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Abstract

Direct numerical methods for the evaluation of uncertainties in the solutions
of various partial differential equations, that contain uncertain parameters, are
developed. The equations of particular interest are those which model the flow
of a fluid in a porous medium whose properties are not known precisely, such as
the modelling of oil in an underground reservoir. Some analytic work on the use
of field theoretic methods to study flow in a heterogeneous medium is reviewed,
and then extended to a simple time-dependent case. The first numerical model
is a zero-dimensional transient mass-balance, where uncertainty is modelled as
a single parameter, with a corresponding single-variate probability distribution
function. This is treated, predominantly analytically, as a one-dimensional sensi-
tivity analysis problem, with various plots of the development of the distribution
function and mean value, of the analytic solution, being obtained and analysed.
The next model is that of a simple single-phase steady-state flow model. The
method involves a discretisation of the analytic equation, after which, perturba-
tions about a mean of the uncertain parameter are considered. The distribution
function, when treated in this way, is modelled as multivariate and dealt with
accordingly. The final, and most significant, model is that of a two-dimensional,
single-phase, dynamic one. Again, a perturbation expansion about a mean of the
parameters is done, resulting in coupled equations for second order approxima-
tions to the mean at each point, and field covariance of the solution. These are
then solved numerically. This method involves only one (albeit complicated) so-
lution of the equations, and contrasts with the more usual Monte-Carlo approach,

where many such solutions are required.
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Chapter 1

Overview

The objective of this research project is to investigate techniques for analysing
uncertain systems of differential equations, with application to the problem of oil
recovery from heterogeneous porous rock reservoirs.

Throughout this thesis, we concentrate on consideration of the effects of un-
certainties in the permeability of the rock properties, with a specific concentration
on how they affect the output properties of the oil field, such as pressure, when
standard numerical discretisation techniques are applied to the differential equa-
tions modelling the flow through the porous media.

In the first chapter we introduce the basic model that is under consideration.
This is obtained by a combination of Darcy’s law [18] for flow of a fluid in a porous
medium with the continuity equations. We consider three main model equations,
with the effects of uncertainty, which are derived in this chapter. These are
very much simplified versions of the types of equations that would be used in a
practical context, but they are investigated in this form so as to illustrate clearly
and pinpoint the main problems associated with treatment of the uncertainties
in the permeabilities. In each case, single-phase flow is considered. The need for

a probabilistic approach is also discussed.



We consider which methods might be used to solve the flow equations for the
deterministic problem, which is the corresponding problem where uncertainties
are disregarded. The emphasis throughout this research is on how these determin-
istic schemes may be used, in an adapted form, to assess the complete problem
containing the uncertainties.

The second chapter is an introduction to the statistical ideas that are needed to
develop the theory. Various probabilistic concepts are necessary. Most important
are the ideas of distribution and expected value, out of which we can develop
the crucial idea of moments. Specific forms of distributions are introduced, with
the importance of lognormal distribution in a geostatistic context emphasised;
and the generalisations to multivariate distribution functions, with corresponding
correlations and moments, are explored. We also consider the effect of integral
and differential operators on the uncertain variables, such as permeability.

The following chapter is a review of some of the background literature in
the area of this research. We consider Monte-Carlo methods, and how a poten-
tial development of direct methods to obtain statistical moments might be far
more flexible. There is some discussion of previous research in direct methods
for stochastic p.d.e.s, including those of Adomian, and Schwydler and Math-
eron, whose perturbation series are studied further in later chapters. We also
review some more theoretical work proving the existence of solutions of some
equations under consideration. We then review some of the techniques employed
in groundwater research for equations of the type we are interested in, and then
briefly introduce the ideas behind the evaluation of effective permeabilities.

In chapter 5, an extension of the analytic work done by Dr. P. King, [33], on
the use of field theoretic methods in the study of flow in a heterogeneous porous

medium, is described. This work uses a perturbation formulation on the Fourier



transform of the Green’s function equation for single-phase, steady-state flow in
a heterogeneous medium. By use of field theoretic methods, Dr. King is able
to sum up the entire perturbation series and compare with earlier work, which
involved truncated summation processes and assumptions in single dimensions
[7]. An effective overall permeability is thus obtained, together with the pressure
variance, in terms of the correlation function and the geometric mean of the
permeability.

We make an attempt to extend this work to a time-dependent version of
the King model, which allows changes in effective permeability with respect to
time to be observed. The Fourier transformed time-dependent equation version
is shown to satisfy an identical integral equation to that in Dr. King’s paper.
The perturbation summation can then be performed in an identical way, so that
the parallels in the results can be used to find expressions for the time-Fourier
transformed effective permeability. Unfortunately, terms which then occur prove
to be impossible to invert analytically. However, it is felt that future investigations
into this approach might prove fruitful.

An extension of some preliminary work done for this project, which was per-
formed in order to satisfy requirements for an MSc dissertation, [17], is described
next. This work involves the investigation of a zero-dimensional mass-balance
equation as a simplified model equation, with a single uncertain variable. Al-
though very simplistic, this model provides considerable insight into the general
problem of differential equations with uncertain variables. By using a closed
form of the solution, the difference between the expected value of this solution
and the deterministic value of the solution can be expressed in terms of moment
generating functions of distributions. By manipulation of some basic probability

theory, and the closed form solution, expressions for the probability distribution



function of the analytic solution, as a function of time, can be obtained. As an
extension to this work, we are able to find a method of summing up the series
terms that were not evaluated previously. The development in time of the mean
of the solution, and in particular its behaviour with respect to the deterministic
solution, can then be assessed more precisely.

In the following chapter, we consider the steady-state two-dimensional model
equation. We primarily consider the discretised equation, using a perturbation
method. When a perturbation formulation is applied to equations that have al-
ready been discretised, we are left with matrix equations involving mean value
matrices and perturbed matrices that contain uncertain components. It is there-
fore necessary to develop some elementary theory for coping with matrices with
uncertain components, such as distributivity and associativity of mean value op-
erators. To begin with, we investigate the properties of a general admissible real-
isation, by developing general perturbation series. Expressions for the bounds on
errors caused by truncating these series for general realisations are also obtained.
When we take mean values over all possible realisations, we obtain expressions for
mean values of the numerical solutions, which, when truncated at second order,
involve just mean values and autocorrelation terms of the permeability, which
are the generally available geostatistic quantities. Taking these mean values of
the error terms also allows expressions to be obtained for the error introduced by
truncating the mean value perturbation series. Other manipulations of the orig-
inal perturbation series for general realisations allow us to develop second order
approximation terms for the covariances of the numerical solution in terms of the
same input geostatic quantities. Making use of the structure of these equations,
we then are able to develop numerical procedures to evaluate the particular terms

of interest. This development is followed by a presentation and discussion of the



results.

In the final chapter, the time-dependent model is considered. This model
is again based on obtaining approximations to the mean value of the numerical
solution using a perturbation series. We first develop a system of hierarchical
equations for both standard-symmetric and lognormal distributions, where the
effects of truncating these series at some arbitrary order of accuracy is investi-
gated. The problems of taking mean values straight away are illustrated, leading
to awkward terms that cannot be dealt with. Terms for an approximation to the
variance can also be obtained, with the same problems preventing any attempt
at solution. It has been found, however, that if the hierarchical terms are dis-
cretised, in some general sense, expressions allowing us to evaluate the required
terms can be obtained. The result of these manipulations is to provide us with
systems of coupled numerical differential equations, with all relevant quantities
being solvable. A specific discretisation is then investigated in detail, with typical
equations that occur from this process being presented. Some results of the ap-
plication of this method are then presented and discussed, followed by comments

on suggested extensions for the work.



Chapter 2

Introduction to the Model

Equations

Difficulty in the mathematical and numerical modelling of physical systems may
often arise when a precise knowledge of data is not available. Specifically, data
that is crucial for describing the system, may only be known within certain limits
of accuracy, or it may only be possible to specify certain statistical properties of
the data. This may be due to inaccuracy in measuring equipment, or inaccessi-
bility, or a high level of heterogeneity in materials whose parameters are involved
in the model equations,

It is the effects of these latter sorts of uncertainty on the solutions of analytic

and numerical systems which form the basis of this research project.

2.1 Darcy’s Law

The starting point for any mathematical model of flow in a porous medium is
Darcy’s law [18]. This is an empirical law that states that the fluid flow velocity

is proportional to the pressure gradient across the medium, with a gravitational
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potential term included, and is given by,

K
— _(Vp—ogVd 2.1.1
u oy (Vp—0gVd), (2.1.1)

where u is the fluid flow velocity, K is the permeability tensor, i the fluid viscosity,
p the pressure, n the volumetric porosity, ¢ the fluid density, and d the physical
depth, [8]. Viscosity is just a property of the fluid, which ought to be known.
Permeability is a property of the oil reservoir, and it is uncertainties in this that
are of specific interest.

For multiphase flow considerations, the modified Darcy’s law is used for each
phase 7, with an effectively reduced permeability, caused by the presence of other

phases,

Kk,

U, = —

(Vpr — 0:9Vd), (2.1.2)

ks

where 0 < k, <1 is the reduction factor associated with each phase, 7.

For the purposes of this research, in order to highlight the effect of, and
problems due to, uncertainty, we shall restrict our considerations to single-phase
flow with gravitational effects neglected, so that we are modelling the flow in a
horizontal plane, thus

u=-——Vp. (2.1.3)
n

In many practical cases of reservoir modelling, the oil-bearing rock can be
assumed to be considerably larger in its horizontal dimensions than its vertical
dimension. It it therefore quite a reasonable assumption to ignore the gravita-
tional effects. Because of the linearity of equation (2.1.1), though, inclusion of
the gravitational term may be incorporated into much of the analysis in a fairly
straightforward way. For example, this may be done by substitution of a total
potential form in equation (2.1.1).

It is hoped that a detailed investigation of this form of Darcy’s law will provide

11



insight into how to treat uncertainties, which, in the future, will allow us to deal
with more complicated equations, such as multi-phase flow with gravitational

terms included.

2.2 Conservation Equations

We now combine the Darcy equation with the following form of the

three-dimensional basic mass-balance equation, [8]

dno
—+ V. =0
where q is the storage, defined as
q = nu.

Assuming constant porosity and dividing throughout by n, whilst combining these

two equations gives

do K

Multiplying throughout by j—z, and assuming a constant compressibility,

gives the basic model equation for pressure that concerns us,

dp 1 : B

It is the effects of uncertainties in the permeability on the solution of this
equation that is of primary interest in this research project.

We also consider the steady-state version of equation (2.2.1),

V(KVp) =0, (2.2.2)

12



with appropriate boundary conditions.

Consider a spatial discretisation of equation (2.2.1), simplified so that effects
of compressibility and viscosity are neglected. This would result in the system of
o.d.e.s

dp

o Vi(KVyp) =1£: p(0) = po. (2.2.3)

A standard method to approach this system of equations might be to diagonalise

it, and study the resultant equations, which would have the simple form

] p(0) = po. (2:24)

At the time it was decided to study the behaviour of of this equation, where & is
an uncertain parameter, in the hope that it might give some useful insight into
the general behaviour of the system of equations, 2.2.3, and ultimately indicate
how to proceed with the study of numerical approaches for the analysis of the
model equation (2.2.1).

Equation (2.2.4) will later be shown to be a good starting point for an intro-

duction to this research.

2.3 Uncertainty

In all practical cases, the rocks that make up the oil reservoir are a considerable
distance under the ground. This means that the corresponding properties, such
as permeabilities and porosity are clearly not going to be accessible to any direct
measurement.

The only information about the particular makeup of the rock is obtained
by experiments performed on samples of the rocks that are brought up from
recovery wells. It is not considered an efficient method of oil production to drill

more boreholes than is necessary. The ideal number would be just two, one for
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injection and one for extraction, with no extra wells drilled just to provide more
information about the rock properties.

We are therefore left with the problem of how to cope with the uncertainties
in the properties and structure of the rocks that lie between the primary wells.

