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Abstract. We consider the problem of determining the pressure and velocity fields for a weakly
compressible fluid flowing in a three-dimensional layer, composed of an inhomogeneous, anisotropic
porous medium, with vertical side walls and variable upper and lower boundaries, in the presence of
vertical wells injecting and/or extracting fluid. Numerical solution of this three-dimensional evolution
problem may be expensive, particularly in the case that the depth scale of the layer h is small
compared to the horizontal length scale [, a situation which occurs frequently in the application to
oil reservoir recovery and which leads to significant stiffness in the numerical problem. Under the
assumption that € o< h/l < 1, we show that, to leading order in €, the pressure field varies only in the
horizontal directions away from the wells (the outer region). We construct asymptotic expansions in
€ in both the inner (near the wells) and outer regions and use the asymptotic matching principle to
derive expressions for all significant process quantities. The only computations required are for the
solution of non-stiff linear, elliptic, two-dimensional boundary-value and eigenvalue problems. This
approach, via the method of matched asymptotic expansions, takes advantage of the small aspect
ratio of the layer, €, at precisely the stage where full numerical computations become stiff, and also
reveals the detailed structure of the dynamics of the flow, both in the neighborhood of wells and
away from wells.
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1. Introduction. The accurate and efficient simulation of fluid flow in oil and
gas reservoirs is an essential tool in the management of hydrocarbon reserves. There
has been a huge research effort in recent years to develop robust and accurate reservoir
simulators based on numerical methods such as finite difference or finite element
techniques; see for example recent reviews such as [5, 3] and the references therein.
This kind of fully numerical approach has proved highly successful in modeling a wide
variety of complicated physical processes in reservoirs, allowing the user to predict the
effect of a change to well locations or production rates, for example. However, whilst
reservoir simulators of this type will continue to play a crucial role in the industry,
to use them takes considerable expertise and time, with long execution times often
necessary for certain types of problems such as hydraulically fractured wells.

There is thus a place for cruder approximation techniques; solution schemes that
may have some limitations in their accuracy, or in the range of situations that they
can model, but which can allow a reservoir or production engineer to perform a rapid
study of their reservoir in order to obtain a broad understanding of the dynamical
processes and to make approximate costing forecasts.

Analytical approaches, although they may require some simplifying assumptions,
can be extremely fast, and avoid the timestepping, stiffness and convergence issues
seen with numerically based simulators. Also, given the speed and reliability of an-
alytical results, there is a clear opportunity to exploit their use in history matching
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studies. Such schemes have thus received considerable attention in the literature over
the years, both for well testing applications [11, 6, 17, 2, 10] and also for full field
simulation problems, for porous media with homogeneous and anisotropic permeabil-
ity [4, 20, 15], and for more complex problems involving inhomogeneous permeability
and variable geometry [14, 16, 9]. For further details we refer to [13].

Here, we consider the problem of determining the pressure and velocity fields
for a weakly compressible fluid flowing in a horizontal layer of porous medium with
variable upper and lower boundaries. Vertical wells injecting and/or extracting fluid
from the layer are considered as line sources and sinks respectively. Our approach
to solving the problem rests on the assumption that the depth scale of the layer h is
small compared to the length scale of the layer [, as is often the case in geophysical
applications. We do, however, allow the porous layer to have both inhomogeneous and
anisotropic permeability. As the ratio h/l decreases, efficient application of numerical
schemes becomes harder, whilst the problem becomes more amenable to solution via
matched asymptotic theory.

Here, we consider the case of fully three-dimensional flow, building on previous
theory for a model two-dimensional problem [13]. We introduce the parameter € o< h/l
(defined explicitly in (2.17) below), and construct asymptotic expansions for the solu-
tions to the equations of motion of the fluid in increasing powers of €, with 0 < e < 1.
In the vicinity of a well (the inner region) the pressure field is fully three-dimensional,
but away from the wells (the outer region) the pressure field is only two-dimensional,
to leading order in e. This immediately leads to a reduction in complexity, but rather
than solving the full equations of motion numerically in the inner and outer regions,
we construct asymptotic expansions in both the inner and outer regions which are
then matched, via the Van Dyke asymptotic matching principle [21], enabling us to
derive explicit expressions for all significant process quantities.

We begin in §2 by stating the full equations of motion in the porous layer. Con-
servation of mass and momentum lead to a strongly parabolic linear initial-boundary
value problem for the dynamic fluid pressure (from which the fluid velocity field can
be deduced), with weighted Neumann boundary conditions, under the assumption
that the walls are impenetrable to the fluid in the porous layer. This initial-boundary
value problem has a unique solution, but its direct computation would be expensive,
primarily due to stiffness when 0 < ¢ < 1. We thus consider the associated pseudo-
steady state problem [PSSP], a linear strongly elliptic weighted Neumann problem,
which also has a unique solution (up to the addition of a constant). The solution of
[PSSP] is considered in §3. Subtracting the solution of the pseudo-steady state prob-
lem from the solution of the initial-boundary value problem leads to a linear, strongly
parabolic, regular, homogeneous initial-boundary value problem with no singularities
at the sources and sinks. The solution of this problem leads to a regular self-adjoint
eigenvalue problem [EVP] whose solution is considered in §4.

Rather than solving [PSSP] and [EVP] directly, the solution to each problem is
considered in the asymptotic limit ¢ — 0, via the method of matched asymptotic
expansions. To solve [PSSP], we begin with the situation when the wells are well
spaced (spacing O(1) as € — 0) and are away from the side walls of the layer, with
generalisations for the cases of wells either close to a wall, or close together (within a
distance of O(e) as € — 0), being considered in §3.1 and §3.2 respectively.

Whereas for the two-dimensional problem considered in [13] the asymptotic so-
lutions to [PSSP] and [EVP] could be constructed analytically up to O(e?), for the
three-dimensional problem considered here the outer problem (away from the wells)
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reduces to a linear, inhomogeneous, strongly elliptic two-dimensional boundary value
problem [BVP], on the layer cross-sectional projection, that must in general be solved
numerically. This can be achieved via standard finite or boundary element methods,
and a detailed consideration of the numerical solution of [BVP] is described in [12].
In the inner regions, determination of the leading order terms reduces to the solution
of a strongly elliptic problem whose solution can be written analytically in terms of
the eigenvalues and corresponding eigenfunctions of a regular Sturm-Liouville eigen-
value problem, identical to that considered in [13]. The asymptotic solution of [EVP]
in §4 reduces to a regular two-dimensional strongly elliptic problem, whose numerical
solution can also be achieved via standard finite element methods in a very similar
manner to the solution of [BVP], and this is also considered in [12]. Finally in §5 we
draw some conclusions.

