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Abstract. The present work is devoted to approximation of the statistical moments of the unknown solution
of a class of elliptic transmission problems in R3 with uncertainly located transmission interfaces. Within this
model, the diffusion coefficient has a jump discontinuity across the random transmission interface which models
linear diffusion in two different media separated by an uncertain surface. We apply the shape calculus approach
to approximate solution’s perturbation by the so-called shape derivative, correspondingly statistical moments of the
solution are approximated by the moments of the shape derivative. We characterize the shape derivative as a solution
of a related homogeneous transmission problem with nonzero jump conditions which can be solved with the aid of
boundary integral equations. We develop a rigorous theoretical framework for this method, particularly i) extending
the method to the case of unbounded domains and ii) closing the gaps, clarifying and adapting results in the existing
literature. The theoretical findings are supported by and illustrated in two particular examples.

Key words. Shape derivative, transmission problem, random domain, uncertainty quantification, statistical
moments, pseudodifferential equations, asymptotic expansions
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1. Introduction. Elliptic transmission or interface problems arise in many fields in science
and engineering, such as tomography, deformation of an elastic body with inclusions, stationary
groundwater flow in heterogeneous medium, fluid-structure interaction, scattering of an elastic body
and many others. Combined with the state-of-the-art hardware, advanced numerical schemes are
capable of producing a highly accurate and efficient deterministic numerical simulation, provided
that the problem data are known exactly. However, in real applications, a complete knowledge
of the problem parameters is not realistic for many reasons. First, the simulation parameters are
often estimated from measurements which can be inexact e.g. due to imperfect measurement
devices. Second, the parameters are estimated based on a large but finite number of system
samples (snapshots); this information can be incomplete or stochastic. Finally, parameters of
the system originate from a mathematical model which is itself only an approximation of the actual
process. Under such circumstances, highly accurate results of a single deterministic simulation for
one particular set of problem parameters are of limited use. An important paradigm, becoming
rapidly popular over the last years, see e.g. [2, 3, 6, 7, 8, 9, 10, 11, 14, 18, 19] and references
therein, is to treat the lack of knowledge via modeling uncertain parameters as random fields.
If the forward solution operator is continuous, the solution of the forward problem with random
parameters becomes a well-defined random field. Efficient numerical approximation of the random
(or stochastic) solution and its probabilistic characteristics, e.g. statistical moments, is a highly
non-trivial task representing numerous new interdisciplinary challenges: from regularity analysis
and numerical analysis to modeling and efficient parallel large scale computing.
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2 SHAPE CALCULUS FOR A TRANSMISSION PROBLEM WITH RANDOM INTERFACE

In this article we develop a deterministic method for numerical solution for a class of transmis-
sion problems with randomly perturbed interfaces. The equation to be solved is of the form

-V (aVu)=f in Dy,

where D_ is a random bounded domain in R? and D, = R?\ D_ is its complement. The domains
share a common random surface I', and the coefficient function « takes (in general) distinct constant
values in D_ and D, respectively. The solution w is subject to jump conditions across I'. A precise
description of the model problem is deferred until Section 2.3, where a probabilistic perturbation
model for the surface I' (and thus D4) will be rigorously introduced. Within this model, the
transmission interface depends on the “random event” w and the parameter ¢ > 0 controlling the
amplitude of the perturbation. Therefore, the solution u depends on w and €, and will be denoted
by u¢(w). The case € = 0 corresponds to the zero perturbation. In the present paper we are aiming
at estimating probabilistic properties of the solution perturbation u¢(w)—u® when the perturbation
parameter is small, ¢ < 1.

More precisely, we exploit the ideas from the recent publications [4, 6, 12, 13, 14] and propose to
approximate the statistical moments of the solution perturbation by the moments of the linearized
solution, i.e. for a fixed (small) value of the perturbation parameter e the k-th order statistical
moments of the solution perturbation are approximated by

(1.1) MFu —u®]) = f MF )
and similarly

(1.2) MF[u — E[uf]] = " M*[/].

Here v’ is the shape derivative of u® formally understood as the linear order term in the
asymptotic expansion

(1.3) u(x,w) = u’(x) + e’ (2, w) + -, e — 0,

for almost all random events w €  at a certain fized point  in the Euclidean space R3. The notion
of the shape derivative has been introduced in the context of the shape optimization (see e.g. the
monograph [20] and the references therein) and allows to quantify sensitivity of the solution of a
PDE to small perturbation of the boundary.

Although very intuitive, (1.3) cannot be used as a rigorous definition of «'(z,w). In particular,
convergence of the asymptotic expansion and herewith the existence of the shape derivative is
unclear. In the first part of this article (Section 3) we develop a rigorous mathematical theory of
existence of the shape derivative for the class of elliptic transmission problems under consideration.
Similarly to [13, Lemma 1], we obtain a characterization of the shape derivative u/(x,w) as a solution
of a deterministic transmission problem on a fixed interface. Our contribution in this section is two-
fold: i) we extend the notion of shape derivatives to the case of unbounded domains, and i) we fill
the gaps and unclarities in existing literature where no rigorous discussion on existence of shape
derivatives is presented.

As mentioned above, for almost all w € Q the shape derivative «/(-,w) is a solution of a
deterministic problem in R? with (in general) nonhomogeneous jump conditions but with vanishing
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volume source term. The second contribution of this article is the derivation and analysis of
boundary integral equations [15, 17, 21] which are used to solve this transmission problem on
deterministic domains with deterministic interface. A tensorization argument is then used to obtain
the approximation (1.1) for the statistical moments.

Finally, we illustrate the accuracy of the linearization approach by considering two examples
setting on the unit sphere T' := {|x| = 1} with uniform radial perturbation. The first example
involves a pre-determined solution with radial symmetry, so that the exact and the linearized
solutions as well as their second moments are available explicitly. We observe that in this particular
case the linearization error for the second order statistical moments is of the order O(e*) rather
than o(€?) as confirmed by the theory. The second example involves non-symmetric data so that the
linearized solution is not available explicitly. To solve this problem numerically we use the sparse
spectral tensor product BEM developed in [5]. This method exploits the underlying geometry of
the formulation and uses the basis of spherical harmonics being the eigenfunctions of the integral
operator governing the problem.

The paper is organized as follows. Section 2 contains the description of the random surface
perturbation model and the rigorous formulation of the model transmission problem, preceded by
the details on the function spaces involved in the analysis. Section 3 contains the generalization of
the shape calculus to the case of unbounded domains, definition and characterization of the material
and shape derivatives for the underlying model transmission problem and a rigorous proof and error
bounds for the approximation (1.1). Section 4 contains the details of the boundary reduction for
the linearized problem. Section 5 contains two examples, an analytic and a numerical, illustrating
the accuracy of the method.

2. Model elliptic transmission problem on a random interface. We start with some
preliminary definitions and notations in Section 2.1. Section 2.2 contains the description of a model
for the random surface perturbation. We introduce the randomized model problem in the strong
form in Section 2.3. The details on Sobolev spaces involved are summarized in Section 2.4.