One approach would be to try to interpolate for the values of permeabilities
between the wells. There is, however, no straightforward way to do this, as rock
strata are known to have varied and complex structures which would invalidate
any simple linear interpolation between boreholes.

This leads to the necessity of developing a statistical approach to the problem.

If we consider one possible three-dimensional representation of a permeability
function, or realisation, we may assign a probability value to that realisation.
This allows us to think of the problem as consisting of sets of functions assigned
with probability distributions. This is described quantitatively in the following
chapter.

Given probability distributions for permeability, we would like to find proce-
dures to characterise the probability distributions of the solutions to the model
equation. This is certainly not a simple problem, as it effectively involves solving
partial differential equations for each possible, or admissible, realisation. A con-
tinuous probability distribution functional model for permeability would suggest
an infinite number of admissible realisations, which indicates the considerable
complexity of the problem. This can be partially overcome by Monte-Carlo sim-
ulations, [41], with the need to generate large numbers of realisations, solving the
system of equations for every realisation. The problem with this approach is the
considerable number of times that the numerical procedure has to be applied in
order to obtain accurate results that reflect the probability distributions of the

solutions.
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The approach we take in this research is to find more direct methods of find-
ing quantities that characterise the p.d.f. of the solution. We are particularly
interested in finding mean and variance, eventually to allow some prediction of
yields and spread for ranges of yields that particular oil-fields may be expected
to provide. Where possible, we develop separate equations that need only be
solved once, in order to provide the important parameters. The effect of applying
numerical discretisations to the model equations is investigated in detail.

We make the approximation of an isotropic permeability for K. This means
that the tensor K can be approximated by a scalar, k£, and allows for an easier
description of numerical and analytic techniques for solving the p.d.e.s. More
importantly in this context, it facilitates a straightforward description of the sta-
tistical properties of the permeability. We may then re-write the model equations

(2.2.1) and (2.2.2),

do 1
and
V (kVp) = 0. (2.3.2)

2.4 Deterministic Equations

We introduce here an important distinction of terms used throughout this re-
search. This is the concept of the deterministic problem.

Classically, a problem containing uncertainty might be approached by solving
the deterministic version of the problem. This can be defined as the system of
equations solved with the uncertain parameter replaced by its mean value. For

our three model equations, these would be,

S (@m) - fo 2.4.1)
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V ({k)Vpo) = fo. (2.4.2)

and

dpo o
— ~ {K)po = fo. (2.4.3)

Procedures for solving these types of equations are well known in standard
analysis.

The classical solutions to these equations might be accepted as reasonable
approximations to the mean values of the solutions of the model equations, (2.2.1)
to (2.2.4). The accuracy of this statement is one of the things we explore in detail
in this thesis.

In many cases, we consider the difference between the mean value of the solu-
tions to the stochastic problem and the deterministic solutions, both analytically
and numerically. The behaviour of the difference of these two quantities governs
much of the research about the p.d.f. of the solution.

In the next chapter we introduce the probabilistic concepts and notations
that are necessary to understand the following chapters. Definitions of statisti-
cal properties of single-variate, and then multivariate, probability distributions
are introduced, in order to analyse equations (2.2.1), (2.2.2), and (2.2.4), with

particular emphasis on moments and their derivation.
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Chapter 3

Statistical Concepts

Various statistical concepts and results are needed for the development of this
research, and those used in this thesis are described in this chapter. The first
six sections deal with univariate distributions, or those where there is a single,
uncertain parameter. Most of the general results and properties obtained here
are used in Chapter 6. The remaining chapters deal with results concerning

multivariate distributions.

3.1 Distribution and Range

The starting point for any statistical consideration is that of a random variable,

defined by two quantities, [32],

1. the set of possible values that X can take, also known as the set, or

the phase-space. It can be discrete or continuous.

2. the probability distribution over the range.

The probability distribution in the case of a continuous one-dimensional range

is given by a probability density function (henceforth known as p.d.f. ) which is

17



a non-negative normalised function p(x) > 0, such that

/Rp(:zi)dx =1, (3.1.1)

where R is the range of possible values.
The probability that X takes a value in the incremental range = to x + dz, is

then given by
pe)dz,

and so the probability that X has some value in the range (21, x2) is given by

/:2 p(a)dx.

3.2 Expected Value and Moments

We now introduce the concept of a mean, or expected value of a function of X,

defined on some interval region R, f(X), given by
(1) = [ flap(e)de, (3.2.1)

The expected value of the random variable itself is then given by
(X) = /R:sz(:zj)dx, (3.2.2)

which can be generalised so that the idea of moments can be defined as the

expected value of X raised to some arbitrary m' power,

fm = (X™) :/R:I;mp(x)dx. (3.2.3)

So, g corresponds to the mean value, and the standard deviation, o, and variance,

o?, are both defined, [25], by

= p2— (3.2.4)



This idea of a moment deviation from the mean can be generalised to the idea of

shifted moments, which are defined by

U = /R(x (&))" p(z)dx, (3.2.5)

so that
vy =1,
v =0,
and
vy = 02,

for all distributions.

An important property of a symmetric distribution function is that m!”* order
corrected moments, where m is odd, are all equal to zero. This is because, for a
symmetric distribution function, p(a + (x)) is an even function, and the region R

can be assumed to be symmetric about (z) (most generally, from —oo to 400.)

h

Therefore, we may write the m® corrected moment as

v = [ (e = (=) pla)dr,

and, by changing variable to @’ = « — (z),

U = /R(:I;')mp(x’—l— (2))da'. (3.2.6)

For m odd, the integrand is clearly odd, also, thus giving the zero result.

3.3 Moment Generating Function

This is defined, [32], as the expected value of the function e**¥,

G(k) = ("X = /Reikxp(x)dx, (3.3.1)



which is also the Fourier transform of the p.d.f.
It generates the individual moments of the distribution, in the sense of the

Taylor expansion

(ikX)?  (ikX)

(XY = (1 4+ikX + TR )
= 1‘|‘ik<X>—|—(i§!)2<X2>—|-(i§—!)3<X3>—I—---
= i::o (Z:L),m Hom - (3.3.2)

3.3.1 Cumulants

The moment generating function also serves to generate the cumulants, &, of the

distribution, defined in the sense that

ik)m

m!

Nk

log G(k) =

Em- (3.3.3)

m=0

By expanding the log of expression (3.3.1), these cumulants can be shown to

be various combinations of the moments, for example,

&=, (3.3.4)
by = po — pi = 0, (3.3.5)

and
s = pz — Bpgp + 245 (3.3.6)
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3.4 Examples of Univariate Distributions

3.4.1 Uniform Distribution

The most simple type of univariate distribution is the uniform distribution. The

p.d.f. has the form,

L@y —A<z<(z)+ A

plz) =4 (3.4.1)

0, otherwise

and can be interpreted as the parameter lying somewhere within a defined range,
of size 2A, with equal probability of it taking any value within that range, and no
probability of it lying outside. Although a very simple-minded type of distribution
function, it serves to illustrate a number of interesting properties, particularly
where no more specific information about the shape of the distribution function
is available.

In the MSec dissertation, [17], the following properties were found. An explicit

formula exists for a general moment,

1

s L)+ A = () — a7}, (3.4.2)

Un =

and for the corresponding shifted moments,

A" for n even
vy =4 " (3.4.3)
0 for n odd
It then follows that
A2
of = — (3.4.4)

and so the standard deviation is %, which is proportional to the size of the range.
The moment generating function of a uniform distribution takes the form of

a sinc multiplied by an exponential function,

G(k) = %Z(M). (3.4.5)
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3.4.2 Gaussian Distribution

The most commonly used distribution function is the Gaussian distribution,

which has the form

plx) = %ex‘p l—wl : (3.4.6)

(2mo?)2 207
and x takes possible values in the infinite range, [—o0, 400].

From [17], a recurrence relationship can be obtained for the moments,
(") = (n — 1)o*(z" %) + () (=", (3.4.7)

or
fin = (n = 1)0 g + fi1fin1.
A formula for the corrected moments, which is much more useful in this context,

can be derived fairly easily. Noting that a Gaussian is a symmetric distribution,

so that all odd moments are zero, we can derive the even moments as

von = [ o= )P e [—Ml .

210%)2 207

and, changing variable to y = x — (), we have,

1 > _2
Vom — —(27‘_0-2)%/_ y2m€ 202 dy
1 < (2m-1) LS
= W‘/_ ) X ye 202 dy (348)

Integrating by parts gives

Vom
1 ¥2 1 1 o >
_ b emey 20— n 7/ m — Dy 2o 27 g
(271'02)% Y — (271'02)% —oo( Jy y
= o*(n — 1)vgm_s, (3.4.9)

2

since the ™27 term always dominates the y(2m—2)

term at +oo.
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So, for the Gaussian,

v 2m—1)102™
2m = 2= (m—1)

vm € IN. (3.4.10)
Vom41 = 0
An important property of a Gaussian distribution is that all cumulants above

second order are zero, ([17] and [32]). This is because the moment generating

function can be written

G(k) = #/m ¢*exp lM] dzx. (3.4.11)

(27‘(0‘2)% —c0 202

By multiplying the integrand throughout by

(2i<:1;>02/<; — 04/12) (2i<:1;>02/<; — 04/432)
exp exp —

202 202

we can complete the square in the exponential, as in [17], to give

2

G(k) = exp [M] |

so that

log(G(k)) = ik{x) + (ik)QUQ.

Equating this with the expansion term defining cumulants, (3.3.3), shows that

for a general Gaussian distribution

L = (2)
§r = o’

En = 0V m>2.

Cumulants of order greater than two, in distributions other than Gaussian,

can be thought of as a measure of how dissimilar they are from Gaussian.
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3.4.3 Lognormal Distribution

A commonly-used distribution function in geostatistics [10] is the log-normal dis-
tribution function. To describe a univariate log-normal function, we must define a
new variable, y, where y = In k. If k is defined to have a log-normal distribution,
then y is standard normally-distributed.

We define £, to be the geometric mean,
ky = e, (3.4.12)

Then there exist some well-known equations relating the statistics of y and k,

[36],
() = eap {% + <y>} : (3.4.13)

and

ol = exp {2(05 + <y>)} — e:z;p{ai + 2<y>} : (3.4.14)

3.5 Multivariate Distributions

Here we introduce the concept of a multivariate distribution, necessary for the
development of any partial differential equation containing uncertain parameters,
in this context.

A multivariate distribution function can be thought of as a function of many

variables with corresponding ranges of possibles values for each variable,

F = f(ay, 29, 25, ...xN), (3.5.1)

with ranges R; for each z;.

We can have a mean value for each variable,

() :/Rl'if(l’l,l'z,...,J}Z',...,J}N)dx, (3.5.2)
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and its moments,

(") = / T f (1, B9y erny Ty oeny T )X, (3.5.3)
R

The integration is performed over the entire space of variable, {x;} for all i. The

correlation moment between two variables is also defined as

Co(zi,z;) = ((z: — () (25 — (2;)))
- /R(xi (@)@ = () (@1 Ty ooy Ty oy, ooy @)X

(3.5.4)

3.5.1 Permeability

In the previous chapter, we discussed the need for a statistical approach, specifi-
cally when considering the permeability.

The ideas for a multivariate distribution can be generalised to that of an un-
certain function, which enables us to introduce formally the statistical description
of the permeability function, when considered as a function of spatial position,
r. The statistics of the permeability are characterised, [21], by its mean value

function,
ko(r) = (k(1)), (3.5.5)
its variance,
ai(r) = ((k(r) — ko(r))?), (3.5.6)
and the permeability autocorrelation function, (P.A.F.), defined as a function of

two spatial positions, r1 and ra

((A(r1) = ko(r1))(k(r2) — ko(r2)))
o (1o (va) . (3.5.7)

p(I'l, I'z) =

This is essentially a measure of the statistical relationship of neighbouring per-

meabilities.

25



Mathematically, the P.A.F. ought to satisfy certain requirements, which are

1. approach of p(r1,rz2) to one, as r1 approaches ra
-we would expect the permeability at two points to be perfectly corre-
lated as those two points coincide,

2. approach of p(ri,r2) to zero, when ry and rg are separated by some
characteristic distance

-this characteristic distance is the correlation length, and is associated

with a particular model.