We remark further that full implementation details for an efficient numerical
scheme for the computation of the dynamic fluid pressure and the fluid velocity field
throughout the layer are provided in [12], where we also apply the theory to some
simple model examples, demonstrating the exceptional computational efficiency of our
approach via matched asymptotic expansions.

2. Equations of motion. Asin Needham et. al [13] we again consider the flow of
a weakly compressible fluid in the presence of sources and sinks, in a reservoir of porous
medium with variable upper and lower boundary. The reservoir has permeability
which is both inhomogeneous and anisotropic. Whilst in [13] we restricted attention
to two-dimensional flow in a two-dimensional reservoir, we now extend the theory
to fully three-dimensional flow in a three-dimensional reservoir. We adopt the same
notation and the same physical model as in [13], and so omit a detailed description of
the modelling here. Thus, following [13], the equations of motion of the fluid in the
porous reservoir may be written as,

s 9 Y — L — Y
e b (52 E) B vasTu () E (5) (1),
=1

(2.2) q=-D (%%%) (Vp + pogk),

for all (z,y,2) € M, t € (0,00). Here (x,y, z) are rectangular cartesian coordinates
with z pointing vertically upwards. The interior of the porous reservoir is denoted
by M C R? and its impermeable boundary by OM C R3, with M = M UOM. The
region M is taken as a finite section of a generalized cylinder which has its axis aligned
with the z-axis and its cross section bounded by the simple closed piecewise smooth
curve 0€; C R2, which has interior Q; C R2, with ; = Q, U 0%;. Here I > 0 is the
horizontal length scale associated with €;. The upper and lower boundary surfaces
of the reservoir are described by

z=hzy(x/ly/l) =
e~ b (LD }(‘”’y) €,

respectively, with A(> 0) being the vertical length scale associated with the reservoir,

and zy,z_ : Q1 — R being such that

(23) Zy,2- € Cl(Ql),
and
(2.4) 2 (z,y) > 2z_(x,y) for all (z,y) € Q.
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The normal fields on the upper and lower surfaces are then given by

nJr(xa y) = _%ZJrg;(xay)v _%ZvLy(xvy)y ]-)

n_(z,y) = %zw(%y),%zw(ﬂc,y)rl)

for all (z,y) € O, with the normals directed out of M. The situation is illustrated
in Figure 2.1. The N(€ N) vertical line sources/sinks embedded within M, which

x ny(x)

z=hzleflull)

oM

FiG. 2.1. Porous layer M C R3, with impermeable boundary OM

extend from the lower surface to the upper surface of M, are located at

(‘rivyi)egla 7':1,;N
The functions s; : [z_ ('”—7", yT) e (%, ”7)] — R, i=1,..., N, represent the line
source/sink volumetric strengths, with

weo(f () (B, 1m

The total volume flux from the i*" line source/sink is then
hzy (i /lyi /1) A
he— (@ /Ly /1) h

In (2.1) 6 : R — R is the usual Dirac delta function. The operator V = (£, 8%, ),
in terms of the cartesian coordinates (x,_y,z), and ¢t > 0 is time. The fluid velocity

field and pressure field at each point in M are represented in (2.1) and (2.2) by

q=q(r,t) = (u(r>t)7v(rvt)7w(r7t))v
pP= p(I’, t)7



for each (r,t) € M x [0,00). The permeability tensor D(x/l,y/l,z/h) has the form

DD, (2,4, 2) 0 0
D(1.4.7) = 0 DY Dy(5,4,%) 0 7
0 0 DED.(%,%, %)

with D, Dy, D, : M — R* such that
(2.6) D,,D,,D, € C'(M).

Here D, DE > 0 are permeability scales in the horizontal and vertical directions re-
spectively, with the functions D,, D, and D, representing the variable permeabilities
in the x,y and z directions respectively. We require the permeability in the reservoir
to be bounded above zero, so that there is a constant D,, > 0 such that

Ty z Ty z Ty z
2.7 Dz(f,f,f),p (777,7),172( )>D >0,
(2.7) "1 h YNI7Uh '’ h
for all (x,y,z) € M. Finally, pg > 0 is the reference density and pg is the reference
pressure for the weakly compressible fluid (see [13]), ¢ is the acceleration due to
gravity, with k being the unit vector pointing vertically upwards, whilst ¢; = ®oéy,
with ¢; being the isothermal expansion coefficient and 0 < ®y < 1 being the mean

porous matrix porosity. When the porous matrix porosity ® : M ~ (0,1) is not
uniform, we may write

O(z,y,2) = oo (f y E) , for (z,y,2) € M,

Qg = /// (x,y,2)dzdydz
meas(

/// z y Z dxdydz-meas(M)
M

with meas(M) being the measure (volume) of M C R®. Throughout we will take
¢ : M — R to have regularity

where

and,

(2.8) ¢ € CH(M),

and to be bounded above zero on M, so that there is a constant ¢,, > 0 such that

(2.9) ¢ (% % %) > ¢, for (z,y,2) € M.
Note that when the porosity is uniform throughout the porous matrix then,
(2.10) o (% %, %) =1, for (x,y,2) € M.

The boundary conditions to be applied on the impermeable boundary OM are

q(r,t)n; =0  forall (r,t) € IMy x (0, 00),
(2.11) q(r,t)ny =0 for all (r,t) € IM; x (0,00),
q(r,t)n_ =0 for all (r,t) € IM_ x (0, 00).
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Here My C OM is that part of OM representing the side walls of the boundary,
whilst OM,,0M_ C OM represent the upper and lower surfaces of M respectively,
with OM; UOM_ UMy = OM. In addition, n;(x,y) for (z,y) € 0 represents the
outward unit normal field to 9€2;. Finally we have the initial condition,

p(r,O) :p0f (%a%a%) — Pogz, for all (l’,y,Z) € M;
with f : M +— R the prescribed initial pressure variation, with
fePCHM)NC(M),

where PC L(M) represents the class of piecewise continuously differentiable functions
on M. We now set

N
Q=>_1Qil (>0
1=1

The natural scales for the problem are then x,y ~ [ and z ~ h, from the geometry
of the porous layer, whilst s; ~ Q/h, via (2.5). The continuity equation (2.1) then
requires u ~ Q/(hl), v ~ Q/(hl) and w ~ @Q/I?, whilst the momentum equation (2.2)
requires p ~ Q/(hD{!). We therefore introduce the dimensionless variables,
(2.12) z=I12', y=1y, z=ha, si:%s;,

. 2

U= %u’, v= %v’, w = %w’7 p= (—hgé,)p', t= %t’.