2.1. Bochner spaces and statistical moments. Throughout this paper we denote by
(Q,%,P) a generic complete probability space and let X be a Banach space. For any 1 < k < oo,
the Bochner space L¥(2, X) is defined as usual by

(2.1) L*(Q,X) = {v:Q — X, measurable : ||v|| (o x) < o0}

with the norm

(f ||v<w>||’§(dP<w>)l/k, 1<k <o,

esssup ||v(w)|| x , k = oc.
weN

(2.2) HUHLk(sz,X) =

The elements of L¥(Q, X) are called random fields. We remark that for a part of the subsequent
analysis we may restrict to the special case when X is a Hilbert space. In particular, when X3
and X are two separable Hilbert spaces, their tensor product X; ® X5 is a separable Hilbert space
with the natural inner product extended by linearity from (v ® a,w ® b) x,9x, = (v, w)x, {a,b) x,,
cf. e.g. [16, p. 20], [1, Definition 12.3.2, p.298]. In this paper we work with k-fold tensor products
of Hilbert spaces

(2.3) X® =X ... X,
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with the natural inner product satisfying (v; ® - @ v, w1 @ - @ W) xm = (V1,W1)x - . {(Vg, Wk ) x -
DEFINITION 2.1. For a random field v € L*(Q, X), its k-order moment M¥[v] is an element
of X ) defined by

(2.4) MF[u] ::/Q(v(w)@)...@v(w))d]p(w).

k-times

In the case k = 1, the statistical moment M [v] coincides with the mean value of v and is
denoted by E[v]. If k > 2, the statistical moment M¥[v] is the k-point autocorrelation function of
v. The quantity M¥*[v —E[v]] is termed the k-th central moment of v. We distinguish in particular
second order moments: the correlation and covariance defined by

(2.5) Cor[v] := M?[v], Cov[v] := M?[v — E[v]].

In this paper we work with X being Sobolev spaces of real-valued functions defined on a domain
U C R? yielding, in particular, the representation

(2.6) Cor[v](z,y) := /Qv(:c,w)v(y,w) dP(w), x,y e U.

We observe that Cor[v] is defined on the Cartesian product U x U. Similarly, M¥[v] is defined on
the k-fold Cartesian product U x --- x U. Here, the dimension of the underlying domain grows
rapidly with increasing moment order k.

2.2. Random interfaces. Consider a fixed bounded domain D C R? and let DY := R3\ DO

be its complement. Then the interface ' = D% ﬁD?r is a closed manifold in R3. For the subsequent
analysis we assume that T'° is at least of the class C''1. This implies that the outward normal vector
n® to TV is Lipschitz continuous: n® € C%!(I'°). The partition R* = D} UD? and the interface I'’
will be fixed throughout the paper and will be called the nominal partition and nominal interface,
respectively.

In the present paper we utilize the domain perturbation model based on the speed method
(see e.g. the monograph [20] and references therein) and random domain perturbation model from
[4, 6, 12, 13, 14]. Suppose x € LF(Q,C%(T?)) is a random field, i.e. for almost any realization
w € Q, we have k(-,w) € COL(I'Y). For some sufficiently small, nonnegative € we consider a family
of random interfaces of the form

(2.7) (W) = {x + en(z,w)n’(z) : 2 € T}, weq.

Here, the uncertainty of the surfaces I'“(w) is represented by the uncertainty in x(-,w). Notice
that the interface T'°(w)|c=o is identical with T'° and therefore is a deterministic closed manifold.
Moreover, the limit I'*(w) — ' as € — 0 is well defined in L*(Q2, C%1). If we identify I'* and I'°
with their graphs, then

1
k

(2.8) ||rf—r0||m,co,1>=e( / |m(-,w>n0||éo,l<po>dp<w>) < 2]l (e 0o o ]| o o)

This implies that for almost all w € Q and a sufficiently small ¢ > 0 the surface I'“(w) is a
Lipschitz continuous closed manifold separating the interior domain D€ (w) and its complement
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DS (w) == R? \ D¢. The shape calculus in Section 3 requires a somewhat stronger smoothness
assumption on &, namely that the realizations of x belong to C*(T'°). From (2.7) we observe that
the mean random interface is represented by

EI] = {x + eE[s(x, )|n’(x), x € °}.
Without loss of generality, we may assume that the random perturbation amplitude x(x,w) is
centered, i.e.,
(2.9) Els(x,)] =0 vx € T°.
In this case
E[T¢] =T° and Covlk](z,y) = Cor[s](x, y).

2.3. The model problem. As shown above, for a sufficiently small value ¢ > 0 the surface
perturbation model (2.7) generates a well defined partition of R? into a bounded Lipschitz domain
D¢ (w) and its complement D (w) = R*\ D¢ separated by the closed Lipschitz manifold I'*(w) =

D€ (w) N DS (w). We consider a piecewise constant diffusion function subjected to this partition:

() — a_, x€ D (w),
(2.10) (2, w) {a+, x € DS (w),

where a— and a4 are two positive constants independent of x, €, and w. Having this we introduce
the model elliptic transmission problem as a problem of finding u° satisfying

(2.11a) —V- (o (z,w)Vu(z,w)) = f(x) in D (w),

(2.11b) [u(z,w)] =0 onI(w),

(2.11c) af(w,w)gln(:v,w)} =0 onI'(w),

(2.11d) u(z,w) = O(lz| ") as |x| = +oo.

Here, 0/0n denotes the normal derivative on I'‘(w), i.e. 9/0n = nf(x,w) - V, where nf(x,w)
is the unit normal vector to the interface I'*(w) pointing into the interior of D¢ (w). Let u¢ (w) and
uS (w) be the restrictions of u(w) on D¢ (w) and D¢ (w), respectively. Then the jump [u(w)] is
understood to be u¢ (w) — u (w) on I'“(w) in the sense of trace for each sample w. Similarly

ou® ous ous

€ e — AF — € +

af(x,w) o (r,w)| =a o (x,w) —af o

The function f € H'(R?) is assumed to be independent of w and thereby it represents a deterministic
source function in R3.

The model problem (2.11a)—(2.11d) represents a stationary diffusion in R? with piecewise con-
stant diffusivity in the interior and exterior domain. The uncertainty in the random solution
u®(x,w) is implied by the uncertain location of the transmission interface I'“(w). The solution
depends nonlinearly on the interface and a linearization process will first be used to linearize the
initial problem. The tool in this process is shape calculus which will be presented in Section 3. In
what follows we address the problem of approximation of the statistical moments

(2.12) E[u], MFu®—u’), and M uc—Eu], k>2,

(r,w), xel(w).

with this strategy as well as the rigorous control of the approximation error.
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2.4. Sobolev spaces. In this section we introduce function spaces needed for the forthcoming
analysis. These spaces will allow to identify the unique weak solution of the model problem (2.11a)—
(2.11d) and characterize the moments (2.12).

Let G be a sphere-like surface, i.e., there exists a diffeomorphism p : S — G such that

G ={p(x):x €S}

Here, S is the unit sphere in R3. The surface G divides R? into two subdomains, a bounded domain
D_ and an unbounded domain D . For any distribution v defined on G, and for any point p(x) on
g, we can write

9] 4
(vop)(x) =v(p(@) =D D VmYem(®)
=0 m=—4
where
(2.13) Vem = /S(v o p)(x) Yo,m(x) dog

are the Fourier coefficients of v. Here Yy, are spherical harmonics, which are the restrictions on
the unit sphere S of homogeneous harmonics polynomials in R3. The Sobolev space H*(G), for
s € R, is defined by

00 L
(2.14) H*(G) = {v €D(G): Y. > A+0* [irm|* < —l—oo},
=0 m=—4

where D'(G) is the set of distributions on G. The corresponding inner product and the norm are
given by

S J4
(2.15) (v, W) e gy Z Z (1 + 0>V @, m, v,w € H(G),
£=0 m=—/4
and
1/2
(2.16) ‘UHHS @) = (Z Z 14 0)%* [0, m| ) , v € HG).
=0 m=—/4