The P.A.F. can usually be assumed to be a function of separation only,

p(rl,rz) = p(I‘l — I'z), (358)

and a further simplification that can be made is that the P.A.F. is (statistically)

homogeneous,
p(r1 —r2) = p(| r1 —r2 |). (3.5.9)

The correlation length can be formally defined as

A= /OOO p(x)dz, (3.5.10)

and represents an intuitive measure of maximum distance over which the statis-
tical properties of the permeability are strongly correlated.

We have now introduced most of the statistical concepts that are needed in
the remainder of this thesis. Some additional theory concerning multivariate
distribution functions is described in chapter 7, where it is used in its context. In
the next chapter, we review methods for treating the problem of fluid flow in an

uncertain medium that were developed elsewhere.
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Chapter 4

Literature Survey

In this chapter, we review some of the literature that concerns the numerical
solution of differential equations that contain uncertain parameters. In particular,
we restrict our study to equations of a similar structure to those of our model

equations (2.2.1), (2.2.2), and (2.2.4).

4.1 Monte-Carlo Methods

Most numerical work that has been done up to this point in the practical area of oil
reservoir modelling, taking into account uncertainty in the equation parameters,
has involved a Monte-Carlo approach. The first attempt to employ this technique
was developed by Warren and Price, in their paper titled Flow in Heterogeneous
Porous Media, [41]. Subsequent work has been done, specifically in the field of
water flow in underground aquifers, in one-dimension by R. Allan Freeze, [23],
and in two dimensions by Smith and Freeze, [24].

Monte-Carlo techniques involve multiple generations of large sets of realisa-
tions of rock properties. The model equations in numerical, or discretised, form

can then be applied to each separate realisation in turn to give each particular
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solution for whatever properties are of interest, such as pressure or flux, that are
associated with that specific realisation. The statistical properties of the solution
may then be directly obtained from the ensemble of solutions for the realisations.
Those properties of usual interest are mean and variance/covariance, and also the
effect of the statistical properties of the uncertain parameters on the statistical
properties of the numerical solutions.

This is the general approach taken in [1], where 50 realisations of a two-
dimensional cross-section are generated. The results given are found to be over
optimistic estimations of the mean performance of the reservoir. In [22] different
probabilities are assigned to each realisation, and estimations of the probability
distributions are made. It is shown that finding the most probable realisation is
not a simple problem.

The advantage of Monte-Carlo methods is that the same numerical scheme
may be applied to each realisation, enabling the numerical errors to be assessed
and identified. Once the numerical results for each realisation are obtained and
collated, it is then a comparatively straightforward process to obtain the sta-
tistical properties of interest. For a reasonably large number of realisations, it
is feasible that any statistical property, such as higher order moments, of the
solution are available. This, in theory at least, allows a detailed picture of the
distribution function to be built up.

Any set of realisations generated for the purposes of Monte-Carlo simulation
must, of course, have the correct statistical properties. That is, their statistics are
required to have a broad similarity with the known, or assumed, properties of the
rocks under investigation. In most cases for the oil problem, we need to generate
the realisations from data given in the form of a correlation function. One paper

that succinctly describes this process is that by P. R. King, and P. J. Smith,
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entitled Generation of Correlated Properties in Heterogeneous Porous Media,
[34]. The general mathematical methods required to quantify and generate sets of
correlated random fields, are described, particularly using the nearest neighbour
model. The techniques investigated are especially appropriate when it is required
that the set of fields generated are done so over a discrete numerical grid.

The problems with using Monte-Carlo methods are that the accuracy and
convergence with the statistical solution parameters are partly controlled by the
number of realisations that need to be generated. The number required might
possibly be impracticably large, especially in terms of speed and storage for com-
putational purposes.

For the purposes of this research, we have restricted our consideration to an
investigation of more direct methods to find the statistical parameters of the
solutions. The emphasis has been on trying to find methods that allow a single
application of some numerical technique to produce directly an approximation to

moments of the distribution function of the solution.

4.2 Direct Methods

Much of the background work in the field of generalised linear stochastic operators
is presented by G. Adomian in his paper Linear Stochastic Operators [2]. This

paper concerns itself with equations of form,
Ly = x(1), (4.2.1)

where

n dl/
L=>% al,(t)dty. (4.2.2)
v=0

In the most general case, there is uncertainty contained in the coefficients a, ()

which are stochastic quantities. The term x can be thought of as the input
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function, which may, or may not be stochastic, and the general problem can be
thought of as identifying the uncertainty caused in y due to the inverted form of
the L operator acting on x(t).

This gives a clarification of the nature of the type of problems that we are
dealing with in this research. A typical stochastic problem [2] would involve
the x(t) term being a stochastic process, such as a white noise effect, and the
coefficients a,(t) being deterministic. We would then wish to investigate the
effect of the deterministic inverse operator L= on the stochastic process to see
how it effects the uncertainties in the behaviour of y(¢). Our particular problem
is different in that it is the coefficients a,(¢) that cause the uncertainty in y(¢)
and the input function may or may not be a stochastic term.

For the type of simplified flow problems we are dealing with, the coefficients,
which stem from permeability and porosity, are independent of time.

Adomian is able to deal extensively with equations of this sort in an analytic
sense, by consideration of the Green’s function and integral form for equation
(4.2.1). Some of the results he obtains are used in further research, particularly
when an analytic form of the equation is under consideration, such as in the work
of P. King, [33], which is reviewed in some detail in chapter 5.

Our background research on direct methods for stochastic solutions of the
oil reservoir problem, due to random permeabilities, began with Dupuy’s review
paper entitled Some New Mathematical Approaches for Heterogeneous Porous
Medium Studies [21]. In this paper, some techniques and results from two sets of
research, done by Schwydler and Matheron, are collated and summarised.

The contributions made by Schwydler are published in papers [43] to [47]. He

first formalises the idea of the permeability autocorrelation function, to describe
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a stochastic permeability function,

COU(I‘) _ <(k(X) — ko(X)) ;(k(Y) — kO(Y))>7 (423)

Tk

where r = |x — y]|.

For flow defined u, and given by u = —kVp, he defines the probable flow u*,

and flow deviation
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Most importantly, the idea of relative standard deviation of permeability and

flow,o}, and o/, respectively, are defined as

It is argued that the variance reduction factor,

(0.)*

L)

VRF =

~~

is a measure of the effective heterogeneity of the porous medium model with
regard to the flow considered.
Schwydler considers the permeability as a perturbation about its homogeneous

mean,

k(x) = ko + 7k (%), (4.2.4)

so that the pressure and flow may be expressed as a perturbation series about

their unperturbed, or deterministic, solutions ,
p(x) = po(x) + D p;(x), (4.2.5)
7=1
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u(x) = uo(x) + fj (%), (4.2.6)

J=1

By substitution into the flow equations, expressions for the analytic flow vari-
ance can be obtained, in terms of the analytic unperturbed pressure solutions,
and the autocorrelation function. By dividing by the unperturbed flow, the rel-
ative flow variance can be obtained and compared with the relative permeability
variance to give the variance reduction factor (V.R.F.).

The V.R.F.s for linear and radial flows are then formulated to give an idea of
local flow heterogeneities for these types of processes. Schwydler is also able to
apply these ideas, with some success, to a multi-well problem.

The work done by Matheron, with similar methods to Schwydler, is presented
in papers [37], [38], and [39]. He was able to make a significant contribution to
the evaluation of effective permeabilities.

By expressing the pressures and flows in terms of Green’s functions for the flow
equations, Matheron is able to make comparisons with an effective flow. These
can be expressed in terms of series involving relative variance of permeability with
geometric factors for different dimensions of flow under consideration. The sorts
of results obtained are comparable to those by Warren and Price [41].

Many results obtained by the two authors Schwydler and Matheron, are con-
firmed in later studies. Some of the mathematical formulations have proven
themselves to be invaluable for subsequent research, particularly some of the an-
alytic perturbation techniques, which we further develop analytically, and also
numerically, later in this thesis.

A more recent attempt at this problem is made by Dikow and Hornung, [19],
who study some further analytic properties of the homogeneous version of the
model equation, (2.2.2), and also develop series terms for the flux, but with

slightly different assumptions about the form of the random permeability func-
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tion. The precise form of equation they investigate is
V(kVp) =0, (4.2.7)

with mixed boundary conditions, p = pg on S, and g_i =0 on T, where SUT
makes up the boundary of the region G under consideration. The assumption
made on the values of the permeability & is that for all spatial positions it has

the limits,
1
i

<k <y,

where p is some constant that defines the limits of all admissible realisations for
permeability £. A unique weak solution can be shown to exist for all possible

realisations under this constraint, [40].

The random flux, (), is defined by
Ip
= [ k— -dS.
© / On
The permeability is assumed to have the form

F(x) = ko(x)eap(£(x)). (1.2.8)

where £(x) is a random function with mean value 0, and a given covariance

cov ({(x),{(y)) = R(x —y), (4.2.9)
such that
where
A =lInp.

The random total flux can then be expressed as

QO = Qo+ Q4(O) + 5Q5 + . (1210
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where, (), Qf, and () have explicit forms, Q) being a linear functional of &, )y
being a quadratic functional of £, and an explicit bound existing for the remainder
r. The theory developed in this paper enables these moment terms for the random
total flux to be calculated explicitly. Also, an expression for the variance of @
can be obtained.

The results achieved here are far more rigorous than those of Matheron and
Schwydler, [21]. Knowledge of the existence of these quantities has proved invalu-
able in subsequent research, as we are now able to proceed to develop techniques

for solving these quantities numerically.

4.3 Groundwater Modelling

There is far more literature connected with flow in uncertain media in the area of
groundwater modelling than in the field of oil reservoir modelling. We mention
here some of that work that has proven useful in our studies.

R. Allan Freeze [23] applies Monte-Carlo methods to one-dimensional ground-
water flow problems in a non-uniform medium.

B. Sagar [42] considers flow though a random porous medium with a Galerkin
finite element discretisation.

The equation under consideration is a time dependent version of the water
flow equations,

oh

V(IVh) = o= W. (4.3.1)

where T' is the transmissivity tensor, h the hydraulic head, S the coefficient of
storage of the aquifer under investigation, and W is some forcing function.

By consideration of the weak form of these equations, a matrix equation may
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be formed,

dB
GB+ P =F, (4.3.2)

where B is the vector of solution parameters, and G is a matrix with coefficients
dependent on the discretised uncertain transmissivity. Using a finite central dif-

ference discretisation in time, the equation is reduced to the form,

Cu=D (4.3.3)

where the problem becomes one of inverting the matrix €', which has uncertain
elements whose statistical properties are known. We tackle a similar problem to
this in Chapter 7, but Sagar in [42] employs rank one updates to change the inverse
elementwise, so that the mean of €~ may be found. The first two moments of
the solution distribution function can then be approximated. A simple example
is presented.

A few other authors have tried to approach the problem of finding inverse
forms for the sort of uncertain matrix equations as in equation (4.3.3). Some of
the more recent of these include Townley and Wilson, [49] and Hoeksema and
Kitanidis, [31]. These techniques involve linearisation of the Taylor expansions
for the inverse matrices and applying first order sensitivity analysis. This allows
for numerical results for mean value and covariance matrices of head values to
be obtained. Townley, [48], extended the approach to include second-order terms
in the mean head values, which permits a better estimate of how accurate the
technique may or may not be. A similar line of work has been employed to
attempt to solve the steady-state oil problem presented in chapter 7, where the
second order terms are again included in the probabilistic approach. In this case
the emphasis is placed on solving larger sets of equations.

McKinney and Loucks [35] apply the idea of first order uncertainty analysis to
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the Galerkin finite element discretised water flow model equations, using a sensi-
tivity matrix. Approximations for mean and variance/covariance of the solutions
are found, and favourable comparisons are made with Monte-Carlo simulations.