On substitution from (2.12) into (2.1) and (2.2) (and dropping primes for convenience)
we obtain the dimensionless equations of motion as

N

(213) d;(mv Y, Z)ﬁt + ug + Uy +w, = Z 51(2)6(3j - xz)6<y - yz)a
=1

(214) u = _Dm(xayaz)ﬁzva

(215) v = _Dy(xayvz)ﬁya

(2.16) w = —D.(x,y,2)p-,

for all (z,y,2) € M’, t € (0,00), with M’ being the domain occupied by the porous
medium in dimensionless coordinates. Here,

p(xyyvz7t) =—0z +]5(337y72at)7

with p being the dynamic fluid pressure, and the dimensionless parameters ¢ and &
are given by

D h pogh?DE
2.17 €=y =2, 6= 0
(2.17) o -
The dimensionless domain is now
M' = {(z,y,2) €R*: (2,y) € M, z € (2_(z,y), 24 (x,9))},
6



with closure M’ and boundary OM’. The line source/sink locations are at (z;,7;) €
Qq,i=1,...,N. The volume flux conditions (2.5) become,

z4(wi,yi)
ai:/ sl(lu’)d/u” i:]-a"'va

7(901',7!1)
where
QG = @7 v = 17 . 7N7
Q
so that

|vi| =

Qi S
<1, fori=1,...,N, and a;| = 1.
5 < ;\ |

The boundary conditions (2.11) become, in dimensionless form,

(2.18) (u(r,t),v(r,t),w(r,t)).n; =0, for all (r,t) € My x (0,00),
(219) w(r,t)—{z4,(z, y)u(r,t)+24 (2, y)v(r, 1)} =0, for all (r,t) € IM] x (0, 00),
(2.20)  w(r,t)—{z—, (2, y)u(r,t)+2_, (z,y)v(r, )} =0, for all (r,t) € IML x (0, 00).

Finally we have the initial condition,
(2.21) p(r,0) = pof(r), forallre M,

and py = poh D /Q. The full problem for consideration is now given by (2.13)-(2.16),
(2.18)—(2.21), which we refer to as [IBVP]. To proceed it is convenient to introduce
d; € M’ as follows,

d; = {(x,y,z) € M (:Evy) = (xiayi)a S (Z—(mhyi)az-‘-(xiayi))}v

for each i =1,..., N, and set

We require that a solution to [IBVP] has the following regularity (in accordance with
the usual Dirac delta function formalism):
(i) p € C((M\d) x [0,00)) N CH(M\d) x (0,050)) N C2(M\d) x (0,00));
(i) limp, _o[R:|DVp]|] exists uniformly for z € [z_(x;,:), 24 (zi, 1i)], 6 € [0,27),
and for each t € (0,00); i =1,...,N. Here (R;, 0, z) are local cylindrical polar
coordinates based at (z,y, 2) = (x4, 1;,0), with R; = ((x — ;)% + (y —v:)?)"/?,

for each i =1,...,N, and D is as defined in (2.36);

(iii) limpg,—o Ri( O%(QVp).Ei dH) = $;(z) uniformly for z € [z_(2;,y:), 2+ (24, y:)]
and for each t € (0,00); ¢ =1,..., N. Here Ei is the radial unit vector in the
cylindrical polar coordinates (R;, 6, z).

It is now convenient to introduce the associated pseudo-steady state problem to
[IBVP], namely,

N
(222) ﬂdb +ﬁy+wz = 251(3)5(37_%)5(9—%) _OA‘T&(xaywz)a (xayaz) € M/a
1=1
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U= —Dgy(x,y, 2)ps
(2.23) 0 = —Dy(z,y, 2)py (v,y,2) € M,
i = —DZ(CC,y,Z)ﬁZ
(2.24) (a(r), d(r),w(r)).n; =0, forallr € My,
(2.25) W(r) — {24, (z,9)u(r) + 21, (z,9)0(r)} =0, for all r € IM,
(2.26) (r) — {2z, (z,y)i(r) + z— (2,y)0(r)} =0, forallre oM’ ,

which we will refer to as [PSSP]. Corresponding to (i)—(iii) a solution to [PSSP] has
the following regularity:

(Pi) p e CH(M'\d) N C*(M'\d);

(Pii) limp, HO[R |DVp|] exists uniformly for z € [z_ (i, y:), 24 (4, y:)], 6 € [0,27);

i=1,...,N;
(Piii) hmRiHO Ri( : W(va).ﬁi d@) = s;(2) uniformly for z € [z_(x;, y;), 2+ (x4, yi)];
i=1,...,N.

The constant & is given by

1 N
ar= meas(M’) ;a

with meas(M’) being the measure (volume) of M’ C R3. Now, following standard
theory for linear, strongly elliptic weighted Neumann problems (see, for example [8]
or [19, chapters 8,9]), we have:

THEOREM 2.1. For each € > 0, [PSSP] has a unique (up to the addition of a
constant in p) solution 4, 0,0, p : M' — R.

We remark that when a7 = 0, then the solution to [PSSP] is, in fact, a steady
state of [IBVP].

We now return to [IBVP] and introduce @, o, @, p : M’ x [0,00) — R as

(2.27) t=u—1u, V=v—0, W=w-—w, p=p—p—art,

where 1, 9,0, p : M’ — R represents that unique solution to [PSSP] which has

(2.28) // Mlﬁ(x,y,Z)Q_ﬁ(z Ly, 2)dedydz = ///wpof z,y,2)p(z,y, 2) dzdy dz
so that, via (2.21), (2.27),

(2.29) / / / 5@y, 2 0, y, ) da dy dz = 0.

It is now btraightforward to establibh that U, UV, W, P ]\_4 " ]R is a solution to [IBVP] if

regular, 1n1t1a1 boundary value problem, namely

—
)
w
S

S—

-

(29, 206t = { Doy 2)p0), + (Dy (2,9, 2)8,),, + (2D (w,9,2)5:). | =0,
for (z,y,z,t) € M’ x (0,00),
p(r,t)].h; =0, for all (r,t) € My x (0,00),
V(e ]~z (2,9), 2, (5,),1) =0,
for all (r,t) € M x (0, 00),



(233) [D(r)Vﬁ(r, t)]'(_EQZ—z(‘T7 y)v —CZZ_y(;E, y)7 1) = O’
for all (r,t) € OM’ x (0, 00),
(2.34) p(r,0) = pof(r) — p(r) = po(r), forallr e M,
with regularity
(2.35) p e C((M' x [0,00))\(d x {0})) N C*(M' x (0,00)) N C*(M’ x (0, 00)),

after which

ﬂ = _Dx(xa Y, Z)ﬁ:m
0= —Dy(z,y, 2)py, (r,t) € M’ x (0,00).
e = _Dz(zvyvz)f)m
Here
~ _Dz(xvyvz) 0 O
(2.36) D(r) = 0 —Dy(z,y,2) 0 ,
0 O —Dz(m,y,z)

forallr € M. The strongly parabolic problem (2.30)—(2.35) has a unique solution in
M’ x [0,00) (see for example [8, Chapter 3]), and we now construct this solution. To
this end we first consider the following self-adjoint eigenvalue problem in M’,

(Ds(z,y, z)‘bx)w =+ (Dy(:C, Y, Z)¢y)y =+ (572Dz(xa Y, Z)(bz)z + )\(JB(JL‘, y,2)¢p =0,
for (z,y,2) € M’,
[D(r)Vo(r)].hy, =0, forall r e dMy,
(r)Vh(r)].(—* 24 (2, ), —622’+y($, y),1) =0, forallredM’,
(r)Vo(r)].(—*2_ (2, y), —e2z_y(x,y), 1)=0, forallre oM’ .