We note here that the inner product (2.15) and the norm (2.16) satisfy
(2.17) (v, w>Hs(g) =(vopwo P>Hs(s) and HUHHs(g) =lvo PHHs(s)

for any v,w € H*(G). The set {Yomop™t : £ €N, m = —£,... ¢} is an orthogonal basis for H*(G).
We also note that the space H(G) can be understood as a weighted Lo-space on the interface G.
We now introduce the tensor product of Sobolev spaces on the k-fold Cartesian product domains
GF¥ =G x---xG. These spaces will be used later on for characterization of statistical moments. By
boldface symbols we denote multiindices with k integer components, e.g. £ = (¢1,...,0;). Given
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s € R, the Sobolev space H?; (G*) is defined to be the space of all distributions v(yy, ..., y;) with
Yi,---, Y € G satisfying

1/2

||’U||HS L(GF) = < > / (G* < 00,

rrux

(2.18) o0
o =3 3 (IT

£=0m=—¢

)
k
1 + 6 ) 51{_’mﬁ)\e_’m

i=1

with the Fourier coefficients

k
(2.19) De.m ;:/ eS/ esv(p(ml),...,p(mk)) <Hygm(m)> dog, ...dog,

Recalling definition (2.3) we observe that H?; (G¥) is isometrically isomorphic to the tensor product
space H*(G)*). These spaces will be identified in what follows. We also use the notation H?2, (K*)
for the tensor product H*(K)*) where K is a compact subset of R.

Sobolev spaces on bounded domains in R? are defined, as usual, as spaces of all distributions
whose partial derivatives are square integrable. Proper treatment of the transmission problem
(2.11a)—(2.11d) in unbounded domains in R?® requires a special care. Following [17], for an un-

bounded domain U C R? we introduce the space

1/2
(2.20) H(U) := {v eD'(U) : vl gy oy = </U (|vv|2 + |v(:n)|22) dm) ) +OO}.

1+ |z
Specifically, for a given partition R® = D¢ U D_j_ we define the space
(2.21) We = {v=(v_,vy) € H(D") x Hy (D) : [v]p. =0}

which is a weighted Sobolev space on D¢ U D¢ with corresponding norm and seminorm
(2.22)

1/2
2 2 1/2 2 2
b, = (oo + Ios Bryo) bl = ([ V0P aw [ weam)
< ¥

The following lemma which will be frequently used in the rest of the paper states the equivalence
between the norm ||-||y;, and seminorm ||y, . The proof of this result follows by the Friedrichs
inequality and the technique in the proof of [17, Theorem 2.10.10].

LEMMA 2.2. The seminorm |-|y, is also a norm in W, which is equivalent to |||y -

3. Shape calculus. The aim of the present section is the systematic development of the lin-
earization theory for the solution u¢ of the model problem (2.11a)—(2.11d) with respect to the shape
of the perturbed interface I'“. This techniques is also known as shape calculus and originates from
shape optimization; see [20] and references therein. For this purpose, in the first three subsections
that follow, we temporarily stay away from randomness and consider only deterministic perturbed
interfaces.



8 SHAPE CALCULUS FOR A TRANSMISSION PROBLEM WITH RANDOM INTERFACE

3.1. Perturbation of deterministic interfaces. In this subsection we collect several prop-
erties of perturbed interfaces which are important for the subsequent analysis. Assume that the
perturbation function # is a fixed deterministic function in W*1:°°(I'Y), in particular « is independent
of w. Then I'“ is defined by

(3.1) I“:={x+ex(x)n’(x): 2 €%, €>0.

As already noticed in Section 2.2, I'“ is a closed Lipschitz manifold in R? provided 0 < € < ¢ and ¢
is sufficiently small. In this case I' introduces a decomposition of R? into the interior and exterior
subdomains D¢ and D¢, respectively.

Following [20], we define a mapping 7°¢ : R?* — R? which transforms I' into I'® and D into
DS, respectively, by

(3.2) T¢(z) := x + ei(x)n’(x), xR,

where % and n° are any smoothness-preserving extensions of x and n° into R?. We require in
particular that & € W1°°(R3). Without loss of generality we assume that the extension % vanishes
outside a sufficiently large ball Br := {x € R? : |z| < R} containing I'* for any 0 < ¢ < ¢g. This
implies that the perturbation mapping 7¢(z) is an identity in the complement B := R3 \ Bg, i.e.

(3.3) T(z) == Va € Bj.
For the ease of notation we abbreviate
(3.4) V(zx) := &(z)n’(x), x € R

In [20], V is called the velocity field of the mapping T€. The following result is straightforward.
LEMMA 3.1. Assuming & € WH°(R3) and &(x) = 0 for © € BY, there hold V € (Hl(RB))3

and

"V (x)

o =0 VoeB 1=123 m=0,1

Recall the definition (2.21) of the weighted space W, associated to the splitting R = D_iUD_i
It can be proved that a function v belongs to We if and only if the composition v o T¢ belongs to
Wo, and there hold

(W)=l (pey = 1 0 T) =l g1 (po)
(3.5) 1)+ ey ey = 10 0 Tt Ml (o)

[0 [y, == [0 0 Tl -

In the subsequent analysis, for any 3 by 3 matrix A(z) whose entries are functionals of x € U C R3,
we denote

Aoy = , mas (A Ollrn}s 10 < o0,

where A;; are components of A.
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The following three lemmas state some important properties of the mapping 7 which will be
used later in this section.  Until the end of this section we assume that T° is defined by (3.2)
and (3.3) with & € C*(R?), and denote its Jacobian matrix and Jacobian determinant by Jr. and
v(e, -), respectively.

LEMMA 3.2. Consider A(e,-) := (e, -)JpdJp.' , where Ji is the transpose of Jre. Then there
hold

(36) 1 [A(e, ) 1] oy = 0
and
Ale, ) — T
(3.7) tim || A€ =L 0, = 0.
e—0 € L2(R3)

Here, A'(0,-) is the Gateaux derivative of A (determined by T<) at € =0, namely

A'(0,z) = lim Ale,z) — I(x)

e—0 €

, xR

Proof. Denoting V (z) := (Vi(z), Va(z), V3(x)) ", the Jacobian matrix and the Jacobian of T
are given by

1 oVi(x) aVl( ) aVl( )

_l’_

ava iz agm

(3.8) Jre(z) = 2@ Oe@) (@)
oxy Oxa Oxs
Vi) oVi(a) 1+Eav:o,< z)
oxy Oxa Oxs

and

V(G,w)Z‘l—i—e(_aVk ) (kz V() OVi() avxm)avk(w))

B Oz, Ox Oz  Oxy

( Z sign(. .k a(m) V() avk@c))’

k=1 X1 (91:2 (91:3
(3.9) = |1+ 6%( )+ ra(x) + 3 ().

Here sign(i, j, k) denotes the sign of the permutation (7, j, k). The entries A;;(e, x), 7,5 = 1,2, 3, of
the matrix A(e, x) are given by

4
(3.10) Aij(e,x) = y(e,z) ™ <61’j + Z Enhijn(m)> ,
n=1

where hjj, is a polynomial of partial derivatives of V and d;; is the Kronecker delta. Using
Lemma 3.1, we deduce

Yy hijn € L°(R*) N LA(R?), i,j=1,2,3andn=1,...,4,

(3.11) .
T [y, ) sy > O
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where 1, 72, 3 are defined by (3.9) and 4 := 0 for notational convenience later. In particular, for
sufficiently small € > 0, there holds

(3.12) (e, z) =14 ey (x) + E92(x) + Ey3(x) > ¢ >0 Va € R3.