Graham and McLaughlin, [30], explore, in detail, transport equations for a

conservative flow in an uncertain environment

gc 9 0 [D~&] =0, (4.3.4)

o) " o
where ¢(x,1) is concentration, a non-stationary random function. The pore ve-
locity, v;(x), is a random function.

Expressing the pore velocity as a perturbation function about its mean value,
writing the concentration as a perturbation also, and substituting these two terms
into the transport equation allows coupled equations for subsequent moments to
be developed. These analytical equations can then be solved and compared with
Monte-Carlo simulations.

Much detailed and varied work has been done in the area of groundwater
flows, with uncertainty taken into account, by G. Dagan in papers such as [13]
to [15], and many others. Some of the principles are summarised in the book
entitled Flow and Transport in Porous Formations [16].

The broad approach Dagan employs in this field is a predominantly analytic
one, and can be best illustrated by a look at [13]. Here he explores the equations

for solving for the random head field, A,
u=—kVh, (4.3.5)

and the continuity equation,

Vu = R(x), (4.3.6)

on a domain D, subject to appropriate boundary conditions.
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Combining these gives

V(kVh) = —R(x)

or in logarithmic form,
V2h + VY - Vh = —e " R(x), (4.3.7)

where Y is the log of the transmissivity, K, and R is rate of recharge.
These equations can be written in integral form using Greens’ functions, for

example, [11],

h@yi/WY@yVMfﬂafof

__—/m aGXXMf+/a”ﬂmfm@wa (4.3.8)

where hj(x) is the boundary value.

Dagan forms a perturbation expansion of this equation, to give arbitrarily
high order terms in the expansion. As before, this method allows explicit formu-
lae for expansion terms which can be averaged to give analytic terms for mean
and variance. The contribution of this paper is to consider conditional, as op-
posed to the usual unconditional, probability distribution function. This is in
order to represent points at which a complete knowledge of the field is precisely
available, usually at a limited number of points, such as where wells have been
drilled. By application of conditional p.d.f.s and moments to the equations for
the perturbation series terms, conditional means and variances are developed.

Figures for effective conductivity in the conditional and unconditional cases
are obtained and compared. The difference between the two quantities is of
particular interest.

The calculations are done in one and two dimensions, with both linear and

radial flows, and finally in three dimensions.
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The introduction of conditional probabilities into this area of study, so that
conditional effective permeabilities and variances may be compared with the un-
conditional versions, is very interesting in the context of this research. Application
in oil reservoir modelling would clearly be of interest in cases where knowledge
of rock properties from borehole samples from a small number of production
wells needs to be taken into account. The reduction in variance is particularly
important.

In subsequent papers, Dagan further investigates uncertainty problems. Many
of his analytic results may prove interesting to investigate in a more practical or
numerical context in the future. These analytic results are based on an implicit
assumption of the existence, or at least availability, of analytic solutions to the
deterministic case. In this thesis the assumption that the analytic solution is
readily available is not necessarily made, which we feel allows a more physical
approach to problems, as encountered in a practical sense.

In recent years there has also been some considerable work done in specifically
spectral-based perturbation techniques. Some of these include those by Gelhar
and Vomvoris, [28], Gelhar and Axness, [27], Vomvoris, [50], and many others.

Gelhar and Vomvoris, [28], employ a spectral based perturbation technique
to find concentration variability in a three-dimensional aquifer. This results in
a highly anisotropic covariance function for the concentration, with very large
correlation lengths aligned to the mean flow direction. The authors were able to
show a significant decrease in the unusually large longitudinal correlation length
when the input In K spectra had their high wave number values omitted. It is
noted that some of the analytical results obtained for the covariance function
here can be tentatively confirmed by much of the general numerical behaviour

observed by Graham and McLaughlin, [30]. It is felt that more practical work in
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this area could be pursued in the future.

In the paper of Bellin, Salandin and Rinaldo, [9], an effort is made to draw
together some of the differing approaches employed in this area and to make
comparisons of their effective usefulness. Some aspects of numerical analysis of
dispersion of flow in a heterogeneous porous medium are discussed. Of particular
interest is the accuracy of approximations in some of the previously developed
first order theories, such as that of Dagan, [16], and the convergence of some of
the computational results. For example, different rates of convergence were found
for Monte-Carlo simulations for different spatial moments, and assessments of the
required number of simulations for convergence to be obtained for second order
moments is made and found to be large, even in the case of relatively mild hetero-
geneity. Unexpectedly favourable comparisons between linear theories for mod-
erately heterogeneous formations and Monte-Carlo simulations when solving for

variances are found, and some explanations for these observations are obtained.

4.4 Effective Permeability

A number of people have done research with the emphasis on establishing mathe-
matical formulations of effective values of permeabilities for flow in porous media.
Gutjhar et al, [6], found that the effective conductivity is the harmonic mean in
one-dimensional flow, the geometric mean for two-dimensional flow, and (1 + UJ%)
times the geometric mean for three-dimensional flow. Some of their results are
replicated, only more rigorously and in more general cases, by P. King, in [33].
This paper is be reviewed in more detail in Chapter 5. Drummond and Horgan,
[20], are able to replicate some of the values for effective permeability by two

different methods. One is a perturbative method, as before, but they are also
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able to apply a simulation method that is shown to give good agreement with
other methods. It is envisaged that the simulation method might be appropriate

in cases where the standard perturbation methods cannot be implemented.

4.5 Conclusions

There is a great deal of background literature in the field of porous flow in un-
certain media stemming from groundwater flow models. Although most of these
ideas have not been extensively applied to oil reservoir modelling, there is no
reason why this could not be done.

However, virtually all this literature adopts analytic methods for the solution
of the model equations. The assumption behind this is that analytic solutions for
these equations are freely available, something that is not necessarily true in most
practical applications. It is the aim of this project to produce numerical meth-
ods, adapted from simulation techniques for deterministic equations, to evaluate
statistical data about the solutions. Present literature indicates, to some extent,
how the jump from deterministic to stochastic solutions may be made, but there
is hardly any that demonstrates precisely how this can be done when working
with numerical simulation models for oil reservoirs.

There have recently been published several books that review the entire sub-
ject, especially from the point of view of groundwater modelling in an uncer-
tain environment. Among the best of these is that by Dagan, [16], which has
already been mentioned, and L. W. Gelhar’s Stochastic Subsurface Hydrology,
[26]. Gelhar’s book contains chapters reviewing much of the current work al-
ready described in this chapter, especially that of the author, with extra chapters

that emphasize the transport processes in strongly heterogeneous media. Rather
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importantly, some limited indication of numerical extensions to all the analytic
methods introduced here are reviewed also. This at least allows the reader to
gain some limited insight into the important jump from numerical deterministic
approaches to full probabilistic numerical techniques, which in the context of this
research, can be regarded as the ultimate aim of this field of study.

In the next chapter, we review and then attempt to extend the work of P.
King. This is one of the first steps taken in this research project. The general
difference between the jump from deterministic to stochastic in an analytic case
and a numerical case is illustrated by the way in which this chapter differs from

subsequent chapters.
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Chapter 5

Extension of P. King’s Work

In this chapter, we review, and then attempt to extend, the work done by Dr. P.
King [33], entitled "The use of field theoretic methods for the study of flow in a
heterogeneous porous medium”.

In this paper, an integral equation for the Green’s function is developed.
A perturbation series is obtained, and this is expressed using field theory by
diagrammatic means. This allows the entire series to be averaged and summed
up. The averaged Green’s function is then equated with the deterministic form
to obtain an effective permeability in a renormalised form.

As an extension to this work, we consider the extension to a time- dependent
version of this model equation. By considering the Green’s function of this equa-
tion, Fourier transformed in time, we are able to show that it satisfies the same
equation as the steady-state Green’s function. The same diagrammatic series
technique could then be employed to perform the entire summation of the aver-
aged series. It was intended that this would enable us to develop a time-dependent
effective permeability, the main problem being how to invert the Fourier time-
transformed effective permeability. We attempted to invert this with contour

integration, but found eventually that this was not a suitable approach. It was
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concluded that there may be ways of making use of this technique in the future,

but they have yet to be explored.

5.1 P. King’s work

Throughout this chapter only, the permeability is denoted by K, instead of k, in
order to maintain consistency with the notation of King.

The model equation under consideration is the steady-state equation (2.2.2),
V(KVp)=0.
The Green’s function for this equation is defined by
Ve (K(r)VG(r,v') = 6(r — 1'). (5.1.1)
The pressure is then given as

p(r) =q- / G(r,1')dS. (5.1.2)

To solve equation (5.1.1), King considers a perturbation y(r) about a homoge-
neous medium, Ky, which is assumed to have a corresponding Green’s function,
known throughout as the deterministic, or "bare” Green’s function, Go(r — r').
This has the familiar form, as in standard Green’s theory, for example, In|r — r/|

in two-dimensional problems, and satisfies
KoViGo(r —1') = §(r — v'). (5.1.3)

So then, the full Green’s function satisfies,
KoViG(r,r') = §(r — ') — KoVy (y(r)VyG(r, 1)) . (5.1.4)

By multiplying equation (5.1.4) throughout by Go(r — r”), and integrating over

all v space, this equation can be transformed into an integral equation of the
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form
Gr,r') = Go(r — 1) — / Gt — t") Ko Vyny(2") G (2", 1) ", (5.1.5)

It should be stressed that this action of multiplying by the Green’s function and
integrating is equivalent to the inverse operation of the operator Ko V2, stemming
from the form of equation (5.1.3).

Written in Fourier transformed form, this gives the form required,

G5, k) = Go(3)6( + k) + Go(j) / dldmK, ((1+m).m)§(1+m — j)5(1)G(m, k),

(5.1.6)

where the Fourier transforms of G and y are denoted by G and 7y respectively.
This enables a series to be generated.

The deterministic Green’s function for the homogeneous mean is known to

have the following form in Fourier transform space,

A 1
Coll) = ~ s

(5.1.7)

It is argued that if the mean behaviour of the heterogeneous medium is that
of a homogeneous one with an effective permeability, then the averaged Green’s

function would have the analogous form,

(G =~ an

where K.sy is the effective permeability of the entire heterogeneous medium.
Evaluating terms for moments of the lognormal distribution, allows the series

generated by equation (5.1.6) to be summed diagrammatically, [33], giving derived

solutions of the form

(Gk) ™ = Gl (k) = Yk, (5.1.9)
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where 3~k is called the self-energy term, [33]. The expression for the self-energy

term obtained is

Sok= K2 [ dik-§)(k = §)Cio(3). (5.1.10)
Here, p(k — j) is the Fourier-transformed spatial correlation function considered
in this context to be a real function with a real argument.

So, by equating equations (5.1.8) and (5.1.9), King gives the form for the

effective permeability of a heterogeneous medium, [33], as

> (k)
kK2

Koy = Ko+ (5.1.11)

King found this term, when evaluated, to agree perfectly with that obtained by
Gutjahr at al [7]. That result, however, is obtained by a truncated perturbation
series in limited dimensions. The significant aspect of King’s results in [33] is
that no limiting assumption about the dimensions is made, and that the second
order truncated series is shown to be stable to higher orders.

Writing the expression for covariance,

o,(r1.r2) = (p(r1)p(rz)) — (p(r1))(p(ra)).

in terms of Green’s functions, from (5.1.2), enables series terms for the covariance
to be obtained also.
A degree of agreement with previously-obtained results, such as those from

Bakr et al [5], is again observed.

5.2 Extension of Concept

In this section we consider the effects of introducing some time-dependence into

King’s approach. Our main aim is to find a time-dependent effective permeability,
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using parallel steps to those in [33]. We consider the following extended equation,

% + V(K (r)Vp) =0, (5.2.1)

which is a simplified and adapted version of our model equation, (2.2.1).
Again, we are trying to find the Green’s function for this equation. This is
defined to satisfy

%_C; V(K (2)VaG) = 6(r — )6(t — 1), (5.2.2)

where the problem is assumed to be static, and
G =G(r,r',t —1t').
Consider K (r) to be a perturbation about some mean value, of the form
K(r) = Ko(1+y(r)). (5.2.3)

The bare Green’s function, in this context, can be defined to satisty,

% + KoViGo = 6(r —v')é(t — 1), (5.2.4)

where we assume Gy = Go(r — 1/, t — ).