S o

We will denote this eigenvalue problem by [EVP], with A € C being the eigenvalue
parameter. It follows from (2.6) and (2.7) that this is a regular, self-adjoint eigenvalue
problem. It then follows from established theory (see for example [19]) that the
eigenvalues of [EVP] are all real and given by A = X(e), j =0,1,2,..., where

(237) 0= )\0(6) < )\1(6) < )\2(6) <...

with Aj(e) — 400 as j — oo, and an eigenvalue is repeated in the ordering (2.37)
according to its geometric multiplicity (the dimension of the eigenspace corresponding
to that eigenvalue). To each occurence A;(¢) in the ordering (2.37) there corresponds
an eigenfunction ¢, : M’ — R, j =0,1,2,..., with

¢o(,y, z;€) = (meas(M')) "2, for all (z,y,2) € M’,
and

<¢ia¢j> = ///]\7[’ é(x,y,z)qﬁi(aﬂ,y,z;e)@(m,y,z;e) diCdde = 61']'3

for 7,7 = 0,1,2,..., and d;; being the Kronecker delta symbol. Without repeating
details (see [13]), it is now straightforward to obtain the solution to (2.30)—(2.35) as

(2.38)  pr,t) = an(e)e Vg, (rse), forall (r,t) € M’ x [0,00),
n=1

9



with ag(e) = 0, via (2.29), and

(2.39) a;(e) :///7,ﬁ(](u,v,w)d_>(u,v,w)¢j(u,v,w;e) dudv dw

for j =1,2,.... We observe immediately from (2.38), with (2.37), that
p(r,t) = 0 ast— oo,
uniformly for r € M’, and that, in addition,
Pa(r,t),py(r,t), p.(r,t) = 0 ast— oo,

uniformly for r € M’. In fact, we have established: -
THEOREM 2.2. For each € > 0, [IBVP] has a unique solution u,v,w,p : M’ x
[0,00) — R given by

Jor all (r,t) € M’ x [0,00). Here p: M’ x [0,00) — R is given by (2.38), (2.39), and
U, 0,0, p : M — R is that solution to [PSSP] which satisfies the constraint (2.28).
Moreover

p(r,t) = apt + p(r) + O(e (")
u(r,t) = a(r) + O(e 1)
v(r,t) = d(r) + O(e M)
wlr ) = () + O

as t — 0o, uniformly forr € M’.

To complete the solution to the problem [IBVP] we must determine A, (¢e) (> 0)
and its corresponding eigenfunction ¢,, : M’ +— R for each n = 1,2, ..., together with
the pseudo-steady state p, @, 9, : M’ — R which satisfies the constraint (2.28). In
the next two sections we thus focus attention on the study of [PSSP] and [EVP] in
turn.

In particular, for a thin porous layer, the parameter €, which measures the aspect
ratio of the layer, is small, provided that

h (DEN?
1S \p)

which we will take to be the case. Thus 0 < ¢ < 1, and in the next two sections we
will consider the structure of the solutions to [PSSP] and [EVP] in the asymptotic
limit € — 0, via the method of matched asymptotic expansions.

3. Asymptotic solution to the pseudo-steady state problem [PSSP] as
€ — 0. In this section we develop the uniform asymptotic structure to the solution of
the pseudo-steady state problem [PSSP] (given by (2.22)—(2.26)) in the limit € — 0,
via the method of matched asymptotic expansions. We recall that existence and

10



uniqueness, for each € > 0, follows from Theorem 2.1, and, following Theorem 2.2, we
require that solution to [PSSP] which satisfies the constraint

(3.1) /// (z,y,2)p(z,y, 2) drdy dz = I,

where the constant I is given by

Iy = po// f(z,y,2)0(z,y,2) dr dy dz.
M/

Due to the initial scalings in the nondimensionalization (2.12), we anticipate that
P, i, 0,1 : M’ — R are such that
(3.2) By, 0,0 = O(1)
as € — 0, uniformly for,

N

re M\ s =N,
i=1

where §¢ is an O(e) neighbourhood of d;, for each i = 1,..., N. Thus, following (3.2),

we introduce the outer region (Ne’) asymptotic expansions

p(r;€) = po(r) + epu(r) + O(e?),

(3.3) a(r;e) = dg(r) + ety (r) + O(?),
’ B(r;€) = Do(r) + €d1(r) + O(€?),
w(r;€) = wo(r) + e (r) + O(e?),

as € — 0, uniformly for r € N!. We now substitute from (3.3) into [PSSP], and
condition (3.1). At leading order we obtain the following problem for po, to, ¥o, o :
M’ — R, namely,

N
(34) uAOQJ + ’UAOy + sz = Zsl('z)(s(m - xl)é(y - yz) - &T(E(x?y7 Z)? (Z‘, Y, Z) € Mla
i=1
(3 5) aO = _Dw(xvyaz)pbzv (xayaz) € M/7
(3 6) /00 - _Dy(xayuz)pbgﬁ (xayaz) S Ml7
(3 7) 0:7Dz(x7yaz)p})z, (x,y,z) GM/,
(3.8) (fig(r), Do (r), wo(r)).ny =0, for all r € OMY,,
(3.9) wo(r) — {z+$(x,y)1lo(r) + 24, (2,y)00(r)} =0, forall r € M,
(3.10)  avo(r) = {z—,(=,9)d0(r) + 2—,(z,y)0o(r)} = 0, forall r € IM,
(3.11) /// Po(r dzdydz = Io.

We now construct the solution to (3.4)-(3.11). As a consequence of (2.7), we obtain
from (3.7),

ﬁo(x,y,z)ZA(x,y)7 (xvyv'z) 6M’7
with A : Oy — R to be determined. Equations (3.5) and (3.6) then give

ﬁo(x,y,z) = —Dz(%y,Z)Az(%yL O/
3.12 N x,y,z) € M,
( ) UO(xayaz) = _Dy(xvyaz)Ay(xvy)7 ( Y )
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with boundary condition (3.8) requiring
(3-13) Dy(x,y,2)As(@,y)na(x,y) + Dy(z,y,2) Ay (z,y)ny(2,y) =0, T € OMp,
where we have written

4(r) = (na (2, ),y (@,),0), © € OM}y.

