n—1] (0" 1) 07927 (0"7=1) - - gg (0" 1) 0.

Let v = 0¢(1) 00,11(1) - - - 7[0,n—1](1). Then we have o7y ,,1(0) = Ow0lv and vo (1) = wOlv. Therefore,
1w0 is a circular shift of o(1) and ¢(01) = 0w01. O

Lemma 3.6. Let u = uguy --- € {0,1}¥\ {0}. We have u € S if and only if
UpUr U2+ + < U1 Uian - < lugug - -+ for alli > 0. (3.3)

Proof. Assume that holds. Then ug = 0 or u =1 = 79(1). If ug = 0, let A > 0 be minimal such
that w1 = 1. Then each 1 is followed by 0"*!1 or 01, i.e., u = 73,(u’) for some word w’ = upu/ - --.
Moreover, we have u' < wju ;- - < lufjuh--- for all i > 0. In case u’ = 0, we have u = 7,41(1).
Therefore, we can repeat the arguments and obtain recursively that u is the limit word of a sequence
(0n)n>0 € SN. More precisely, we have u € Sy7 or u starts with 010,n)(0) for all n >0, i.e., u € Soo U St

Consider now u € S, U Sy, limit word of (0,)n>0 € S¥. Then u starts with oyg,,(0) for all n > 0.

Denote the preimage of u by og by u' = wjuj---, i.e, oo(u’) = u. Suppose that uu;y;--- < u.
Then wusyy - - starts with 0o(0), and wsuiqq --- = oo(ujujy_ | ---) for some i > 0. This implies that
upul, g - < o'y thus wful, g - starts with ¢1(0). Inductively, we obtain that wju;;;--- starts with



T(0,n) (0) for all n > 0, i.e., u;u;t1 -+ = u. Suppose now that w;u;41--- > lujug---. Then u; = 1 and
Ui1Uito - = oo(ujuj, -~ ) for some 3" > 0, with uj,ujy -~ > lujus---. We get that

UiUjq1 * " = 100(1)0’[071](1)0[072](1) e = 1U1’LL2 LRI

Therefore, holds.

Finally, let u € Sg. If u =1, then holds trivially. Otherwise, we have u = o71;,(1) with o € S*,
h > 1. Then o74,_17;(01) € Sy7 converges to u for j — oo (in the usual topology of infinite words). By
the previous paragraph, holds for these words. Hence, it also holds for the limit word u. O

Proposition 3.7. The interval (1, 3+T‘/5} admits the partition (3.2)).

Proof. For m € (1, 3+2‘/5]7 the quasi-greedy (1+,/m)-expansion of 1 is of the form 2u € {0,1,2}" with
0 < u < 1. We show that the interval (0,1] C {0, 1,2} admits the partition

{le(01),6(1)]: 0 € S*\ S*r0} U{{u}: ue Sy}

Assume that u = uguy --- ¢ S, i.e., (3.3) does not hold. Let ¢ > 1 be minimal such that one of the
equalities is not satisfied. Suppose first that w;u;y1--- < w; then w;—; = 1. Similarly to the proof of
Lemma let o € S be such that ug - - - u;—1 = oo(ug - - - u}y_y) with ug - - - u},_; # 0---0. By minimality
of i, we have u},_; =1, and uf---u},_; = 1---1 implies ' = 1. Define recursively substitutions o; € S
until

U[o,n](l) = UpUy *** Uj—1-
Then we have u < o) (1) u < --- < 7,5, (I). By Lemma we have o ,,(01) < u.

Suppose now that w;u;4+1 -+ > lujug - --. Then we have substitutions oy = 73, such that

010,n)(0) = wouy -+ - ui—1 Log(1) opo (1) - - - 010,n—1)(1),

with h, # 0. We have u > uguy ---u;_11, and the latter word is equal to T[0,n] (OT) by Lemma and
its proof. Since ug - --u;—1 < 09 n1(1), we also have u < a9 ) (1).

We have seen that each u is the limit word of a primitive sequence of substitutions o € SY or between
the extremal limit words of a non-primitive sequence o € SN. To see that o is unique, let u and @ be
limit words of two different sequences (¢,)n>0 and (6, )n>0. Let n > 0 be minimal such that o,, # &,.
Let 0, = T, 6, = 7, and assume w.l.o.g. that h < j. Then we have & < &jg,(1) < 00,,)(0) < u.
Therefore, the intervals are disjoint.