Taking the Fourier transform of (5.2.4) in space and time gives
iwGly — Kok*Go = 1. (5.2.5)

We define the time Fourier transform of ¢ to be &, and the Fourier transform in
space and time of G as G. Thus,

1

Colk,w) =

(5.2.6)

So, we are seeking a form for the "full” Green’s function, that, when averaged

over all possible realisations for y, is of the form,

1

(G(k,w)) = o — Ko k2

(5.2.7)
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Returning to equation (5.2.2), with K (r) substituted as Ko(1 4+ y(r)), we find

oG

S+ KoViG+ KoVa(y(r) V@) = 8(r = x)5(t = 1), (5.2.8)
SO
oG - 72 ! ! -
Sr A+ EoViG = 8(r = )8(t — 1) — KoVi(yVsC). (5.2.9)

which can be re-expressed as

(% + KN%) G=068(r—r)o(t—1t') — KoVi(yV:G). (5.2.10)

Now, from (5.2.4), we see that the action of the inverse operator (% + KoVt
is the same as multiplication by the bare Green’s function and integration with
respect to space and time. It can therefore be deduced that another form of

equation (5.2.9), obtained by multiplying by (% + KoV2)~! on both sides, is

G(r, v’ ¢, 1)
= Go(r—1';t-1t)— Ky / / Go(r — "t — " \Veny(x")VenGx” ¥/ 1 )P dt".

(5.2.11)

Making the assumption that the full problem is static, so that K(r) does not

vary in time, we have

G(r,v' t,1) = G(r,x',t — 1),
SO

G(r,x' t —t')
= Golr—1';t—t)— Ky / / Go(x ="t =" \VpnyVen G v/ ¢ — )& dt" .

(5.2.12)

We now consider taking the time Fourier transform of the Green’s function,
/ Golr — 't — #)e= 0= d(t — 1) = Go(r — 1, w).
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with great care taken when changing variable. Equation (5.2.12) may then be

re-written,

G(r, v/ w) = Go(r — ', w)

N [(0 / {//GO(I' . I'/,t . t”)VrueruG(r”,r,t” . t/)dSI'”dt”} e—iw7d7_7

(5.2.13)
where 7 =t — /. Now, consider the integral I, where
I= //Go(r — 1t — ")y VenG(e" v, " — ) dr"dt".
It we call
5 = t// _ t/
then
dz = dt”,
and
L = t—t/—t”—l—t/
= t—t' -z
= 17—z
Therefore
I(r) = / / Go(r — 1,7 — 2)Vany (r") Ve G (e, ¥, 2)dr"dz. (5.2.14)

But note, this is in the form of a simple convolution, and when we take the Fourier
transform of (1), we are just left with the product of the two Fourier transforms

within the integral. Thus,
FT.[1] = / Co(r — 1", 0) Vi (2" ) Vi G (2", 1, 0) . (5.2.15)

48



So, if we write out (5.2.13) in full, we obtain,

G(I‘,r’7w) — GNO(I' o r/7w)
- / éo(r — I'”7 w)[&’ovr//y(r/’)vr,,G(r”7 I'/, w)d?’r”

(5.2.16)

Thus, the Fourier transform in time of the time dependent Green’s function
exactly satisfies the same equation as the Green’s function for the steady-state
equation (5.1.5), in [33]. This is considered a very interesting and significant
result. Equation (5.2.16) is quite general, and so any techniques used in solving
the steady-state problem in [33], may be re-applied to each frequency mode w to
give a solution for the averaged Green’s function as in the steady-state case.

We apply the results from equation (5.1.9)
A 5 -1
(G)™" =G =k,

where,
Sok= K3 [ (k-§)2(k = §)Coli)ds.
Using exactly the same techniques and arguments, and treating the frequency as

a parameter (or each frequency mode separately), as in [33], we obtain the form

of this equation for the time-dependent case as

s -1

(Glk,w) ™ = Go (kw)— Sk, (5.2.17)

where

Sk o= K[k 570k~ )Golk, )

. . . 1
= 1&3/613‘1(10‘1)2

Fo— o2 (5.2.18)
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5.2.1 One-dimensional Example

We consider here a one-dimensional example of this idea. It ought to be fairly easy
to extend the results, for this case, to three dimensions. The equation governing

the behaviour is

op 0 (.. Op\
= T (A(x)—) =0, (5.2.19)

K () being the one-dimensional heterogeneous permeability, and Ky its homo-
geneous mean value. The main problem is in calculating the self-energy term,
equation (5.2.18). The added problem now is that it contains both a real and
imaginary part. It is hoped that the imaginary part can be included with the ww
term, in the bare Green’s function, in some way to give a fully averaged Green’s

function of the form,

1

(G k) = (@t a) — Ko k2

(5.2.20)

Consider (5.2.18) for the one-dimensional case,

. o . 1 .
>k = [‘g/kQJQP(k—J)de

o Kai?
_ Kokz/_ OISk — )dj

0 W — [(sz
= Kok? /OO i — Koj- o(k — ) Csk— )b dj
I S [ W 7oV L P OV

_ _Kok2{/°o ik — 5)dj —/OO L,z[)(k—j)dj}. (5.2.21)

—00 —oo TW — [(0]
The first term in (5.2.21) is easy to cope with because, if 1 is defined as
L= [ k=i,

then, by a change of variables to [ = k — 7,

L o= —/00_00/3(1)611
— /_0; Al)di

= p(0), (5.2.22)
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(that is, Iy = p(r = 0) )by inverse Fourier transform, as in the appendix of [33].

Now consider the second term of (5.2.21), defining

00 w . N
L= — k= j)di

oo W — [(0]

We use calculus of residues to attempt to evaluate this. So,

. o ~ k— .

Ko J=so (22 = j?)

iw oo plk —j) -
_ W d

Ko/ J5

—co ( [ (i +1) —j) ( [ (i + 1) +j)
or, by setting ag = 1/ﬁ(i +1),

iw [ plk—7j) :
I = —,/ ; _dj. 5.2.23
oW S ey P 5223

To perform the integration, we need to integrate around the edge of the top
half of the complex plane, along an infinite semi-circle, denoted as C'. We assume
the semi-circle has radius R, and that R — oo. Note here, that p is being treated
as a complex function. This is due to the fact that it is now a function of a
complex argument.

We have considered the two most straightforward cases for the form that p

might take:
1. p(k —j)is wholly analytic within the region enclosed by C' (this is not
likely).
2. p(k — 7) has a finite number of simple poles in the region enclosed by

the contour C, denoted by ay, as, as,...a,.

If results for these two cases can be obtained, it is hoped that we can generalise

the results to the more complicated cases which would be:

e finite number of multiple poles,
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e infinite number of simple poles, and

e infinite number if multiple poles.

Case 1 implies that the integrand has one simple pole contained within the

upper half of the complex plane, at ag. The residue is then given by

k=)
Jim (5 — ao) (G0 — (a0 1 7) (5.2.24)
_ _ﬁ(k — ag)
2@0

p(k=G+10)y7)
(i+1)/2

(5.2.25)
And so,
A k _ N
j{ p(. 7) — = 2711 x residue
¢ (a0 — j)(ao + j)
Ko, - d
T 2w(l ) P( (14 1) 2[(0)
(5.2.26)

If we assume Jordan’s lemma [3] is satisfied, then the contribution of the

infinite semi-circle to the integral is zero, and

f.=L

Then

/A)(k—j) [X’o . A . w
fc(ao—j)(ao—l-j):ﬂ- Z(_l_l) p(k—(l—l—l) 5K

Hence




and

Sk = — Kok {p(()) +(i— m& 5 (k — (i +1) 2}”(0) } (5.2.28)

In case 2, p(k—j) has a finite number of simple poles at points a1, az, as,...a,,

with corresponding residues by, by, bs,...b,. Then, by an expansion theorem and

use of the formula

o(k
j{p(i[&)dj = 2mi X »_residues, (5.2.29)
0J

we find

-0 W — [(sz

Ky 11— |
= omi{—y) =2 5 (k—(i+1),/ 2.
7”{ 2w< 2 )p( (i+1) 2[’)+;%—an} 5.2.30)

(5.2.31)

where

by = lim (j — a,)p(k — j).

J—an
This result is known formally as Mittag Leffler’s expansion theorem, [3] and [4]
Note the extra set of terms in expression (5.2.31) compared to (5.2.28) are

the summation terms,

Ko = —iz —a)
LNl )
- ;(%Jra%) b, (5.2.32)

Although fairly complicated, this expression makes little difference to the

structure of the self-energy term in equation (5.2.28).
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A sensible model for the p(k — j) function might contain one simple pole in
the upper half of the complex plane, in which case the self-energy takes on the

following form,
>k
2 W
2rw (a + T)
= Kok? 1 1/LA<k— : 1,/“) "L b,
‘o p(0)+ (l )ﬂ- QI(Op (l + ) 2K, + Ky (W_2 + a4)
K2

(5.2.33)

Further useful progress is not now possible without assuming a specific form
for the autocorrelation function. We find that this presents a difficult problem

2
#, do not

in that the types of function assumed in [33], notably of the form e~
satisfy the Jordan’s lemma, so that the contribution from the infinite semi-circle
is patently non-zero.

We must either consider alternative forms for the autocorrelation function,
or an alternative method of evaluating the self-energy term. This work was not
pursued further, but it was certainly felt that this line of approach ought to be
continued in the future, and may give useful results.

There is also the possibility of using a Laplace transform in time, as an al-
ternative. This was explored, but no useful preliminary results were obtained;
however, a fresh approach might prove useful.

In the following chapter, we review and extend work done on an ordinary
differential equation, containing uncertainty. The main interest is, again, on how
the uncertainty in the solution is effected and changed by the progression of the
solution, both analytic, and numerical, in time. We then go on to consider in

detail the behaviour of the discretised model equations for both the steady-state

and time-dependent cases.
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Chapter 6

Analysis of a Stochastic

Ordinary Differential Equation

In this chapter, we summarise, and extend some earlier work that was completed
in order to satisfy the requirements for an MSc dissertation, [17]. All the work
summarised in section 6.1 represents a review of that from the MSc dissertation,
[17], and it is not intended that this section forms part of the requirements for
the research project.

The work in this chapter provides an introduction to the research project as
a whole, and turns out to give some valuable insights into the general statistical
behaviour of these sorts of equations. Some of these ideas are included in further
consideration of the more complicated partial differential equations studied in

subsequent chapters.

6.1 Mass Balance Model

We consider the simple form of the model equation (2.2.4)

g+ rky = f(1) y(0) = 0. (6.1.1)

)



Due to the comparative simplicity of this o.d.e., we can obtain directly a closed

form of the solution,

y = /Ot "0 f(7)dr. (6.1.2)

6.1.1 Mean Value of Solution

The mean value on either side of equation (6.1.2) can be taken, to allow the mean

value of the analytic solution to be expressed as

(yit) = [ () siryan (6.3

We note that (6.1.3) can be written in terms of the moment generating function

of the distribution,
¢
(1) = [ G(=ir = )f(r)dr. (6.1.4)
from the basic definition of the moment generating function, (3.3.1). This can

then be compared to the quantity defined in the introductory chapter, chapter 2,

as the intuitive or deterministic solution,

g(t) = /Ot T f(7)dr. (6.1.5)

The difference between the mean value of the solution, (y(¢)), and the deter-

ministic solution g(#), is defined by

ey(t) = /Ot {(e“(“t)> - e(ﬁ)(f—t)} F(r)dr
_ /Ot {i«w RV Gl } F(r)dr. (6.1.6)

n=2 Iu’

To proceed, we need to evaluate the moment terms in equation (6.1.6), for
which, in general, we do not have explicit forms. However, if we limit consid-

erations to specific distribution types, such as Gaussian, we can at least obtain
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recurrence relationships for successive moments. For example, for a Gaussian it
is found, [17],

(") =(n — 1)02<:1;”_2> + <:1:><:1;”_1> (6.1.7)

This allows the first few terms in equation (6.1.6) to be summed up, giving

(6.1.8)

This series can be considered quantitatively to see that e,(?) cannot be guaranteed
to be equal to zero at any time, particularly as t — oc.