We next substitute from (3.12) into (3.4) which becomes

N
Wo, = Z 5i(2)0(x — 2:)0(y — yi) — ard(x,y, 2)
(314) +[Dm(xay,Z)Ax(xay)]x+ [Dy(x»yaZ)Ay(x»y)]y’ (.’E,y,Z) € M/'

A direct integration of (3.14), together with an application of the boundary condi-
tion (3.10), gives

(z,y,2 ZF §(x — z; 5(y—yi)—dT/ o(z,y,\) dA
(z,y)

+/i)ﬂmm&m&thﬂmw@M@wdex

_Z*z(xvy)Dac(xa y,z,(x,y))Az(%y) - ny(l',y)Dy((E,y, z,(x,y))Ay(fr,y),
for (x,y,2) € M’,

where
(3.15) Fi(z) = / si(A) AN,z € [z (24, 4i), 24 (w4, yi)],
(wzﬂh)

for each ¢ = 1,..., N. It remains to apply the boundary condition (3.9). The appli-
cation of (3.9), using (3.12) and (3.15), finally requires that

z4 (x,y)
j/ (D (. ) Au (@, )]s + [Dy (a0, N Ay ()]} dA

z—(z,y)
{24, (@,9) Da(2,y, 21 (2, 9)) — 2, (2,y) Da (2,9, 2 (7,9)) } Au(2,y)
+ {24, @)Dy @y, 24 (0,9)) = -, (@) Dy (@9, 2 (2,9) | Ay (.9)

N

(3.16) —ard(x,y) + Zai(s(x —z;)0(y —yi) =0, (z,9) €,
i=1

with ¢? : Q1 — R given by
. z4(m,y)
S = [ dwpaan

z_(z,y)

for (z,9) € Qi, and representing the depth integrated porosity of the porous layer.
We observe that

b e CH (),

P(2,y) = dm(>0) for (z,y) € Qy,
12



for some positive constant ¢, via (2.8), (2.9), (2.3) and (2.4). We also note that in
the case of uniform porosity, we have,

é(x,y) = h(z,y) for (z,y) € U
via (2.10), where h : 1 — R is defined by
h(z,y) = 2z (z,y) — z_(x,y), for all (z,y) € Oy,
and so h € C*(Qy). After a little manipulation, (3.16) simplifies, to give

N

[Da(@,9)Au(,9)]a + [Dy (2, 9) Ay (2,9)]y = = Y bz — )5y — yi) + ard(x,y),
i=1
for (z,y) € Q,

where D, Dy : Q1 — R are defined by

~ 24 (z,y) B 24 (z,y)
D,(x,y) :/ Dy(x,y,A\)d\, Dy(z,y) :/ Dy(z,y,\)dA,

z_(x,y) 2z (z,y)
for (z,y) € O, with

D.,D, € C*(Qy),

D, (z,y), Dy(x,y) > Dy >0 for all (z,y) € Q,
via (2.6) and (2.7), for some positive constant Dy. Note that D, (x,y) and Dy(z,y)
at any (z,y) € Qp represent the depth integrated permeabilities of the porous layer

in the x and y directions respectively. In addition, an integration of boundary condi-
tion (3.13) results in the boundary condition

D, y) A (2, y)na (2, y) + Dy(z,y) Ay (z,y)ny(x,y) =0, (2,y) € O,

Thus, A : Q — R is determined as the solution to the linear, inhomogeneous, strongly
elliptic boundary value problem,

(D(£)VA).O(F) =0, T e,
[h?

where we have dropped the subscript on Q;, 9Q; for convenience, t = (z,y), t; =

(1) AF) da dy = I,

(zi,9i), i =1,...,N, and V= (%, 8%) is the two-dimensional gradient operator on
Q. Here,
c v Dg(f) 0 . A
(3.17) D(t) = ( D, (&) ) , req,
and

A(E) = (ng(£),ny (7)), & € 99.

We will refer to this problem as [BVP]. A solution to [BVP] will have the following
regularity requirements:

13



(Bi) A e CY(Q\ UZ LE)NC2O\UN | #);
(Bii) limp,_o[R:|DVA|] exists uniformly for 6 € [0,27); i = 1,..., N;
(Biii) limp, .o R; (f (DVA).R, d9> —aiii=1,...,N.

Here #; = (z5,%:) € Q,i=1,..., N, and (R;,6) and R, are as defined in §2 (and can
now be regarded as plane polar coordinates on 2 based at (x,y) = (z;,v;)).
REMARK 3.1. It follows from classical theory for strongly elliptic boundary value
problems (see for example [8]) that [BVP] has a unique solution.
In particular, with A4 : Q +— R being the solution to [BVP], we have

(=2, (v—w)
D: D;

x

[N

Ae.y) = ).
(3.18)

as (z,y) — (z4,y;), with A) € R being a globally determined constant, and i =
1,...,N. It follows from (3.18) that, for each i =1,..., N

log

pREAY +45+0 (2 — 2 + [y — wi]?)

)

—1
—Qy (z—x)® | (y—w)? (=),  (y—w).
3.19) VA(z,y) ~ ———— _ ESL2N SIRC A ,
(3.19) V() QW(D;D;)2< Di D; p: "D

as (z,y) — (x;,y;), with i and j being unit vectors in the z and y directions respec-
tively, and,

D! = D, (), D;, = Dy(#;),

fori=1,...,N.

In general, except for particularly simple boundaries 052, permeabilities D, (%),
D, (%), and line source/sink locations #; € 98, i = 1,..., N, [BVP] will need to be
solved numerically. However, [BVP] is a two-dimensional, non-stiff, regular, strongly
elliptic problem, and numerical solution via finite or boundary element methods can
be achieved rapidly and accurately. A detailed consideration of the numerical solution
of [BVP] is provided in [12]. We observe that once the solution A : Q — R to [BVP]
has been determined, the solution to the leading order problem is given as,

po(x,y,2) = Alz,y), (x,y,2) € M’, B

UO(x Y,z ) = —D$(l‘,y,2) w(x,y), (x,y,z) € Ml?

(3.20) vo(a: Y,z ): )A (w y)7 (m y,z) € M,
T ) (rb( z, Y, ) /\7 (l’ ya )E M.