Consider from now on sufficiently small e > 0. It follows from (3.10) and (3.12) that the ij-entry
of the matrix A(e,x) — I is

(313) Aij (6, ) — 513 = E’Y -1 Z € 1 zgn - zg")/n)-

n=1
Hence, (3.11) yields
[[Aij (e, ) — 5ij||Loo(R3) —+0 as e€—0,

proving (3.6).
From (3.13), we have

(314) M 12671 1 zgn - 1]'771)-

€
n=1

Taking the limit when € goes to 0, noting that y(¢,-) — 1, we obtain

(315) A;J (O, ) = hijl - 5ij'717 i,j = 1, 2, 3.
Subtracting (3.15) from (3.14) side by side, we obtain
Aij(e, ) — 6 e
(3:16) T2 — A7 (0,9) = (e, ) (D0 € (hign = 0ig7m) — (hisi = dm)((e, ) = 1))
n=2
Noting (3.11), we infer
Aij(e, ) — 0ij
tim || 2008 705y o — 0,
e—0 € L2(R?)
proving (3.7). O
LEMMA 3.3. For any function v € L*(R?), there holds
lim \/1—|—|~|2(’y(e,~)voT€—v) =0.
e—0 L2(R3)

Proof. Since T(x) = x for any x € BY, see (3.3), the Jacobian satisfies

(3.17) v(e,z) =1 for any « € Bj.

e
L2(R?) L2(Br)
SVI+R?y(e,) = Ul poogay [lvo T o

< Ce oo T p2ps) -

Therefore,

H 14+ ) —1)(voTe)
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Using the change of variables y = T“(x) and noting (3.11), we have
€ €\ — -1
00 T aqany = [ 1) (e (T (@) ™ o < C o
Therefore,

(3.18) lim H\/1 +1-P(vle, ) — 1) (v o T)

Furthermore, (3.3) also gives

[VierPor—v)| =it Feor-0)
3)

Note that lim._q |[v o T¢ — v||L2(BR) = 0 if v is continuous. By using a density argument we deduce
that limeo [[v o T = v| 2, = 0 for v € L?*(Bg). Hence,

V1+]-P(voTe—v)

The above identity and (3.18) together with the triangle inequality give the required result. O
LEMMA 3.4. For any function v € HY(R3), there holds

hrnH\/l—H ( UOT&) diV(UV))

Proof. Noting (3.3), Lemma 3.1, (3.17) and the triangle inequality, we obtain

H\/1+| ( UoT&) div(vV))‘

L2(R3)

<VITR? JvoT = vl agp,, -

L?(Br)

lim
e—0

= 0.

L2(R3)

=0.
L2(R3)

L2(R3)
: Te) —
- \/1+|.|2(7(67 JwoT) —v _ 4o (vV))
¢ L2(Br)
: Te) —
S 7(67 )(U © ) v _ le ('UV)
€ L2(Br)
)-1 Te —
(3.19) < |2 =t o) — iy + | V. W
€ L2(Bg) € L2(BRr)
Recall from (3.9) that v, = div V. It follows from (3.12) that
’7(67 ) -1

(voT¢) —vdivV =y (voT —v)+e(y2 +ey3)(v o T°).

€
Employing the density argument as in proof of Lemma 3.3, we obtain

lim [[91(0 0 7% = 0)| o,y =0 and - lim [le(r2 + €33)(0 0 T ) =0,

so that

v(e, ) —

1
(voT¢) —vdivV =0.

L?(BRr)

lim
e—0

The second term on the right hand side of (3.19) also tends to zero by a density argument, noting
that V' = 9T¢/0¢ at ¢ = 0. This completes the proof of the lemma. O
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3.2. Material and shape derivatives. In this subsection, for notational convenience we use
the notation D¢ for D or DS, and H'(D€) for H*(D<) or H,,(D<).

DEFINITION 3.5. For any sufficiently small €, let v° be an element in H'(D<) or H'Y?(I'¢).
The material derivative of v¢, denoted by v, is defined by

€oTE — 0
(3.20) b= lim ———
e—0 €

if the limit exists in the corresponding space H*(D®) or HY/2(T'°). The shape derivative of v¢ is
defined by

o 0, € 1 €
(3.21) v,_{v Vol Voo if vt € HY(De),

O — Vpov? -V if ve € HY2(T9),

where Vro denotes the surface gradient.
LEMMA 3.6. If v’ is a shape derivative of v¢ € H'(D€), then for any compact set K CC D°
we have

Ve — 0

(3.22) v = lim

e—0 €

in HY(K).

Proof. Given K CC D°, there exists an ¢y > 0 such that K CC D¢ for all 0 < € < ¢;. We
denote by T : [0, €] x R? — R? the mapping given by

T (e, ) := T(x), V(e,x) € [0,¢0] x R>.

We also denote by (e, x) := v(x) for any 0 < € < ¢g and @ € D°. By the definition of material
derivative, we have

.0 . 1
0= av(e,T(e, ) oy B H (K).
Applying the chain rule, we obtain
.0 ~ aT(0,-)
U= E(OvT(Oa)) +VU(O,T(O,)) ’ e
00 LGy (K.
Oe
This implies
0v(0,-) . v =" |
/I ’ _ 1
V= —213(1) . in H (K).

d

REMARK 3.7. The limit in the above lemma does not hold in H'(DP) since in general, v¢ does
not belong to H*(D?).

Similar definitions can be introduced for vector functions v. The following lemmas state some
useful properties of material and shape derivatives which will be used frequently in the remainder
of the paper.

LEMMA 3.8. Let 0, w be material derivatives, and v', w' be shape derivatives of v¢, w
HL(De), € > 0, respectively. Then the following statements are true.

€ an
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(i) The material and shape derivatives of the product vew¢ are HYw’ + v and v'w® + vw/,
respectively.
(ii) The material and shape derivatives of the quotient v¢/w¢ are (vw® —v%0)/(w®)? and (v'w° —
v0w’)/(w®)?, respectively, provided that all the fractions are well-defined.
(iii) If v¢ = v for all € >0, then v = Vo° -V = Vv -V and v' = 0.

(iv) If
(D) — J.(D°
J1(D°) :z/ vedx, J2(D) ::/ vedo, and dJ;(D)|c=o := lin% M7 i=1,2,
. . — €
then
djl(DE)|€:0:/ v’dcc—l—/ v* (V,n’) do
Do o
and

A (Do = [

0
v do —I—/ <(?9Ln + divpo (n?) v0> (V,n") do.
ro I

Proof. Statements (i)—(iii) can be obtained by using elementary calculations. Statement (iv) is
proved in [20, pages 113, 116]. O
LEMMA 3.9. The material and shape derivatives of the normal field n¢ are given by

n=n'= -V

Proof. We start by recalling that the material and the shape derivative of surface fields are
identical in the case of normal surface perturbation (3.4). Particularly, from (3.4) and (3.21) we
find

n—n'=Veon® - kn’ = 0.

Recall that the unit normal vector field n¢ of the perturbed interface I'¢ is related to that of the
reference interface I'Y by

noT(x) = ——
I (Te(@)) nO ()|
Therefore,
€ € _ 0
A —Tim ™ oT(x) — n(x)
e—0 €
-T 6 . J_ET Te 0 —1 0
S (A CO) R [T (T(2))n° ()] __n (z)
e—0 € e—0 € =0 ‘JTE (Te(w)) no(m)‘
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noting from (3.8) that

. T .
lim J,. = lim Jpe = 1.
e—0 T e—0 r

Since I = J;.H(T¢(z)) Jre(z) for all z € R3, we have 0 = L (J;.' Jpe)|c—o, which together with the
product rule and (3.8) yields

d

=~ (o) T (52 (I)

(3.24) -

T
= _JV7

e=0

) o)™ = L ()

@ (27 (1 (@) a

€

e=0

e=0

We also have, using the fact that |JT]T n0| =1,

d . _ _ d . _ 1d _ 2
3o P w0l | = mf  anTel|  = 5 (e )|
1/d, ;. _ 1
(325) = 5 <E (JTel‘]TeT) n07n0> — _5 <(J‘—/r + Jv) n07 n0> .
Simple calculation reveals that
(3.26) Jy =V (@) and (Jy + Jv)n’ = Vi + (Vk,n")n’.