At this point, it is not possible to sum up these infinite series completely.
However, later work provides better insight into their general behaviour.

For the Gaussian case, we are also able to make use of the property of the

cumulants, &,, in that,

log(G(x)) = irés — Tb

2
= (k) — :1;_02‘

2
Therefore,

2

Glz) = exp (ix(@ - %02) . (6.1.9)

So if, for simplicity, we take f(¢) = 1, for all time, so that

(y(t)) = /Ot e:lip{</<;>(7' — 1)+ M} dr, (6.1.10)

and we compare this with the deterministic solution,

(1) = %(1 e,

then we could argue that ¢(¢) was a valid approximation to (y(¢)), but only in

the region [0, 1], where

(6.1.11)



6.1.2 Development of Probability Distribution Function

We also explored in [17] the analytic development of the p.d.f. of the solution of
model equation (2.2.4) in time.

First, we assumed that an incremental probability that « takes a value within
the range x and k + dk corresponds to the probability that y lies between y and

y + dy, at time ¢, so that
pe(r)dr = py(y)dy. (6.1.12)

Then, we can obtain an equation for the p.d.f. of the solution, of the type

dr
poly) = puln) o
¥
pr ()
= — (6.1.13)
dk
The term 3—Z can be extracted from the closed form of the solution, (6.1.2), so
that
pu(x) (6.1.14)

") = i = e (e

In [17] quadrature rules are used to obtain experimental results for plots of

p.d.f. of the (analytic) solution with respect to time.

6.1.3 Experimental Results

We present here some examples of the plots obtained in [17]. In each case, figure
(a) shows plots of the p.d.f. of the solution at different time intervals. The figures
(b) show the behaviour of the mean value of the solution, and the deterministic
solution plotted against time.

Figures 6.1.1(a) and 6.1.1(b) present the results when x is assumed to have
a Gaussian distribution, with mean value 0.0 and variance o? = 4.0, and forcing
function f(?) equal to 1.0 for all time. The p.d.f. plots are plotted at time

intervals of 0.125 seconds each.
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In figures 6.1.2(a) and 6.1.2(b) we see a similar case to 6.1, but with much
smaller variance, o = 0.25.

In figures 6.1.3(a) and 6.1.3(b) we see a similar case again, but this time the
mean of « is 1.0, with a Gaussian p.d.f., of variance, o = 0.25.

In figures 6.1.4(a) and 6.1.4(b) the forcing function is of the form F(t) = ¢*,
with (k) = 1.0, with a Gaussian p.d.f., variance o = 0.25.

The last figures, 6.1.5(a) and 6.1.5(b) & has a uniform distribution form, with
mean value (k) = 1.0, and variance o* = 0.25. The forcing function is a constant

one, F(t) =1.0.
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Figure 6.1.1(a) Solution p.d.f. plotted at 0.125 sec. intervals,

(k) = 0.0, 62 = 4.0 Gaussian distribution and f(¢) = 1.0.

Figure 6.1.1(b) Plot of (y) and ¢ against time.
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Figure 6.1.2(a) Solution p.d.f. plotted at 0.125 sec. intervals,

(k) = 0.0, 62 = 0.25 Gaussian distribution and f(¢) = 1.0.

Figure 6.1.2(b) Plot of (y) and ¢ against time.
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Figure 6.1.3(a) Solution p.d.f. plotted at 0.125 sec. intervals,

(k) = 1.0, 62 = 0.25 Gaussian distribution and f(¢) = 1.0.

Figure 6.1.3(b) Plot of (y) and ¢ against time.
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Figure 6.1.4(a) Solution p.d.f. plotted at 0.125 sec. intervals,

(k) = 1.0, 62 = 0.25 Gaussian distribution and f(t) = ¢2.

Figure 6.1.4(b) Plot of (y) and ¢ against time.
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Figure 6.1.5(a) Solution p.d.f. plotted at 0.125 sec. intervals,

(k) = 1.0, 62 = 0.25 uniform distribution and f(¢) = 1.0.

Figure 6.1.5(b) Plot of (y) and ¢ against time.
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In figure 6.1.1 we see data where the mean value of k is zero and there is a
comparatively large dispersion, o? = 4.0. As expected, the mean value of the
solution diverges away from the deterministic solution, g, almost immediately,
with 7 being analytically linear. The initial movement of the p.d.f. is in a
positive direction, accompanied by its dispersion. After a while, it comes to a
halt, with a peak value of 0.5, which is rather surprising, since it implies a high
probability of the solution tending towards this value as the time increases, even
though the mean and variance increase unboundedly.

In figure 6.1.2, the mean value of « is again zero, with a comparatively smaller
variance than in 6.1.1. Accordingly, (y(t)) diverges away from g(¢) much less
drastically at first, owing to the higher value of ¢;, in equation (6.1.11), when
plotted on the same scale. This behaviour also accounts for the fact that the
p.d.f. moves further before coming to a stop, with peak at about 2.3.

Figure 6.1.3 shows behaviour when (k) has a non-zero value, with the same

variance as 6.1.2. The deterministic solution has the analytic solution
g(t) =1- e_tv

and tends asymptotically to 1.0. For time less than 1.0, the deterministic solution
does approximate (y(1)), in accord with expression (6.1.11), but there is rather
extreme divergence after this. The p.d.f., plotted at time intervals of 0.25, tends
to a fixed profile, as in the previous two figures, reflecting the behaviour of y(?),
There is less dispersion, though, as this is to some extent, connected with the
distance travelled by the p.d.f.

In figure 6.1.4 g§(¢) tends asymptotically to ¢* — 2t + 2. This demonstrates a
case where both the deterministic solution, and the mean value grow unboundedly
with respect to time. They do so, however, at considerably different rates.

In the last figures, 6.1.5, we see what is arguably the most interesting be-
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haviour. There is convergence of both the deterministic solution and the mean
value, but to different values.

For some of the results, notably those in figures 6.1.1(a) and 6.1.1(b), and
figures 6.1.3(a) and 6.1.3(b), we can see an apparent stabilisation of the solution
p.d.f. whilst the mean increases unboundedly. This is due to the effects of the
tail of the distribution always making a contribution to the mean value as time
increases. It could be argued in this sort of case that the deterministic solution
y gives a better reflection of the dynamic behaviour of the distribution function

than the actual mean value (y).

6.1.4 Numerical Approach

The effect of applying a numerical scheme to the model equation is also investi-
gated in [17].

It is shown that when applying a numerical scheme to both the mean value
of the solution and the p.d.f. of the solution, the convergence is of same order
as the convergence achieved when applying the same scheme to a deterministic

problem [17].

6.2 Further Analysis of Model O.D.E.

The work in this section is an extension to the previous MSc work, [17], and was
done as part of the main research project. We use a form of one-dimensional
sensitivity analysis, which enables the series terms of the type in (6.1.6) to be
investigated further. For a general value of k, consider the solution y for a fixed

time as an expansion about (k),




_|_

| = ()" i)

n! OK™

(6.2.1)

Assuming uniform convergence of the series in equation (6.2.1), we can take the

mean over all possible values of «, on either side of this equation, to obtain

(5~ (5)) Py((x)
() = () + LR

(v = (e))") "y (Ur)) (6.2.2)

n! OK™

The term of particular interest is the difference between the mean value of the

solution and the deterministic solution,

(i) — win)) = 3o A,

n=2

(6.2.3)

where v, is the n'" corrected moment, ((x — (x))"). The time dependence is
contained within the derivatives of y, and must be considered carefully. This is
an example of one dimensional uncertain stability analysis, as in [35].

Equation (6.2.3) is true for any general s distribution, defined by mean (&),
and corrected moments {v,}. It is now illustrative to consider the effect of sub-
stituting specific distributions. If the distribution is symmetric about the mean,
the shifted moments for n odd are equal to zero from chapter 3, equation (3.4.13).

So, for a symmetric distribution function, equation(6.2.3) becomes

(o)) — p((r)) = 3 Lam O 0R)) (6.2.4)

= 2m!  Or?m
For simple distribution functions, fairly straightforward, explicit formulae for
the 2m!" shifted moments can be obtained. For a Gaussian distribution, with

variance ¢, from [17],

_ (2m = 1D)le?™

For a Uniform distribution, defined as

Lok — A<k <(k A
o] W (s) +

0, otherwise,

67



we have

A2m
m = IN. 2.

6.2.1 Example: A Uniform Distribution

Considering the behaviour for a uniform distribution first, we find that equation

(6.2.4) becomes

m=1
= gy(le))
mZ::l(Zm—l—l)! or2m -

(6.2.7)

The important question is does this series converge? The answer can easily be

obtained by looking at successive terms in the series and employing the ratio test.

If we find that the differential term 827;3’

dK2m

equals zero for one particular, and all
successively higher terms, we are left with a finite series which is, by definition,
convergent. It is important to state when employing the ratio test that it is only
the limit of successive terms that we must consider, and cases where individual
terms are zero result in a truncated series, where convergence can be assessed by
consideration of the limit of the ratio.

If the series is written as Y.~ a,,, then, the ratio of absolute value of succes-

sive terms can be written

apal AP [0 ()| @m )
lam| — Cm+ 3| 9klmt) A | 227y((k))
Hr2m
2m+2) (4
B A2 ‘aaﬁﬁérﬁ
C(2m43)(2m +2) | 2Zrulln)
If we substitute b, for ﬂgﬁ%ﬁ , then
|Clm+1| B A? bzm+2

lam] — Cm+3)2m +2) by (6.2.8)
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where A? is finite, by definition of the original distribution. Now let us make the
assumption that b%—’:‘*ﬁ is bounded for all values of m. Therefore, Az%ﬁ is a

finite number. So there must exist an integer, M, such that

(2M +3)(2M +2) > A2 1’27;:27
which implies
(2M + 3?(22M +2) bZ: <1 (6.2.9)
and what’s more,
. sz, Vi > M. (6.2.10)

(2n +3)(2n + 2) by,
So the series °_, a,, is convergent under these conditions, due to the ratio test.

is bounded is

For a finite time value, the assumption that 82;:22,,1{&(2@)/82232(,(:»

a fairly reasonable one, and so it is not expected that (y(x)) — y({x)) diverges to

infinity for a finite time, under standard conditions. It may, however, converge

to a very large number. The interesting behaviour, though, is that for ¢ — cc.
Looking at a specific example, consider the model equation (6.1.1), and its

closed form solution (6.1.2),

¢
Y :/ e”(T_t)f(T)dT.
0

This implies that

ay o t _ K(T—1)
- _/O(T 1)er =9 £(7)dr, (6.2.11)
and so
Iy((k) _ [t )
T /0 (7 — )"0 £(r)dr. (6.2.12)

An explicit formula for this can be calculated, if we make a specific assumption

about the form of f(¢). Let us consider f(¢) =1, and then define [, to be
¢
1, = / (1 — t)”e<”>(7_t)d7'.
0
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Integrating by parts gives

)
PR e S (6.2.13)
(k) (k)
If n=0,
P (T
0
1
= _ 1_ 6_<H>t ,
o )
and if n > 1,
1
L = —— (1 — et </<;>te_<”>t) ,

In general, it can be proved by simple induction that

I, = (@ZT (1 e zn: (<’i>t)m) . (6.2.14)

!
m=0 m.

Looking at the general case for a uniform distribution, we find

(y(r)) —y((x i om Jf;? BEs (1 — et zmj w) (6.2.15)

!
m=1 n=0 n.

Kyt

As t — oo, if (k) is strictly negative, then the e™{® always dominates the

SoEm ﬁ—nLL terms, and always blows up. So,

(r) <0 = {y(x)) —y((x)) = oo,

as t — oo.