It is worth noting here, via (3.18), (3.19) and (3.20), that

o (,y,2) = 0(3;13,
(3.21) @S(x,y,Z) = O(R; ),
12}0(1’,2[/, Z) = O(R;2)’

as R; — 0, uniformly for 6 € [0,27) and z € [z (24, yi), 2+ (24, ¥:)], for each i =
1,....N.
14



We now proceed to O(e). The problem for py, iy, 01, w; : M’ +— R is similar to
the leading order problem and is not repeated here. We obtain

"

2)

vy, >B< )y} dA
Dy (2,9, 5 (2,0)) By (2, 1),
for

(x y,z) € M,
(3.22)
where B : ) — R is the solution to the strongly elliptic boundary value problem,
@(A( )@B): reQ,
(D(t) () =0, feon,

/ gi)f' r)dzdy = 0.
Q

The unique solution B € C*(Q) N C2() is given by
B(z,y) =0, (z,y) €9,
and so
p1(z,y, 2) = d1(z,y, 2) = 01(z,y, 2) = W1 (2, y,2) =0, (z,9,2) € M,

via (3.22). The outer region asymptotic expansions are now complete to 0(62), and
we have

ﬂ(m 6) = _Dz(xa Y, Z)Aa:(xa y) + 0(62)7
(3.23) _0(rse) = =Dy(x,y,2) Ay (2,y) + O(?),
w(r;e) fzf(w’y) [Dy x,y,)\)AE(x,y)]z + [Dy(x,y,)\)Ay(z,y)]y} dA
—Gr fi(z’y) é(x,y, \) dX + O(€?),

as € — 0, uniformly for r € N!. Here A :  — R is the solution to [BVP]. We now ob-
serve from (3.23) with (3.18) and (3.19) that all of the regularity requirements in (Pi),
together with the limit conditions (Pii) and (Piii) are not satisfied as (x,y) — (zi, y;)
for each z € [z— (x4, yi), 2+ (x4, y;)], with i = 1,..., N (although depth integrated forms
are satisfied). We conclude (as was anticipated earlier) that the outer region asymp-
totic expansions (3.3) become non-uniform when r € 6§ ase - 0 (: =1,...,N). To
obtain a uniform asymptotic representation of the solution to [PSSP] when r € 6§ as
€ — 0, we must therefore introduce an inner region at each line source/sink location
(x,y) = (zi,y:), i =1,..., N. We now consider the inner region in the neighbourhood
of (x,y) = (z;,y;) in detail. In the inner region,

(:my) = (xiyyi) + 0(6)7 = 0(1)’

as € — 0, with, from (3.18), (3.19), (3.21) and (3.23),



as € — 0. Thus, in the inner region we write,
(3.24) (x,y) = (i, y:) + e(X,Y),
with (X,Y) € R? such that X, Y = O(1) as € — 0, together with

Q5 A1 A —1 N =2
WIOgE+P, U =€ U, V=€ ‘/7 w =€ VV7

(3.25) P

where P, U, V,W : R? x [z_(z4,¥:), 2+ (%i,y;)] — R are such that P,U,V,W = O(1)
as € — 0. We now introduce inner region asymptotic expansions as

P(X,Y, z1€) = Po(X,Y,z) + O(e),
U(X,Y,z€) = Up(X,Y, z) + O(e),
V(X,Y, z;¢) = Vo (X, Y, 2) + O(e),
W(X.Y, 2 €) = Wo(X, Y, 2) + O(e),

(3.26)

as e — 0, (X,Y,2) € R? x [z_(2s,v:), 24+ (x45,y:)]. We substitute from (3.24)—(3.26)
into the full problem [PSSP], to obtain the leading order problem as

(3.27) Uox + Voy + Wo,, = si(2)8(X)d(Y),
UO - _-@I(Z)POXa
(328) VO = _D~y(Z)POYa (X7 Y) Z) € Da
WO - _DZ(Z)POZ’
(3.29) Wo(X,Y,24) =0, Wo(X,Y,2L)=0, (X,Y)eR%.

Here 2z}, = 24 (i, y;), D = R? x (2, 2%) and Dy (2) = Dy (w4, i, 2), for z € [0, 21]
and a = x,y or z. We remark that the spatial domain for this leading order prob-
lem is now the unbounded region in (X, Y, z) space contained between the coordinate
planes z = z* and z = 2. The problem (3.27)—(3.29) is completed by applying the
asymptotic matching principle of Van Dyke [21]. It is straightforward to establish
that matching of p is sufficient, after which matching of @, ¢ and w follows automat-
ically. We must apply Van Dyke’s matching principle to the outer region asymptotic
expansion for p taken to O(e), (3.23), with the inner region asymptotic expansion for
p taken to O(1), (3.25) and (3.26). The appropriate matching condition is

o

—1/2
X2 y? , X2 y?
Po(X,V,2)=—————+——log | ==+ = |+ A+ 0| [ =+ =
0(X,Y, z) DD °g<D5+D;>+ b+ (D;JFD;)

as (X? +Y?) — oo uniformly for z € [2", 2%].
Finally, the regularity conditions (Pi)—(Piii) require:
() Py € CI(D\IT) N C?(D\I), where I = {(0,0)} X (zz_,zj_),
(Lii) limp, o[R:i|DV Rl exists uniformly for z € [2L, 2], 0 € [0, 27).
(Tiii) limp o R; ( 027T(QVPO).EZ- d9) = —s;(z), uniformly for z € [2%, 2% ].
Here (Ri,elz) are local cylindrical polar coordinates based at (X,Y,z) = (0,0,0),

with X = R;cosf, Y = R;sin6 and ]:%2 = (X2 + Y2)1/2, El is the radial unit vector
in the cylindrical polar coordinates (R;, 0, z), and

D.(z) 0 0
D(z) = 0 Dy(z) 0 ,
0 0  D.(2)



for all z € [z, 2%].
We can now eliminate Uy, Vp and Wy via (3.28), and obtain the following strongly
elliptic problem for Py, namely,

(3.30) V.(D(2)VPy) = —s5;(2)0(X)8(Y), (X,Y,z) € D,
(331) POZ(XaKZfi-) :07 (XaY) ERQ;
(3.32) Pp.(X,Y,20) =0, (X,Y)eR?
1/2
«; X2 y? : X2 y?
PX,)Y,2) = ———e—1 =+ = AL+ O = ——
0(X,Y, 2) =(DLD]) og (D;+D;>+ o+ <D;+D;>
(3.33) as (X? +Y?) — oo uniformly for z € [, 2],

together with regularity conditions (Ii)—(Iiii). To make analytical progress we will
take

(3.34) Da(2) = Dy(2) € Di(2), z€lz, 7]

in what follows, so that permeability in the horizontal directions is equal, but still
dependent upon z € [2%, 2% ]. A consequence of (3.34) is then that

Ri _ 7yi def 75
D, =D, = Dj.