Inserting (3.24)—(3.26) into (3.23), we obtain
1
n= —JJ n® + 3 <(J‘—,r + Jv)no,n0> n’ = —Vk + <V:‘$,’I’LO>’I’LO = —Vrok,

finishing the proof of the lemma. O

3.3. Shape derivative of solutions of transmission problem. In this subsection, we shall
discuss the existence of material and shape derivatives of the solutions of transmission problems on
perturbed interfaces. Consider a deterministic problem with respect to the reference interface I'’:

(3.27a) —aiu’ =f in D’ uDY,
(3.27b) [w’] =0 onT?,
0
(3.27¢) [aai =0 onI?
n
(3.27d) u(x) = O(|z|™") when |x| — co.

The perturbed problem corresponding to the perturbed interface I'“ is given by

(3.28a) —a‘Auf=f in DS UDY,
(3.28b) [u] =0 onT*,

€ 6ue €
(3.28c¢) [a 8n] =0 onl*

(3.28d) u(x) = O(lz|™") when |z| — oo,



ALEXEY CHERNOV, DUONG PHAM, AND THANH TRAN 15

where (cf. (2.10))
_ De
o (z) = {a , T e DZ
o, e DS.
LEMMA 3.10. Suppose f € L*(R3) N W and k € CY(T?), then
: € € 0 —
(3.29) lim [[u o T —u ||W0 =0.

e—0

Here, W denotes the dual space of Wy with respect to the L?-inner product.
Proof. By multiplying both sides of (3.28a) with an arbitrary function v € C§°(R?®) and
integrating over D U DY, we obtain

(3.30) fode = —a_ Au(x)v(x)de — oy Auf(x)v(z) dz.
RS De D5

Applying Green’s identity and noting (3.28¢), we obtain
(3.31) / o (@) V(@) - Vo(@) = (f,0) ey V0 € CF(R),
DS UD*
Since the space C§°(R?) is dense in W, (see [17, Remark 2.9.3]), there holds
(3.32) / af(z) Vu(z) - Vo(x) = (f,0) pagsy V0 € We.
DS UD*

Choosing v¢ = u° gives

€ 2 € €
uly, ~ (fiu ) L2 w3y < Hf”wg [y, -
It follows from Lemma 2.2 that
(3.33) Fu i, S 1 e = 1l
On the other hand, using the change of variables = T¢(y) in (3.32), we have (noting that
a’(T*(y)) = a(y))

a3 [ o) (Vu) Ay Vo TV Wy = [ T ) ulw)ies) dy.

0 0
DIUD?

for any w € Wy. We also obtain from problem (3.27a)—(3.27d)

(3.35) L. e Guw) V@ = [ i@

for any w € Wy. Subtracting (3.35) from (3.34) we deduce

/ s “WVE@) V((ué o T)(y) - uo(y)) dy
DOuUDC
= — / . ) Oé(y) (V’Ll}(y))—r (A(E,y) — I) v(ué o Ts)(y) dy
DyuD?

(3.36) [ (ens @) - fw)uwydy e W,
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Choosing in (3.36) w = u¢ o T¢ — u° gives

/Dguma(y) ‘V((ue o T%)(y) — uo(y)) ‘2 dy

- _ /DguD“ a(y) (V((uf o T (y) — uo(y)))T (A(e,y) B I)V(ue o T%)(y) dy

’ /D‘;UD“ m(7(67 Y [(T(y)) - f(y)) = %uo(y) dy

S ||(A(6 ) I)HLOO (R3) [V (ufo TE)HL2(R3) ||v(“6 oT* — “O)HL2(R3)
u¢oTc —

T

H 1+| foTlc—

2(R3) ’ L2(R3)
implying
||UE ol — u0||W0 S lA(e ) = IHLOO(]R’*) [V(uo TE)||L2(R3)

e

Hence, applying Lemma 3.2, noting (3.33) and Lemma 3.3, we obtain

L2(R3) .

lim ||u oT*—u

e—0 0||W0 - 07

finishing the proof of this lemma. O

LEMMA 3.11. Assume that f € HY(R3) N W§ and k € CH(I'°). Then, u® has a material
derivative belonging to Wy which is the solution to the following equation with unknown z:

/ a(y) Vz(y) - Vu(y) dy = —/ a(y) V' (y)A'(0,y) (Vu(y)) ' dy
DQuUDY DY uD?

(3.37) + /D A V@Duw)dy e W,

Proof. The uniqueness and existence of the solution z € Wy to the above equation is confirmed
by [17, Theorem 2.10.14]. Let 2¢ := (ufoT¢—u")/e. Our task is to prove that 1111(1) 2 = 2[ly, = 0.
€—>

Dividing (3.36) by € we obtain

A(67 y) -1

€

/ a(y) Vz4(y) - Vw(y) dy = —/ a(y)V(u o T¢)(y) (Vu(y)) ' dy
DYUDO DY uD?

(3.38) +/DD N 16y f(T°(y) - fy)

w(y) dy Yw € Wy.

€
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Subtracting (3.37) from (3.38) yields
[ )V Ew) ) Vo) dy
DjuDﬁ

[ aw) (w 0T (y) AEW =T Vu°<y>A’<o,y>> Vu(y)dy
DYuD® €

+/ (v(ew)f(TE(y)) —f(y)
DYuD®

. —div (V(y)f(y))> w(y) dy
(3.39) = I (w) + Iy(w).

The first integral in the right hand side of (3.39) can be written as

nw = [ a Voo (L=

€

- A’(O,y)) Vu(y) dy

+ / a(y) V((u 0 T%) () — () 4'(0, ) - Veo(y) dy.
DQUDE

which converges to 0 due to (3.29) and Lemma 3.2. The second integral in the right hand side
of (3.39) also converges to 0 due to Lemma 3.4. Therefore, we have

(3.40) lim a(y) V(z(y) — 2(y)) - Vw(y)dy =0 Yw € W.

«0Jpyupe

We choose in (3.39) w = z¢ — z. Then the absolute value of the first integral on the right hand side
of (3.39) can be estimated as

nG-al=| [ Vi) (KL a0) VW) - ) dy

F [ a) V) - w @) A0.9) - V() - +() dy]
DYuD®

‘A(e,-)—]

€

5 ||Vu€||L2(]R3) _A/(Oa) ||V(Z€ _Z)HL2(]R3)

Lo (R3)
(341) + Hv(ué - uO) HLQ(RS) HA/(Ov ')||L°°(R3) HV(ZE - Z)HLZ(]R?’) :

The absolute value of the second integral in (3.39) when w = z¢ — z is bounded by
(3.42)

L — 2)| < H 1+ e <v(e,y)f(Tl(y)) EPAC . (V(y)f(y))> oo, 12 — 2llyy, -
Inequalities (3.41) and (3.42) give
15 = lhwy < 190l | 242~ - 200,
L= (R?)
V(= w0 ] oy 140 )l o)
(3.43) + H\h P (V(Evmf(Tl(y)) mEAC) . (V(y)f(y))> .
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Using this together with (3.29) and Lemma 3.2, we can deduce from (3.43)
(3.44) 513(1) 2¢ = 2|y, = 0.

d

Hence, we have shown that the solution of the transmission problem (3.28) has a material
derivative, and thus a shape derivative. The latter turns out to be the solution of a transmission
problem on the nominal interface I'V.