3.3 Calculating the generalised golden ratio
We now prove that G(m) is as in Theorem KLP and Proposition

Lemma 3.8. Let m € (1,2], B € [m,m + 1], and u = upuy - -- € {0, 1}V \ {0}. Then u € Ug(m) if and
only if

m OOUJ»H_]C
— <1 <
it <

for all i > 0 such that u; = 1.

Proof. As q({0,1,m}) =14 m, we have u € Ug(m) if and only if (2.1) and (2.2) hold for all ¢ > 0, i.e.,
Y reo ug*,c’“ must be in Uy = [0,1) when u; = 0 and in U; = (%,m) when u; = 1. Since 8 > m, we
have U, 7% C Uy for all k > 1, thus the conditions for u; = 0 are automatically satisfied when those for
u; = 1 are satisfied. O

Lemma 3.9. Letu € Soo, m € (1,2]. Then we have u € Uy s (m) if and only if m = my. In particular,
we have G(my,) < 1+ /m,.

Proof. By Lemma we have u = uguy - - - € Uy /m(m) if and only if

> Uitk
vm <1+ R om
;(1+‘/m)k



for all ¢ > 0 such that u; = 1. By Lemma and since u is aperiodic, u; = 1 implies that u <
Uip1Uiy2 -+ < ugug---. These bounds cannot be improved because, for all n > 0, 1oy ,(0) and
log(1) -+ 010,n—1](1) (Which is a suffix of o[y ,)(0)) are factors of u. Therefore, we have u € U,/ (m) if
and only if

o) ug
<1+ ————— and 1+ —— < m.
1S e S

This means that 1+ Y 7o | ug (14+y/m) ™% =m, ie., m = m,. O

Lemma 3.10. Let 0 € S* and m > 1. There is a unique number fo(m) > 1 such that

m:Hng(m)k' (3.4)

We have fo(m) < 0, fo(m,op) = 14+ /M1, fo(m) <1+ Vvm if and only if m > m, ), and
o(1) & Uy, (m)y(m) if m < 2.

Proof. Let hy(x) = 14> 72, agf)x_k—m. Then limg 1 hyp(2) = 00, limg_y 00 by () = 1—m < 0, hyp ()
is continuous and strictly monotonically decreasing, thus f,(m) is the unique solution of h,,(z) = 0. We

have
e ki (U)

Z f k+1 ’

in particular fo(m) < fo(my o) =1+ /M, o7 <1+ /m for m >m 7).

By Lemma ﬁ ~(g)ﬂéa) -+ is a periodic word with the same period as o(1). Therefore, (3.4) and
Lemma imply that o (1) & Uy, (m)(m). O
Lemma 3.11. Let ¢ € S* and m > 1. There is a unique number g,(m) > 1 such that

0 o')

T Z m)k+1 (3.5)

k=

We have g,(m) > 0, go(m, 1)) = 1+ /M 7)., go(m) < 1+ /m if and only if m < m_ ), and o(1) ¢
Uy, (m) (m) if m < 2.

(@)
Proof. Setting hu,(z) = 22 — 1 — 377 ) ~#, we have

x—1

0 (o) 00
, (k+ 1)uy, m E+1 m 1—-m
hm(x) Z rk+2 (x _ 1)2 — kZ:o rk+2 (x _ 1)2 ({E _ 1)2 <0 (3 6)

for x > 1. Similarly the proof of Lemma go(m) is the unique solution of h,,(x) = 0. (Note that
go(m) =m if o(1) = 1.) We have

g(m) (1= go(m)) I (g0 (m)) > 0.

Now, g,(m) < 1++/m is equivalent to hp, (1+y/m) < 0, i.e., 1+Y 7o qu (1+\F) k=1 > /m. Similarly
to Remark this means that the quasi-greedy expansion of 1 is less than 20(1), i.e., m < m, 1)

Since 10(1) is a suffix of o (1), (3.5 and Lemma give that (1) ¢ Uy, (m)(m). O

Lemma 3.12. Let 0 € S*. There is a unique p, € (ma((ﬁ),mom) with f,(te) = 9o (o). We have
foltto) = 95 (po) > 2, with equality if and only if o(1) = 0™1 for some n > 0.

Ifm e [mg(oi),,ug} then o (1) € Ug(m) for all B > f,(m), in particular G(m) < fo(m).
Ifme [ug,mom] then o(1) € Ug(m) for all B > go(m), in particular G(m) < g,(m).



Proof. The number p, is well defined since f'(m) < 0, ¢’(m) > 0 on I,,

fo(m, 1) =1+ /M o1) > go(m ) and fo(mg ) <14 ,/M, 3 = go(my).