It follows from standard theory that the strongly elliptic boundary value problem
(3.30)—(3.33) with regularity conditions (Ii)—(Iiii) has a unique solution. Moreover,
the solution can be written as

Py(R;, 2) = Fi(R;, 2),

where F; : (0,00) x [2°, 2% ] — R is given by

B ) (4 —D tow D — % 1oa i) S B K (2R
Fi(Ri,2) = (AB + D] log D}, — 27D log Rz) + jZZlBJKO()\j Ri)y;(2),
(3.35) (R;,2) € (0,00) x 21, 24].

Here Ko(-) is the usual modified Bessel function of order zero (see [1, chapter 9]), whilst
Ar € R and 1, : [2° zi] — R forr=0,1,2,... are the eigenvalues and corresponding

—

eigenfunctions of the following regular Sturm-Liouville eigenvalue problem,

(Dz(z)'(/]Z)Z + 5‘Eh('z)lp =0, z¢€ (ZZ’ZE#)’
¥a(2L) = =(24) =0,
which we refer to as [SL]. The eigenvalues of [SL] have
0:5\0</_\1</_\2<...,

(see e.g. [7, chapters 7,8]) with A, — 0o as r — 0o, and the corresponding eigenfunc-
tions are normalised so that

<¢j:¢k> = /Z+ Dh(s)¢j(5)¢k(8) ds = d;u,
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for 5,k =0,1,2,.... The constants B, r = 1,2,... are given by

%
1 (%

r = 5
2w 2t

(3.36) si(s)r(s)ds, r=1,2,....

The functions Uy, Vo and Wy are now obtained directly from (3.28) via (3.35) and
(3.36). The only remaining question is how to actually compute the eigenvalues and
corresponding eigenfunctions of [SL]. This is straightforward and is addressed in [13].
The solution to the leading order problem is now complete. The asymptotic expansion
for p in the inner region is thus,

P(Ri, 2€) = — ot loge + Fy(Ry, ) + O(e)
21D}

™

as € — 0, with (R;,2) € (0,00) x [2*, 2], and F;(R;, ) given by (3.35). To obtain
an approximation to p close to the ith line source/sink, we obtain the structure of
F;(R;, z), with R; small, as

- —s; . . ; & 1o
Fi(Ri, z) = %352) log R; +4Ap + % log Dj, — ZBj [7 + log<2/\;/2>} ¥ (2)
h h j=1
+ O(R?1og R;)

as R; — 0 uniformly for z € [z%,2%], via (3.35) and (3.36). Here v = 0.57721... is
Euler’s constant.

The asymptotic structure of [PSSP] as e — 0 is now complete. However, two
minor extensions are worthy of further consideration at this stage.

3.1. A line source/sink close to the boundary. In the above, the locations of
the line source/sinks (x;,y;) € € are such that the horizontal distance from (z;,y;) €
Q; to the boundary 0 remains finite as ¢ — 0. In this extension we consider the
situation when the &*" line source/sink location (x,yx) € €1 is close to the boundary
08, and in particular lies within a distance O(e) of 9y as € — 0. To formalise this
we let (Zx,Jr) € 091 be the closest point on the boundary to (xg,yx) € Q1. The
vector (T — xg, Jx — yYr) will then cut the boundary 9€Q; orthogonally, and we write

(Th — ok, Uk — yr) = O(e)

as € — 0. The structure of the outer region to [PSSP| remains unchanged. However,
the inner region to [PSSP] at (x,y) = (xk, yx) now encompasses part of the boundary
0 in an e-neighbourhood of (Zk,r) € 98, and so the leading order problem in
this inner region, when i = k, is modified. We set

(@k — Ui — yi) = €(l1, 12),
with constants l;,ls = O(1) as € — 0, and introduce inner coordinates based at
(2k, Yx ), so that, in the inner region,

(x’y) = (xkayk) + €(X, Y)

The boundary in the inner region now becomes the straight line in the (X,Y") plane
passing through the point (X,Y) = (I1,l2) and in the direction of the vector (—l2,11).
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F1c. 3.1. Domain ‘H for modified inner region problem

The domain for this modified inner region problem is shown in Figure 3.1, and is
referred to as H. Without repeating details, the inner expansion for p is now

o
2nDF loge + Py(X,Y, z) + O(e)

PX,Y, z1€) =

as € — 0 with (X,Y,2) € H x [2¥,2%]. The solution to the leading order problem is
then

; ; Ko, O 4R +13)
Py(X,Y,2) = Fr.(Rg,2) + Fr(R},, 2) — A§ + 47rD,’j log ( D;’i ,

(X,Y,2) e H x [zf,sz_L
with Fj(-,-) as defined in (3.35) and
Ry = (X24+Y)V2 R, = (X —20)* + (Y — 205)*)"/2.

3.2. Two closely located line source/sinks. In this extension, we consider
the situation when the k' and (k4 1)*® line source/sinks are within O(¢) separation
of each other in Q. We write, with (zx, yx), (Tk+1, Yr+1) € 1,

(Tht1, Yht1) = (T, i) + €(l1,12),

with the constants ly,lo = O(1) as ¢ — 0. The structure of the outer region to
[PSSP] remains unchanged. However, the inner region to [PSSP] at (z,y) = (zk, Yx)
contains both of the line source/sinks at both (zx,yx) and (Tr+1,yg+1). In terms of
the inner coordinates (X,Y), with (z,y) = (zk,yx) + €(X,Y), these are located at
(X,Y) =(0,0) and (X,Y) = (I3,1l2). Without repeating details, the inner expansion
for p is now

—ay,
27TDZ

(X, Y, z¢) = loge + Py(X,Y, z) + O(e)

as € — 0 with (X,Y,z) € R? x [2F, zi] The solution to the leading order problem is
then

~ ~ k Q41 (l%+l%)
Py(X,Y,z) = Fy(Ry, 2) + F( %72)—140*477[);3 log( Df )’
(X,Y,2) € R? x [25, 2],
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with Fj(-,-) as defined in (3.35) and FJ(:,-) obtained from Fj(-,-) by replacing a
with agy1 and sg(-) with sgy1(+), whilst

R = (X24+Y)YV2 R =((X -1+ (Y — 1)}V

The asymptotic solution to [PSSP] as ¢ — 0 uniformly for (z,y,z) € M’ is now
complete. We next turn our attention to the eigenvalue problem [EVP].