LEMMA 3.12. Under the assumption of Lemma 3.11, the shape derivative u' of u¢ exists and
is the solution of the transmission problem

Au’ =0 inDU D9r
[w] =gp onT?
!
(3.45) [Oﬁ_u ] — gy onTO
on
[u'(x)] =0 (|w|_l) as x| = oo,
where
oud
gp ‘= — [8—71} k and gy := Vro - (m [anouO} )

Proof. Existence of u’ is confirmed by Lemma 3.11. In this proof only, for notational conve-
nience, we use ng to indicate the normal vector to I'“ pointing outwards DS, respectively. Note

here that n® = n® = —n. From (3.32) we deduce

(3.46) o /Dé Vut -Vvdr + oy /Dé Vu§ - Vvdx = <f,v>L2(R3) Vv € C5°(R?).
- +

Denoting

J(DY) = ozi/ Vu& (x) - Vou(z) dx

€

+
and using Green’s formula, we obtain

u;(m)Av(w)dm—l—ai/ u;(w)a—vida . J1(DS) + Ja(DS).

J(Dz) = _ai/ . on

Dy
By Lemma 3.8, v/ Av is the shape derivative of u*Av. On the other hand, by Lemmas 3.8-3.9, the

v
shape derivative of —
on |p.

—uY (VFO’U - Vro <V, n0> ) Using Lemma 3.8, we deduce

0
=Vv-ncis —Vrov-Vro <V, n0>, so that the shape derivative of uéa—v
N |

. ,0v
isu' —

on

170

vy (z)Avdx — ai/ Ao (V,nl) do
o

4T3 (D) ez = —as /

0
Di
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and
€ _ , v 0 ) 0 / 9 0 Ov 0
dJ2(D%)|e=0 = vt /FO (ui ong u (VFOU Vo <V,n >) do + a4 » M(u Bni) <V, ni>da
. v
+ ax /FO divro (n%)u’ s <V, ng[> do,

since u® = uY on the interface I'’ by (3.27b). Therefore, differentiating by € both sides of (3.46), us-

ing Green’s formula, the jump condition (3.27¢) and noting that Av = Apov+divro (n®)dv/On + 0%v/0n?,
we obtain

. =Q_ uw - Voadr + « u - Vodadrx
(3.47) 0 /V’Vd +/V’Vd
DY D

0
2
—a,/ u<V,n(l>AFovda—oz+/ u<V,n9r>Apovda
To T0
—a,/ uVrpov - Vo <V,n9>—a+/ uVrov - Vo <V,n9r>
o ro

Applying the tangential Green formula on the third and the fourth integrals on the right hand side
of the above identity and the product rule, the above identity can be written as

(3.48)

020@/ Vu’-Vvdw+a+/
DO D

We choose in (3.48) v € C5°(D4) to obtain

V' - Vvdz + / (a_Vpou! — ayVioul) - Viov (V,n?) do.

0 0
9 r

(3.49) alu'(x) =0, x e DY.

We now choose v € C§°(R?) and applying the Green’s identity to the first two integrals on the right
hand side of (3.48), noting (3.49), to obtain

ou

/ a !/
(3:50) 0= O‘*/ Vo— d‘7+04+/ vt +/ (a-Vrou? — a4 Vroul) - Voo (V, n(i> do.
T0 6’]1_ T0 8’]’1,_,’_ ro

Applying the tangential Green formula on the surface I'? to the last term on the right hand side of
the above identity, we deduce

ou’
/1‘0 v [a%} do = /FU vVro - (<V, ng> [anouo} ) do,

yielding

[ 6U/] = Vro- (<V’ n2) [aVpou] ) on T°.

Recalling the transmission conditions (3.28b), we have for any smooth function v

/6 [u]vdo = 0.
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Differentiating by € both sides, applying Lemma 3.8 we have

O=d(/é [ué]vda) =d</reu€vdo—/riuivdo>
- /F (u®v) + /F (8((;:5”) + divpo (no)(uv)> (V,n%) do
_ /1"0 (uv) — /PO (8(u9rv) + divro (ni)(uiv)) (V,n%) do

3n+

:/FO [u']vdo—i—/FO {%—Q:j] v(V,nl) do
s [ (8‘% +divro(n0)v) (V,n0) do

:/rf’ [u']vda—i—/Fo [SZO} v {(V,n) do,

noting that [uo] = 0. Hence, there holds

(3.52) W] = — Puo

8—n:| <V, n0_> =19D-
Hence, from (3.49), (3.51) and (3.52), the shape derivative v’ € H'(D%) x H. (DY) is the weak
solution of the transmission problem (3.45). O

3.4. Random interfaces. In Subsection 3.2, we have defined material and shape derivatives
in which the quantity x(x) does not contain uncertainty. Since the transmission problem (2.11) is
posed on a domain with a random interface (see (2.7)), the shape derivative also depends on w,
and it is necessary to approximate the mean and the covariance fields of the random solutions. The
result is given in the following lemma, where we recall the notation H'(DY ) indicating H'(D) or
HL,(DY).

LEMMA 3.13. Let u(w) be the solution of the transmission problem (2.11a)—(2.11d) with the
random interface T'¢(w) given by (2.7), and let u® denote the solution of the transmission problem
with the reference interface T°. Assume that the perturbation function r belongs to L*(Q, C*(T'?))
for an integer k and f € H*(R®) N W¢. Then, for any compact subset K CC DY, the expectation
and the k-th order central moments of the solution u®(w) can be approximated, respectively, by

(3.53) E[u] =u’ +o(e) in HY(K)

and

(3.54) MFuE — Bluf]] = EMP[] + o(F) in HL (K.
Moreover

(3.55) M —u®) = EME) + o(F) in HY (K.
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Proof. Tt follows from Lemmas 3.6 and 3.12 that
(3.56) uf(z,w) = u’(z) + e/ (z,w) + eh(e,z,w) in HY(K),
where h satisfies 513(1) A, M pr o, 71 (1)) = O- This implies
E[u(z, )] = u’(x) + E[u/(x, )] + eE[h(e, z,-)] in H'(K).
Here, v’ is the solution of (3.45) in which the function x defining gp and gy depends on w and

satisfies E[k] = 0; see (2.9). Since v’ depends linearly on «, there also holds E[u'] = 0, yielding (3.53).
By the definition of the statistical moments (2.4) we have

Mk[ue _ UO] _ ekMk[ul] _ Ek (Mk[u/ + h] _ Mk[u/])
and by [23, Corollary V.5.1]
[MF[w + h] — MF[u Maz, (xry < IE[H(U +h) @ @@W+h)—u®--- ®u’|Héﬂx(K,€)} =:£.

k k
Then by the triangle inequality, binomial formula and Holder’s inequality with p = — and ¢ = A
J —J

&= E|:|| Z v Q-0 ® /Uk|Hé‘ux(Kk):|

’
v; =u or h,

(1,0 oyv0) # (o)

M

E|:||’U1 (ORI vk|Hé1ix(Kk):|

3 E[nmH1<K>...||vk||H1<K>]

’
v; = u' or h,

(01, oy o0) # ()

ECreN T
— \J L
J
k k r l
<> (%) ||h|ﬂ,51(K} ||
=\
k k I k k 1k L;]
— Z E ”h”Hl(K) E Hu HHI(K)
=1 ‘7 -
J
k k ;
= Z i Pl o, mr (1) ||U ||Lk(sz H(K))

|
S .
=
A
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and (3.55) follows. An analogous estimate holds for
MFuf — E[uf]] — F M) = e (MF[W + (h — E[R])] — MF[u]).

g

The above lemma states in particular that M*[u¢ —u°], M*[u¢ — E[u¢]] and e* M*[u] coincide
in the limit ¢ — 0, indicating that e* M*[u] may be a good approximation for M¥[u¢ — u°] and
MFE[uc—E[uc]] if € is small. On the other hand, the task of approximation of e¥ M*[u] is significantly
simpler than approximation of M*[u¢—u°] or M*[u¢—E[u¢]] and reduces to solving the homogeneous
transmission problem (3.45).