If (1) =1, then p, = 8, = 2. Assume in the following that o(1) # 1 and let m =1+ >~ Ou,~C 7)g—k—1
ie., g,(m)=2. By Lemma we have o(1) = 0wl < w0l = u(g) i{”) .. for some finite word w, thus

oo ~(0’)

00 (o)
1+Z >14Y Sy =m,
k=0

hence fg( ) > 2 = g,(m). This implies that 8, > 2. If 8, = 2, then we must have Qw = w0, i.e.,
w = 0---0. Therefore, 8, = 2 is equivalent to (1) = 0”1 for some n > 0.
Let now m € [m U(Ol),,ug] and 8 > fy(m), or m € [pg,m 0(1)] and 8 > g,(m). Then we also have

B > go(m) and B > f,(m) respectively. For i > 0 with uz(,”) =1, we get

[e%S) ~(a

SN C))
<1+Zﬂk+1—1+2 Hk 1+Zi<m

where the first inequality follows from 8 > g,(m) and (3.6)), the last inequality from 5 > f,(m), and the

middle inequalities are direct consequences of 8 > 2 and o(1) < gi)lu( 9 ... < aﬁ”)ag‘” -+, which holds

by Lemmas [3.6} . and. Thus o(1) € Ug(m). O

The preceding lemmas show that G(m) < 14 /m for all m € (1,2]. The next lemma justifies why we
have restricted our attention to sequences in {0, 1}

Lemma 3.13. Let m € (1,2], 8 < 1+ /m, uouq --- € Ug(m). Then u; = m implies ug ---u; =m---m.

Proof. By Theorem P, u, = m implies that 37,7, “5* > 1+ g% If i > 1, we have thus Zk 2o Tt >

Wi_1 + + 5(5—1)' As 1 5+ /3(6—1) >1>m—1by ﬂ <1+ +/m and m < 2, condition excludes that
Uj—1 = O or uj—; = 1. Recursively7 we obtain that ur, = m for all 0 < k& < m. O

Lemma 3.14. Let m € (1,2], 8 < 2. Then Ug(m) is trivial.

Proof. Let uguy --- € Ug(m). By Theorem P, we have u; # 1 for all 4 > 0. Since m <1+ %7 we have
m0 ¢ Uz(m), thus Lemma implies that Ug(m) = {0, m}. O
Lemma 3.15. Letm € (1,2], B < 1++/m, and uguy - - - € Ug(m)N{0, 1}, Then we have inf{u;1u;jt2 - :
i207ui:1}€SooUST.

Proof. Let u = @ty - -+ = inf{ujp1uiyo---: @ >0, u; = 1}. Since = 1 € Sg when 4y = 1, we assume
in the following that @y = 0. For all ¢ > 0 with @; = 1, we have

o0

Zﬂl+k<m_1<ﬁ</@_1)<525k+1 Zﬁk’

k=1

since fU; — 1 = (5721 —1m—1)and § < 1+ /m. As g > 2 by Lemma we obtain that
Uil - < lUqtg--- for all ¢ > 0. By the definition of u, we also have @;u;41--- > u, thus u € S by
Lemma, Moreover, we have @ ¢ S, by Lemma and the strict inequalities w;u;y1 -+ < 1uitg - - -
for all 4 > 0. L]

Remark 3.16. One obtains similarly that sup{Ou;t1uto---: >0, u; = 1} € Seo U Sp7-
Proposition 3.17. We have
1++v/m ifme{my: ue Sy},

G(m) =< fo(m) ifme [ma(oi),,ug}, o€ S*,
go'(m) me E [Ho—,mg(f)], g 6 S*



Proof. Let 8 > 2, u € Us(m) N {0,1}" and @ as in Lemma Then a € Uz(m) for all B>p If
@ € So, then Lemma [3.9) gives that 8 > 1+ /m. If i = o(1), 0 € S*, then 8 > max{f,(m), g,(m)} by
Lemmas [3.10{ and |3.11} This implies that 8 > f,(m) if m € [mo((ﬁ),ug}, B> g,(m)ifme [/,Lc,,mom],

and 8 > 1+ /m otherwise. The opposite inequalities are also proved in Lemmas and O

The previous lemmas prove Theorem KLP and Proposition |3.3

Proof of Theorem[3 Lemmas and[3.11|show that G(m) is differentiable on (1, 2]\ (MU{p, : 0 € S*}).
By Proposition Lemmas and [3.11) and the continuity of G on (1, 2], the total variation is