4. Asymptotic solution to the eigenvalue problem [EVP] as ¢ — 0. In
this section we develop the asymptotic solution to the eigenvalue problem [EVP] as
e — 0. As in [13], we first employ the theory developed by Ramm [18] to establish
that the set of eigenvalues to [EVP], (2.37), with € > 0, splits into two disjoint subsets
as € — 07, which we denote by

Se= (M@ @} 5= M@
with

0=2X(e) <A () <..., 0< A (e) < Af(e) <.,
and, in particular,
(4.1) A (€) =0(n?), Ai(e) = O0(n*e?)

as € — 07, uniformly for n = 1,2,.... We will focus attention on the eigenvalues and
corresponding eigenfunctions in the set S_, so that in [EVP], we have,

Ae) =0(1) as e — 0,
via (4.1). Thus we expand ¢ : M’ — R in the form,
(4.2) 3(z,y,2;€) = V(x,y,2) + €9 (x,y,2) + 0(€?) as e = 0
uniformly for (z,y,z) € M’, whilst we expand
(4.3) Ae) =X+ X+ o(?) as € — 0.

On substitution from (4.2) and (4.3) into [EVP], we obtain the leading order problem
as,

(4.4) ( (z,y,z )Z:O, (z,y,2) € M,
(4.5) (Q( )w(r)) —0, forallredMj,
(4.6) Va(,y, 24 (2,y)) = 0, for all (z,y) € Qi,
(4.7 Y (x,y,2_(x,y)) =0, forall (z,y) € Q.
A direct integration of (4.4) gives

V. (x,y,2) = m, (z,y,2) € M.

Application of boundary conditions (4.6) and (4.7) then require B(z,y) = 0 for all
(z,y) € Q1, and so

(4.8) Yla,y, 2) = A(z,y), (2,y,2) € M,
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with A : O — R such that A € C'(Qy) N C?(Q4). Boundary condition (4.5) then
requires, after an integration,

(Q@W%)ﬁmazo,feam,

where t = (,y) € 8Q; and D(#) is defined in (3.17), whilst V = (am, ay) At O(e?) w
obtain an inhomogeneous version of (4.4)—(4.7). As in [13], the solvability requlrement
on this inhomogeneous boundary value problem provides a strongly elliptic partial
differential equation which must be satisfied by fl(f‘), t € Qq, namely

@(Q() ) L AGE)A=0, Feq.

Thus A: Q+— Rand A € R satisfy the regular self-adjoint eigenvalue problem,

where the subscripts on 1, 991, n1(f) have been dropped for convenience, and we

recall that ¢ : Q — R is given by ¢(z,y) = I (e, ’;/)) é(z,y,\)dA, for all (x,y) € Q.

We refer to this eigenvalue problem as [EVP]’. Now, established theory (see for
example [19]) determines that the set of eigenvalues of [EVP]’ is given by A = A, € R,
r=0,1,2,..., with,

(49) 0:;\0<;\1§;\2§

and \, = O(r?) as 7 — oo. Corresponding to each eigenvalue A, in the ordering (4.9)
there is a unique normalized eigenfunction A, : Q — R such that

//m W) Ailw, ) A (e, y) dudy = 5,

fori,j =0,1,2,.... We observe that

o(t) {// b(u,v) dudv}1/2 (meas(M'))"V2 e

Thus, we have established for [EVP], via (4.2), (4.3), (4.8), that,
AZ(€) = M1+ O(e2)], as e — 0,

for r=0,1,2,..., with corresponding normalised eigenfunction

¢y (2,y, 7€) = Ar(z,y) + O(%), as e — 0,
uniformly for (z,y,2) € M.

We can now use the above theory to obtain the following expression for

p: M x[0,00) — R, via (2.38) and (2.39),
(4.10) p(z,y, 2, 1) ZCT At A, (z,y) + O(%e 7.3—t/ez)
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as € — 0, uniformly for (z,y,2,t) € M’ x [6,00), for any fixed 6 > 0. Here the
coefficients ¢, r = 1,2, ..., are given by

// po) (u, v) Ay (u, v) dudv,

where (5o) : Q — R is given by

24 (2,y) B B
(o) (,5) = / ey s @) h,

with po : M’ +— R as given in (2.34). We observe from (4.10) that,

By, 2,t) ~ (1 i (2, y) + O(e?))e Mt

as t — oo, uniformly for (z,y,z) € M’. Therefore, the transient part of the solution
to [IBVP] decays exponentially as t — oo with rate A1. In dimensionless variables, the
time scale for transient relaxation is thus ¢, ~ (A;)~!,which, in dimensional variables
is, via (2.12),

Ctl2 T ov—1
td~ = (M)
S Dé—[
It remains to consider the numerical solution of both [BVP] and [EVP]’, which can be
achieved efficiently as both are two-dimensional regular, strongly elliptic problems on
Q. For details, and numerical experiments demonstrating the exceptional efficiency
of our approach, we refer to [12].

5. Conclusions. We have considered the unsteady flow of a weakly compressible
fluid in a horizontal layer of an inhomogeneous and anisotropic porous medium with
variable upper and lower boundaries, in the presence of vertical line sources and sinks.
We have derived a strongly parabolic linear initial-boundary value problem for the
dynamic fluid pressure, and shown that this problem has a unique solution. We have
then constructed the solution to this problem when the layer aspect ratio 0 < e < 1,
via the method of matched asymptotic expansions. First, we have derived a matched
asymptotic solution to the pseudo-steady state problem. The solution in the outer
region is given in terms of the solution of a linear, inhomogeneous, strongly elliptic
two-dimensional boundary value problem, whose numerical solution is straightforward
(see [12]). In the inner regions the solution is given in terms of the eigenvalues and
eigenvectors of a regular Sturm-Liouville eigenvalue problem [SL], whose numerical
solution is again straightforward (again, see [12]).

By subtracting the solution of the pseudo-steady state problem from the solution
of the initial-boundary value problem we have then constructed a strongly parabolic
homogeneous evolution problem with no singularities at the line sources and sinks,
whose solution can be written in terms of the eigenvalues and eigenfunctions of a reg-
ular self-adjoint eigenvalue problem, and represents the transient behaviour. Asymp-
totic solution of this problem when 0 < ¢ < 1 reduces to solution of a regular
two-dimensional strongly elliptic problem, whose numerical solution is once again
straightforward [12].

It has further been shown that the solution of the initial-boundary value problem
approaches the solution to the pseudo-steady state problem, with a linear, homoge-
neous compression or expansion term, through terms exponentially small with respect
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to time ¢ as ¢ — oco. Generalisations to cases where a line source or sink is near a
boundary wall, or where line sources and sinks are not well spaced, have also been
considered, in §3.1 and §3.2 respectively.

For a full description of the entire computational procedure required to obtain

numerical approximations to the pressure and flow fields throughout the layer, and
examples demonstrating the application of the theory to some simple situations, we
refer to [12]. We finally remark that since the initial-boundary value problem is solved
for a general C' initial condition, the effect of time dependent transient effects due
to temporal changes in the well discharge rates can easily be accounted for.
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