If (k) is greater than, or equal to 0, then as ¢ — oo we find that e~

eventually dominates the (%ﬂ terms, and therefore,

o0 2m

(y(r)) —y((r)) — — 2m—|—1 <K>2m+1

BN

m=1

-
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A necessary and sufficient condition for this series to converge is just

A
— < L.

(k)
Therefore, the condition for convergence of the series is A < (k), and there is di-

00 1

vergence if A > (k). In the case where A = (k), the series becomes (17> PN s

which is divergent, albeit very slowly.

So, to summarise the case for a uniform distribution, (y(x)) —y((x)) diverges
if either (k) is negative, or A > (k). This corresponds to a constraint that all
possible values for k about (k) must lie in the positive half-plane. This corre-
sponds with the intuitive result that any possible negative value for x contributes
to an eventual blow up of the mean value.

A more rigorous proof of this is as follows, obtained by considering series

(6.2.15) again,

<y(/{) io: 2m +[4112m >2m+1 (1 _ e_(ﬁ)t Zm: (</€>t)n) )

n=0

If the terms in the series are

= o +A1>?>m (1 ey )n) |

then, as 2m — oo, so that Y27, ﬁﬁgﬁ — el

A2m
_ e (mt (k)
am — (2m—|—1)</<;>2m+1 (1 e e )
A2m
- % (0). (6.2.17)

(2m + 1)(k)2m+t
So, a,, — 0.
However, this does not necessarily imply convergence of the series. The im-

portant factor is again to consider the ratio of successive terms as m — oo. This

is given by (6.2.8),

9 8(2m+2)y£gﬁz)
@1 A B +2)
lam|  (2m +3)(2m +2) ki 1)
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A22m 1 1) (1 — et g2y L)

= . 6.2.18
(k)2(2m +3) (1 = e=tor 2, () (6.2.18)
Now, we put
2m n o] n
3 (</f>'f) S (</f>'f) 7
n=0 v om+1 TV
so that,
aner] _ AY2m 1) (1= e (el — e ()
|| (£)?(2m +3) (1 — e~ (et Z?m-l—l n')n))
A2(2m + 1) e~ ()t 22m+3 (<H7Zf)n
(K)2(2m + 3) e—(r)t T ((F;)j)"
_ A2(2m +1) P T)n
(£)2(2m +3) v %
t n w)t 2m+1 w)t 2m+2
A2(2m—|— 1) Z?m-l—l n') - (<(2>m)+1) - (<(2>m)-|—2)!
(£)*(2m +3) Sy et
" {r)t)2mtt {r)t)2mt?
— A2(2m + 1) Z:Qm—l—l n') (2m—|—1) . (2m+2)!
(£)2(2m +3) \og,,, @07 5o | o e | (e
H2m+1 H2m+2
A2(2m +1) 1_ (<(2>m)-|—1)! B (<(2>m)—|—2)!
(W)22m+3) " o, @ s, G0
(6.2.19)

As m — oo, the last two terms in the brackets of equation (6.2.19) go to zero,

and thus
[ A?

jam| (R

for all times under consideration.

So, convergence for any value of ¢ has been proved, as long as % < 1 and,
(k) > 0. This gives a slightly more rigorous proof than before.

One specific example, given experimentally in the dissertation, [17], is figure
6.5(b), where (k) = 1.0, and % = 0.25, and hence, A = 0.5 x /3 = @

Consider the asymptotic behaviour of the series as ¢t — oo,

AP 9Py (k)
(2m+ 1)1 Or?m

W)yl = 3

m= 1
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_o CRPT yreml (g 3 ()
- 4 - S )

= (2m+ 1)L (k)2 n=0
(6.2.20)
Putting (k) = 1.0 implies
0 3m 2m t)n
_ _ | ety {0)"
Wl =o(te)) = 3 gy (1=
0 am 2m t)n
= 1 —et (— : 2.21
ﬂ;ymzmﬂ)( ‘ ;n') (6.2.21)
As t — 00, ¢~! eventually dominates all the terms in the series -7, %
So asymptotically,
W) () = 3
_ . 2
vl o)) = 2 i )
= > (0.75) (6.2.22)

2m 4+ 1°

m=1
This series clearly does converge, in comparison, for example, with a geometric
series. By computation, it was found that this series converges to 0.521, to three
significant figures, which compares extremely well with the measured difference

on figure 6.1.5(b), of 0.51, for a large value of ¢.

6.2.2 Gaussian Distribution

For a Gaussian distribution function, the shifted moments have the following form

[17]
_ (2m=1)lo2m

Vom = om=T(m-1)!

¥m € IN.

Vom—1 =0

Applying these terms to the previous work,

e o) = 33

ks m — )lo?™ m! Imo (V)"
= 2 2”5?12771!(1731 —1)! {</j2m+1 (1= et 2 = )}

m=1
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£ s () - £

m=1 n=0
(6.2.23)
As before, we can consider the ratio of successive absolute terms,
|Clm+1| - 22721;1" 2;7::; {1 2m-|—2 (gmm"}
] 2,,52?};)1) e {1 — ety (7]
(2m + 1)2mo? 22m+3 2;)”
22m<ﬁ>2 ZZm-I—l n')"
9 1 >:5)n
I Y VR il (6.2.24)

20 (k)5

It has already been shown that as m — oo,

({(m))"™
ZZm—I—S n'

n Y
ZQm—I—l n')

SO

|@mt1] . 2m +1 o?
|| 2 (n)?

—  OQ.

Hence, there is divergence of this series for all possible choices of % This
confirms precisely what was observed in the dissertation, [17], for Gaussian dis-
tributions of x - that (y(x)) — y((k)) always diverges to infinity, irrespective of

the choice of variance and mean.

6.3 Summary

The first part of the work in this chapter on the stochastic model o.d.e., set out
in detail in the dissertation, [17], was of predominantly academic interest. We
were able to see how the probability distribution functions changed with respect

to time, and how the mean value of the solution developed. In the second part,
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by consideration of the high-order corrected moments, we were able to analyse
the behaviour of the mean value of the solution with respect to the deterministic
solution, §(¢). These relative behaviours allow us to conclude that there are some
situations where the deterministic solution may be an acceptable approximation
to mean of the solution, but in the majority of cases this is not an assumption
that can be made without further investigation. This means that further research
must involve a careful consideration of this behaviour.

In further chapters we consider perturbation techniques on the more compli-
cated model p.d.e.s, (2.2.1), and (2.2.2). The perturbations, as in this chapter,
are also done about various means of permeability, but due to the difference be-
tween these equations and the more straightforward model o.d.e., (2.2.4), under
consideration in this chapter, the expansions performed turn out to be multi-

dimensional ones. We begin with the steady-state case, (2.2.2).
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Chapter 7

Steady-State Model

In this chapter, we investigate in detail the behaviour of the model steady-state
partial differential equation, equation (2.2.2), in two dimensions, on a rectangular
region, with various types of boundary conditions imposed. We consider uncer-
tainty, specifically in the value of the permeability, which is considered to be a

random spatial function.

7.1 Properties of a General Realisation

It is illustrative to consider one general realisation as an example; and by investi-
gation of the properties associated with this case, a great deal of information can
be obtained about the statistical properties of the complete problem, taken over
all realisations. The work is done here in two dimensions, but a generalisation to
three dimensions is fairly straightforward.

We consider a discretisation, with a simple five-point difference scheme, on a
uniform stencil of mesh size h, of equation(2.2.2) A numerical approximation to

the equation is
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Pigtikijpr F pivgkipry — (Kips ko ko ki o1)pi

+ pi—l,jki_%d‘ + pi,j—lkm_% =0 (7.1.1)

We note that the discretised values for the permeability field are those evaluated
at the half way points, between the nodes.

In the complete statistical problem, the permeability k(x,y) is a random spa-
tial function with a known mean value, which may or may not be assumed to
be homogeneous (i.e. spatially constant), and a spatial autocorrelation function
which relates the statistical properties of the function at different points. When
the permeability is discretised, as in the case above, the function is represented
as a set of statistical variables, each having its own mean value, which are all
equal, if the assumption of a homogeneous mean value function is made. Fach
statistical variable is also correlated to the others, reflecting a discretisation of
the original spatial, autocorrelation function. This means that points close to-
gether have a high correlation in their discretised permeability values, and points
at large distances apart have correlations approaching zero - i.e. the correlation
value is related to the separation of the two half grid-points. In the case of an
isotropic autocorrelation function the correlation is a function of distance only;
and this is the situation investigated here.

We consider a perturbation representation of the permeability function. This

can be written
k(. y) = ko(w,y) + ki(z,y), (7.1.2)
where the perturbation ky(x,y) is taken about the mean value function, ko(x,y).
In the discretised form this can be directly translated to
kij = kY + k. (7.1.3)
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It the simplification that the mean value of the permeability is homogeneous is

made, then equations (7.1.2) and (7.1.3) become respectively
k(x,y) = ko(l + d(z,y)), (7.1.4)

and

ki = ko(1 4+ ds), (7.1.5)

where d(x,y) is a random function, with mean value zero, that is assumed small.
We now re-write the permeability autocorrelation function, as defined in equa-
tion (3.5.7) and assuming the variance is homogeneous, in terms of these pertur-

bations,

((k(r) = (k(r)))(k(r") — (k(r'))))

p(r,x’) =
OpOpt
_ (ko1 4 d(r)) = ko)(ko(1 + d(r')) — ko))
= g
kg :
= By, (7.1.6)
and for the discretised version, in 2-D
kg
pij, ing = —3{di dijr). (7.1.7)

The homogeneous mean assumption is made throughout, for simplicity. How-
ever, it is shown later that various conclusions about the generalised case (i.e.
with spatially varying mean) can be obtained from consideration of the simplified

case. Substituting equation (7.1.5) into (7.1.1), we get
—Pij+t — Pitty T APi; = Pim1y — Pij-1 — dig 1 Pivr — i jpapiga
+(di+§—,j+di—;—,f|‘di,j+;—‘|‘dz’,j—§)pi,j—di_%,jpz’—l,j—di,j_%pi,jq =0 . (7.1.8)
This leads to a system of equations, which, when combined with the relevant

boundary conditions for the problem, can be written as the matrix equation

Ap+ Dp = b, (7.1.9)
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where b contains the boundary conditions, and is quite sparse. Due to the per-

turbation formulation, b can always be split into two parts:

b = by + baq, (7.1.10)

where bg corresponds to the right hand side vector of the deterministic problem,
and bq contains various linear combinations of the uncertain statistical variables,
{dij} -

For the purposes of the following examples, all on a square region, the Dirichlet
case has boundary conditions ag, ag, ay, aw on respective south, east, north,
and west boundaries; and the mixed case has ay, as on the north and south
boundaries, with normal gradients vg, and vy on the east and west ones.

In a general case, the vector b can be written:

bl bl b
b2 b2 b2
b=| ' = o+ (7.1.11)
b bl bl
b b2 b3

For simple Dirichlet conditions, the component vectors are

as + aw déylag—l—dly%aw
as dy pas
as dy 348
pl = n = , (7.1.12)
as d%m_lag
as +ag dy pas+dy , 1ap
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bn

and

bt =

aw + an
ay
ay
= +
ay
ay +ag
aw dzylaw
0 0
0 0
+
0 0
ap d2,n+%aE

dn%aw + dn+%,1aN
dn+%,2aN

dpt1 30N

dn+%,n—1aN

dn+%7”aN + d”ﬂ*‘%aE

, for 1=23, ..