Z (g(mg(oi)) —G(uo)) + Z (g(mg(i)) —G(0))-

oceS*\S* 7o c€S*\S*1p: o(1)#1

As lim,, 1+ G(m) = 2 = G(2), the two sums are equal. For o € S* with (1) # 1, we have

I M ey > (k—i—l)u,(:)i 700 _k+1 u,(ca)
Gt ~ Gamy =1~ (90~ 2 g =1 Z_:(k 5t T
> k41 1 2 3
>1-3 (5 i) G0 = G % 5

k=2

for all m € (pg, mga)). As the length of the intervals is less than 1, the total variation is less than 8/3.
The derivative is unbounded because we have

= kil =k h+42
- Z G (m)k 1 < Z ok+1 — ohtl
k=1 k=h+1

‘ 1
g'(m)
for all m € (mo((ﬁ),,ug) with o € 7,5*. O

Proof of Theorem[{l Let 2" <m < (14, /%)h and m’ = -™~_ Since 7"(1) = 071 and 7(0T) = 00”1,

we have B, = 2, p,, = 23—:, mon /(Mg — 1) = (1+ mTh,(T))h, thus m’ € [m_ n), pr,] and

3.4 Hausdorff dimension of I

In this section we show that the Hausdorfl dimension of 9t is 0.

Proof of Theorem[3 Tt suffices to show that dimg(G(9)) = 0 because G : MM — R is given by G(m) =
1+ +/m, and 14 y/m is a bilipschitz on the interval (1,2].

Given m € 9, we know by Proposition that m = m, for some u € S\ {1}. Remark states
that 2u is also the quasi-greedy expansion of 1 in base 1 + y/my. Therefore, for each n € N we have

14+ Vmy € Coyyoon,, = {B > 1: the quasi-greedy expansion of 1 in base 8 starts with 2uq - - un}

We have Cay,...r,, C [2,00) and, hence, the diameter of Cay, ...y, is at most 277, e.g., by a lemma of
Schmeling [10, Lemma 4.1].
We now prove dimg (G(91)) = 0 by explicitly constructing a cover. We introduce the set

L, = {u1 <oty € {0,1}" ¢ Ouy -+ - uy, is a prefix of an element ofS}.

For each n € N we have
g(m) C U CQul---un-
ul'“uneLn
So the set {Cayy.ion,, @ U1+~ Up € Ly} is a cover of G(OM). Let s > 0 be arbitrary and H*(-) denote the
s-dimensional Hausdorff measure. We observe
H(G(O)) < lim Z Diam(Cay, .., )® < lim

T n—ooo
Uy U €Ln

As was pointed out in Remark every element of S is a Sturmian sequence. Thus it is a consequence
of Theorem 2.2.36 from [5] that #L,, grows at most polynomially in n. Therefore lim, oo #L,27™° =0
and dimg () < s. Since s is arbitrary we are done. O
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4 Behaviour at the generalised golden ratio

In this section we discuss the behaviour of the univoque set at the generalised golden ratio. It was
observed in [I] that when 8 = G(L) for some L € N, then every z € (0, ﬁ) either has a countable
infinite of expansions or a continuum of expansions. In other words Ug(r)(L) is still trivial. However,
Lemma [3.9] demonstrates that this is not always the case. Indeed the following result is an immediate
consequence of this lemma.

Proposition 4.1. There exists A for which Ug(ay(A) is non-trivial.

In [9] it was shown that the smallest 8 € (1,2) for which an = has precisely two expansions over the
alphabet {0,1} was 33 &~ 1.71064. In other words, there is a small gap between the golden ratio for the
alphabet {0, 1}, and the smallest 8 for which an x has precisely two expansion. As we show below, for
certain alphabets it is possible that an x has precisely two expansions at the golden ratio.

Proposition 4.2. For every m € M, the number m/G(m) has precisely two expansions in base G(m)
over the alphabet {0,1,m}.

Proof. Let u € S be such that m = my, let 3 = G(m) = 1+ /m and let m/B = 322, v~ be an
expansion of m/f over the alphabet {0,1, m}. Since m > %, we have vy € {1,m}, thus > 72| vg4187F
equals m — 1 and 0 respectively. Clearly, 0 has a unique expansion, and m — 1 has the expansion ujug - - -
by , which is also unique. O

Acknowledgements The authors are grateful to Vilmos Komornik for posing the questions that lead
to this research.
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