4. Boundary reduction. In this section we briefly recall boundary integral equation methods
to solve (3.45). We rewrite here this problem for convenience.
Find ' € HY(D%) x H} (DY) satisfying

A/ =0 in DY
[u'] =gp(w) onT?
!/
(4.1) {ag—i] =gn(w) onI?
[u'(x)] =0 (|w|_l) as |x| — oo.

The single and double layer potentials are given by

- 1 0 1
4.2 Vw(x :/ wW(Y) doy,, Wu(x) = ——v(y)doy, xe D"
( ) ( ) o |.’13 — y| (y) Yy ( ) o 8ny |$E — y| (y) Yy +

for w € H=Y/2(I'%) and v € H'/2(T°). The limits of these potentials for = approaching T' are given
by (see [15, page 14])

(4.3) Vu(z) = lim Vu(y) for x eT?,
yeDY
(4.4) Ku(z) = lim Wu(y) ¥ lu(a:) for x € T?,
nyD(i 2
(4.5) K'u(z) == lim ng - VyVu(y) + lu(m) for x € TY,
nyD(i 2
(4.6) Du(z) := — lim ng - VyWu(y) forx € .
yeDY

The solution of (4.1) is given by

u' () = {W%)(@ - Wi (z), xeD?,

(4.7) ) - o, 0
Wil (x) = V(55)(x), x e DY;

see e.g. [15]. The Dirichlet-to-Neumann operators are

_oul

(4.8) S_u' = !

e /

o v (2I+IC)u_,
ou’ _ 1

(4.9) Siuly = an+ =V K- 51)«4.
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These equalities together with (4.7) imply

oy (VS-—W)()(@) = €D
(4.10) () {(W—VSJ,-)(U/JF)GB) = E (u,)(z), x=eDY.

Z
&
\
™
=
&

The randomness of the interface I'(w) which is given via the randomness of the vector field V (e, z, w)
implies the randomness in the solution w. From (4.10), we have

)_{E<u'<w>|ro><w>, e DY,

Y@ W)= B (@) o) (@), @ € DY

Tensorizing and integrating both sides of the above equation, we deduce

(B- 4y ® E_ 4,)Cor[u’_|po](z1,®2), @1,22 € DY,

4.11 Cov|u|(x1, x2) =
() vl w) {(Em®E+.,M>Cor[u;|ro1<m1,w2>, Y

and in general

e k ! 0 0
(412) Mk[u/](wla- .. 7$k) — {(E,zl ® ®E*Zk)M [u7|l—‘ ](mla awk)a Ty, , L € va

(Biz @ @ By g )MF[W, po](z1,...,&k), @1,...,2, € DY.

Equation (4.11) suggests that the covariance of the solution v’ in D} can be computed from the
correlation function of the Dirichlet data v/, |ro on the transmission interface.
The jump conditions in (4.1) gives

(4.13) u' (w) =1/ (W) +gp(w) on IY

and

(4.14) (a-S- —aySy) v (w) = gn(w) — (a—S-)gp(w) on TP
=:[aS]

We note that for a fixed w € €, the right hand side gy (w)—(a—S_)gp(w) € H~Y/?(T'?). The solution
u'y (w) of (4.14) belongs to H/%(I'°). The variational form for (4.14) is: Find v/, (w) € HY/?(I%)
satisfying

(4.15) B(u} (w),0) = {gn (W) = (a-S-)gp(w),v) ~ Vo€ H'*(I?),

with the bilinear form B(-,-) and the duality pairing (-, -) given by
(4.16)

B(v,w) := /FO([aS] v)wdo and (g,v) = /1“0 gudo Yv,we HY2(T?), ge H V2(T0).

We next show the continuity and ellipticity of the operator [aS] which confirms existence of
the unique solution of equation (4.14) for a fixed arbitrary w.
LEMMA 4.1. The bilinear form B(-,-) : HY/?(T%) x HY2(I'"°) — R is bounded, i.c.

(4.17) 1B(v,w)] < C1 ol saroy el goveqrey  Vosw € HY(T),
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and H'/?(T)-elliptic, i.e.
(4.18) B(v,v) > Cy |vl3p ooy Yo € HY?(I),

where the positive constants C1 and Co are independent of v.

Proof. The boundedness of the bilinear form B is derived directly from the boundedness of V=1
and K. To prove ellipticity we first note that the hypersingular operator D is H'/?(I'?)-semi-elliptic
for all closed interface I'?, i.e.,

(4.19) (Dv,) 1, poy > Clolgyzroy Vo € HY2(T);
see e.g. [21, Corollary 6.25]. The Cauchy data (u_, %u_n_) on I'Y satisfy
4.20 e %I Y .
(420 % | %I + K 8;—7;
Substituting (4.8) into the second equation of (4.20) gives

% =Du_ + (%I - K’)V*l(%IJr K)u- on T°.

This equation and (4.8) yield
S =D+ (%I + K’)V*l(%l +K).

Noting that K’ is the adjoint operator of I, we have

(4.21) (S_v,v) = (Do, v) + <v—1(%1 + K, (%1 + IC)v> Vo € HY2(10).
Similarly, the exterior Dirichlet-to-Neumann operator Sy satisfies
S, =-D- (%1 - /c’)v*(%f -K)
and
(4.22) (Syv,v) = — (Dv,v) — <V‘1(%I - K)v, (%1 — IC)v> Yo e HY2(1Y).

From (4.21), (4.22), (4.19) and noting the H'/2-ellipticity of the inverse operator of V', we derive

([aS]v,v) = (a- + a1 ) (Dv,v) + a_ <V1(%I + K)v, (%I—i— IC)U>FU

+ oy <V‘1(%I — K)v, (%I - IC)U>

1“0
1 2 1 2
2 (@ ) ofip s + - (T4 K00 tay |1 - Ky
2 Hl/Q(FO) 2 Hl/Q(FO)
) 1 2 1 2
(4.23) 2 [0l3/2 oy + H(EIHC)U + H(ij_mv
Hl/Q(FO) H1/2(F0)
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Applying the triangle inequality to the last two terms on the right hand side of the inequality above,
we obtain

([2S]v,v) Z |U|§11/2(r0) + ||UH§{1/2(1"0) 2 ”’UHill/?(FO) Yo € Hl/Q(FO)a

completing the proof of the lemma. 0 We consider the tensor product operator [aS](k) = [aS]®
® [aS] which is a linear mapping

[a8]™ : HY2M0 oo x T = H_ Y210 x - x T9),

le mix

see [22, Proposition 2.4] for more details. Tensorization of equation (4.14) yields for almost all
w e N
(4.24)

[aS]® (v (w) @ -+ @ ul, (W) = By (9v(w) = (a-S-)gp(w)) In Hypd/*(T0 x - x T°),

Taking the mean of (4.24) yields a deterministic k-th moment problem. In particular, for k = 2 it
reads: Find Cov[u/ |(z,y) € Hl/z(l"0 x I'Y) satisfying

mix

([08] @ [a8]) Cov[t, ] (z,9) = (Vre @ Vi) - (Covli](@, y) [aVr ou’()] [avr ()] )

+ ((a=82) @ (a_S-)) (COV[“](“”?/) {M } [ 8ny }

ong

)
— (Vre - ®(a-S-)) (COV[K]( y) [oVrau’( [ 8ny ]
(z)

(4.25) ~ ((a-8-) @ Vry - ) (Covll(@,y) [aVryu’(y)] [ . ])
Similarly, we have
([08] @ [aS]) Covlu)(@, ) = (Vr.a ® Vi) - (Covlsl(@,y) [aVrou’(@)] [aVryu'(y)] )

+ ((a:8) @ (s 8y)) (Cov[ﬁ](:c, ) [auo(w)] [auo(y):|

Ong Ony )
0 ou’(y)
— (Vi - ®(aySy)) (Cov[n](w, y) [aVr zu’ ()] 3 )
Ty

0 ou’(x)
(4.26) — ((a4+8+)® Vry ) (Cov[n](w, y) [aVryu’(y)] o )
Denote g% := E[®@F , (9n(w) — (@—S-)gp(w))]. Recalling (4.15), the variational formulation for
finding M*[u/,] reads: Given g € Hmllx/z(l"0 <o x T9), find MF[u,] € Hil/]i(l"o ~ox T9)
satisfying
(4.27) BM [, ],0) = ((g5,0)) Vo€ HYZTO x .- x T9),

mix mix

where B(-,-) = <<[a8](k)-,->>is a bilinear form and ((, -)) is the H__ 1/2(1"0 X F0)7H1/2(1"0 -~ x T0)
duality pairing obtained by tensorization of B(-,-) and (-,-) from (4.16). Proposition 2.4 in [22]
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implies
LEMMA 4.2, The bilinear form B(-,-) : HY2(T0 x -+ x T9) x HY2(T0 x .. x T0) — R s
bounded and Hil/ii(l"o x -+ x T0)-elliptic, i.e.,

(428) B(’U,’LU) <G H’U”Hi]/ii(FOXWXFO) ||w||Hr1n/ii(Fo><"'><Fo) )
and

2
(4'29) Cs HUHH;/ii(FOX---XFO) < B(’U,’U)

for all v,w € H? (T9 x ... x I'Y). By Lemma 4.2 there exists a unique solution of (4.27).

5. Examples. In this section, we consider the transmission problem (2.11a)—(2.11d) where
the random interface I'(w) is given by

INw) = {z + ex(x,w)n(x) : x € S}.

Here, the reference interface I'’ is the unit sphere S. The perturbation parameter x(x,w) = a(w),
where a(w) is uniformly distributed in [—1,1]. The mean value E[x] = 0 and the covariance
Covlk](x,y) = Cor[k](x,y) = 1/3. The interface I'(w) is a sphere of radius R(w) =1 + ea(w).

5.1. Analytic example. Firstly, we choose the right hand side f to be

fle) = (4r2 —1)? f0<r, <1/2,
o if 1/2 < rg,

where r, = |x|. Then solution of the transmission problem with respect to the random interface
I'(w) can be analytically computed as follows:

1 (8.6 2.4, s 3 23 ap—a_ . 1
o (512 =52+ F) ~ e Te ~ moa— T 1050_ ot R(w) if0<rs <3,
— 1 ap—a e 1
(5'1) u(w,w) T ) 105a_7a + 105a— a4 R(w) if 2 STe S R(w),
1 .
— s if R(w) < rq.

In particular, the exact solution u" of the transmission problem on the reference interface I' is
given by (5.1) where R(w) =1, i.e.,

2
1 (8,6 2,4 Tzy_ _3 _ 23 ar—a_ . 1
o (QITE 5Tm + 6 ) 10500 Tz %400 _ + T0ho_ay if 0 S Tx S 35
0 = — 1 o4 —Oo— el
(52) u (w) - 1050 7o + 1050‘*0‘+ 1f 5 S T:‘c S 17
71 .
~ 1050472 if 1 <rg.

Noting (5.1) and using simple calculation, we obtain

105 _ oy 2e

uo(w) 4 or—os In(14+€)—In(1—¢) if0<r, < 1
(5.3) Elu(z, )] = { .
u’(x) it 1 <rg.

Elementary calculus reveals that % =>, 2;2_:1. Therefore, the mean value E[u]

in (5.3) agrees with our result (3.53) in Lemma 3.13. The linearized error appears in this example
to be O(e?).
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We then compute the covariance of the solution u by elementary calculations, noting (5.1), to

obtain
(e} 2 .
(5.4) Cova(a.y) = | 3T T € +O(!) ifre <landr, <1,
, 0 if ry >1orry >1.

We test accuracy of our shape calculus method by computing the covariance of u via covariance
of the shape derivative. Noting (5.2), we first solve equations (4.25) and (4.26) to obtain Cov|[u/, ]
and Cor, . In this example, these equations can be solved exactly and

1 [of
COV[’LL/_] = gm and COV[UQ_] = 0
Applying (4.11), we obtain

2

1 .
Covlu/) (. y) = {Oﬁ if rp < Land 1y <1

ifry >1orry > 1.

This and (5.4) agree with our theoretical result (3.54) and the linearized error in this example is

O(e?).

5.2. Numerical example. Secondly, we solve the problem (2.11a)—(2.11d) where the right
hand side f is given by

fx) =223 + 2%+ (23 — 1?72 (1 - |z|?)
(5.5) —A4[af + a3 + (w3 — DV (|2 — w3) — 6[af + 2F + (w3 — 1)7]V/2

The deterministic solution of the transmission problem with the reference interface I' = S is then

u_(x) = — [ + 23 + (25 — DAY2 (1 = |af?), weD°
(5.6) o

uy(x) = oy [0} + a5 + (w5 = 1)]* (1 - |2*), @€ DY.

Following the method discussed in Section 3, covariance of the solution is approximated by covari-
ance of the shape derivative (see Lemma 3.13), which can be obtained by solving the equations (4.25)
and (4.26). Note here that these equations are given on the reference interface I'° = S. The right
hand sides and the solutions of these equations belong to the tensor space Hifx"(I‘O x T'0) for any
o > 0. To solve these equations numerically we use the hyperbolic cross tensor approximation
spaces of spherical harmonics which are defined by

(5.7) S’g = span{Yg,m L€y, miy=—L;,... L fori=1, 2},

where

2
(58) 51, = {ﬁz(fl,él)6N2:H(1+€i)§1+p}.

i=1
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10° &

—&—2=(0,0,0.2)
—o—1=(0,0,0.5)
—A—2=(0,0, 5) ]

-8
10 ‘
10° 10" 10°

FIGURE 1. Convergence of the absolute error |Var[u'](x) — Var[up](x)| for three points x inside and outside
the unit sphere with respect to the order of the hyperbolic cross p.

The Galerkin method was used to find the approximate solutions u;, € Sg of (4.25) and (4.26). It
has been shown in [5] that the use of the space Sg yields the convergence rate of p~(>~7=% and
demands only (’)(p2 log p) unknowns, where ¢ is the order of the Sobolev norm in which the errors
are computed. The same convergence rate p~—(>~?~% is achieved when using the standard full
tensor product approximation of degree p which meanwhile requires O(p4) unknowns. We then
compute the variance of u/(x) at three points = (0,0,0.2), (0,0,0.5) and (0,0,5) inside and
outside the unit sphere. The convergence curves for the absolute error

|Var[u'](x) — Var[u;,](:v)|

with respect to the order of the hyperbolic cross p are presented in Fig 1.
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