For simple mixed boundary conditions, these are

[

as + 2hvw
as

as

as

as — thE

ay + 2hvw
an

an

an

anN — 2dn7n+2hvE

80

déylag + 2d171hUW
déyzag

di aa
2,345

dy ny1as

d%,n+2a5 — 2d17n+2hvE

dn+%,1aN + 2dn71hvw
dn+%,2aN

dpy 130N

dn+%,n+1aN

dn+§,n+2aN — 2dp p42hvp

, (7.1.13)

(7.1.14)

, (7.1.15)

, (7.1.16)




and

2hvw 2d; 1hvw
0 0
. 0 0
b' = . + . , for i=2,3,.(n—1). (7.1.17)
0 0
—2hvg —2d; py2hvg

The matrix A is the usual block tridiagonal matrix for the simple 5-point
difference scheme, and can be assumed to be irreducibly diagonally dominant,

with the form

A=1 ... ... 0 -1 A -1 0 U (7.1.18)

0 —I A, -1 0

0o —-I A, -1

0 -1 A,

For Dirichlet boundary conditions, the component diagonal matrices are n by n,

symmetric, and tridiagonal with the form

A; = for i=1,2, ..n, (7.1.19)
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and for mixed boundary conditions, they are (n 4+ 2) by (n+2), and tridiagonal:

4 2 0
14 -1
A; = , for i=1,2 ..n. (7.1.20)
-1 4 -1
0 -2 4
The matrix D has identical structure to A:
D1 Dis 0
Doy Dsos Dsogs 0
0 D32 Dssz Dz, 0
D= 0 Dij;1 Di;  Diipr 0 ;
0 Dn—Z,n—B Dn—Z,n—Z Dn—Z,n—l 0
0 Dn—l,n—Z Dn—l,n—l Dn—l,n
0 Dn,n—l Dn,n
(7.1.21)
and the component matrices for the Dirichlet problem are n by n:
Aiy —djys 0
—diyr Ajp o —dgn
Di; , for i=1,2.;m, (7.1.22)
_di,n—g Aiyn_l _di,n—%
0 —dips  Ain
where
Apj=digjtdgpr tdyy;+dip s,
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and

Di; 1 =D;i_1;=

For mixed boundary

Di; 1 =Dy ;=

for i =2,3,...(n + 2).

o

Ai,n+1

83

,n+3

Ai,n+2

, for i=23, ..n

(7.1.23)

, for i=1,2,..n, (7.1.24)

: (7.1.25)

_di— %,n+2 1



We consider one specific realisation for the set of perturbations where the ma-
trix D is denoted by D,,, the vector b by by, and bg by bg,,. The corresponding

expression to equation (7.1.9) is then
Apn + D,pn = bo + bg,,. (7.1.26)
This can be re-arranged to give
pn = A7 (bo +ba,) — A7 D,.py. (7.1.27)

This can then be formed into a perturbation series, and, due to fact that D,
and bg,, are both linear in the {d;;} terms, the second order approximation to

the perturbation series is
Psy = A ' (bg +ba,) — AT'D, A7 (bg + ba,) + AT D, AT D, A7 bg. (7.1.28)
The equivalent full perturbation series is
pn = A" i(—DnA—l)fbn. (7.1.29)
i=0
This series is convergent elementwise if, and only if,
Sr(D, A7) < 1, (7.1.30)

where Sr(M) denotes the spectral radius of the matrix M [18].
Alternatively, convergence with respect to a general norm, is satisfied for

realisation n, if
]\(DHA_I)i]\ — 0 as 1 — 00

Y

So a necessary and sufficient condition for convergence in realisation n is

1D, A7 < 1.
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Since

[Dw ATHE < 1Dl - AT

this condition is satisfied if,

Dl IATH] < 1.

So
1
1Dull < 7=
A=)
implies
1D, A7 < 1.

So, a necessary condition for convergence of the series is
| D, < | A7 (7.1.31)

This implies a restriction on the size of all possible admissible realisations for
the perturbations - they must be at least finite, and bounded. This could seem
a rather limiting factor in this technique, particularly when we may be dealing
with distributions that are not finite, such as Gaussian or lognormal type. As
was demonstrated in Chapter 6, sometimes when an infinite distribution is under
consideration, contributions from the far end of the tail may tend to lead to
strange unphysical results. In any practical approach to obtaining a sensible
measure of the statistical properties of the solution, such as implementation of a
Monte-Carlo method, it is not possible to include all the admissible realisations.
Due to the limiting process of taking a finite number, there is inevitably a loss of
some amount of the tail of the distribution. The technique we are using here has
an implied truncation of the tail, where the cut-off tail contains all the realisations

that do not satisfy the condition in equation (7.1.31).
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Now consider the effect of truncating the series (7.1.29) to second order,
2 .
Psy = A7' Y (=D, A7) by (7.1.32)
7=0
This introduces an error between this expression and (7.1.29) given by,
en = AT (=D, A")by
7=3
= AN (=D, A" > (=D, A7) by. (7.1.33)
7=0

If it can be shown that there exists a bound on D, A~ in realisation n such that
DA™ < v

: (7.1.34)

where 0 < v, < 1, then a bound on the error expression in (7.1.33) can be

obtained quite straightforwardly,

IATH] 7 [Pall

feall < 2

(7.1.35)

Let us assume there is a bound on the maximum relative value that each
perturbation can take, given by ¢, where 6 < 1. This gives an absolute bound on

the entries of a general D,-type matrix,
| D, | < 6]A], YV n. (7.1.36)

Here we are using the convention that if for two matrices M and N, of the same
order, we have

M;; < Ny, Y 1,7,
then we write

M <N

Y

and we define the absolute value matrix, || M||, of any given matrix, M to be such
that,
| M]i; = [ M) Vi,
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Now consider || D, A7Y||, for general p € IN, and for all admissible realisations,
n, defined in the usual way,

1D A ]l

-1

: (7.1.37)

where the maximum is performed over all vectors, x. Because of the properties

for a general p-norm [29], we know that
DR A7 < Dl A

Now, consider ||D,||, for all n. We have

| Dax][
D, P
1Pl = mex T
il (D) P
= max
X > |l
- (25 (D))
< max
X > llP
- >i | 225 1(Dn)isl [P
< max
X > llP
AT
X 1x][7
< H|Dn|H§Hp|X|H5
X [x][7
— Dl
since ||x]|, = |||x]||,- Therefore,

DR AT < I Dallp 1A

< Dl AT,
Combining this result with (7.1.36), we have
DA™, < SIAIIAT v on. (7.1.38)

So, from (7.1.31), we find that

1

P
A A=,
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is a sufficient condition for convergence of the approximate series for all the rele-
vant realisations.

In equations (7.1.11) to (7.1.17), it is seen that the vector by can be written
as bo + bq,,, where the vector bq,, contains linear combinations of the {d;;}
perturbations as its components. By again taking the maximal value for all these

perturbations, each component of by, can be shown to satisty
—2(bo); < (bn)i < 2(bo),

or
|(bn)i| < 2[(bo)il.
Therefore, since
[bally = 3 Il
and it is known that

|(bn)i|” < 2|(bo);|* V i and n,

we can conclude that

S [(bu ) < 3 21(bo),” = 2ol
Which is equivalent to saying that
[bufl < 2 [[boll v on,

for a general p norm.

The errors for each realisation in expression(7.1.32) thus satisfy

2 SANPTAZ I boll

en|| <
lenll < =7 5 mATTA

vV n. (7.1.39)

This expression may be very useful when considering the error obtained when

truncating the series, for the mean value of the numerical solution.
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7.2 Probabilistic Approach

One method of approach to the full statistical problem might be to take the mean

value over all possible realisations of the numerical scheme in equation(7.1.1)
_<pi,j+1ki,j+§> - <pi+1,jki+%,j> + <pi7j(ki+%,j + kz’—;—,j + km‘+;— + km‘—;—»
- <p¢_1,jki—§,j> - <Pi,j—1ki,j—§> =0 (7-2-1)
Whilst this equation is precisely true, it contains no useful information, as the
discretised pressure function cannot now be separated out from the cross terms,

which contain it. Indeed, equation(7.2.1) leads nowhere.

If we return to equation(7.1.28)

Psy = A_l(b() + bdn) — A_anA_l(b() + bdn) + A_anA_anA_lb(),
taking the mean value, over all realisations, element-by-element, of both sides
gives
(ps) = A7 b+ A Hbg) —A DA Ybg— A" (DA 'bg)+ A (DA™ D) A~ by,

(7.2.2)
where the convention is that
((Vector)); = ((Vector),),
and
((Matrixz));; = (Matriz);;).
These uncertain matrices and vectors obey all the usual rules of matrix algebra,
including
((AB))i; = ((AB)y;)
= (2 Auby)
k
= Y (AuBy).
k
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Also if A is known exactly, and B is uncertain, then

((AB))y; = Zk: (Aik Bi;)

= Zk: Air(Bg;)
= Zk: Air((B))ri

so that (AB) = A(B) under matrix algebra rules. Similar rules apply for vector

operations also,

({(Av))i = ((Av);)
= (2 Ayv;)
= > (Aiju)),

and if, for example, A is known and v is uncertain, then,

((Av))i = X (Ayvg) =2 Ailv;)

so that

(Av) = A(v).

It is fairly trivial to prove all the other algebraic rules.

The vector bg and the matrix D only contain linear terms in the perturbations;
and since we have already assumed that the mean value of all the perturbations,
over all realisations, is zero, taking the mean value of any first order terms in
{d;;} gives zero.

Equation(7.2.2) can therefore be re-written,
(ps) = A7'bg — ATH(DA 'bg) + ATHYDAT'D)A " by. (7.2.3)

It we were tackling this problem in a deterministic way, we might make the intu-

itive assumption that a good approximation to the mean value of the numerical
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solution would be obtained by solving the problem using just the mean value of

the permeability field as data. This is equivalent to solving the problem,
Apa = bo, (7.2.4)

with solution

pa = A" 'bo. (7.2.5)

It can be seen, by comparison of (7.2.5) with (7.2.3), that this deterministic
solution is, in effect, a first order approximation to the exact mean value of the
numerical solution. This means that pa can be thought of as an approximation to
(p) that effectively contains information about the mean value of the permeability
field. The information about the second order terms in {d;;} has been discarded,

which means that two aspects of the statistical information have been lost,

1. variance of the field .

Terms like <d22]> represent the variance of the permeability field. For
a single variable, qualitatively, the variance represents the spread of
possible values that it can take, away from the mean value. For this
reason, if this information is excluded, it makes the mean value approx-
imation meaningless in a statistical sense, i.e. equation(7.2.5) could be
an approximation to the solution for either a field with zero disper-
sion ( that is, one which is known precisely ), or for a field with an

arbitrarily large dispersion ( one that is highly uncertain ).

2. correlation of the field .

Terms like (d; ;dys ;1) as seen in equation(7.1.7), are equal to the dis-
cretised correlation function for the separated points (¢, 7), and (¢', '),

and give a measure of how similar the statistical properties at the two
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points are. It is very important to take this measure into account, as
was mentioned in Chapter 1, because this is a fundamental property
of the uncertainty in the permeability field. Leaving out these terms
would give the result for a ‘static’ uncertain field, that is, one where
the permeability is uncertain at all sample points with the values at

each point being unrelated statistically to each other.

So the approximation from (7.2.3) for the mean value of the numerical solu-

tion, when written
(ps) = A7'bg — ATHDA ' by) + ATH{DAT'D)A by, (7.2.6)

contains information concerning the mean, variance, and autocorrelation function
of the permeability field, which is, essentially, what is required from the original
problem.
Clearly, the error introduced by making the approximation is given by
(e) = A" > ((-=DA™")"™D), (7.2.7)
m=3

i.e. the error between the approximation (7.2.6) and the exact mean value of the
numerical solution, as in equation(7.2.3).

We consider a general element of this error vector

({e))i = ((en)s), (7.2.8)

where ey, is as defined in (7.1.33).
Now we consider the expected value of a general functional of a number of un-
certain statistical variables, assuming the functional f, and the set of all possible

realisations R,, have suitable properties. Then
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(flar, 22,25, ..., 2m)) = / flar, xe, 25,y @m)pla1, Xo, T3y oy 2 )d "X,
m

(7.2.9)
where p(x1, 22, x3,. .., 2,) is the (joint) multivariate distribution for the variables,
and

| (f(x1, 22,25, ...,2m)) |
= | /Rm flar,xe, 23,0y xm)p(1, e, T3y oy T ) A" X |
< /Rm | flar, 22, 23,y xm)p(@1, To, 23, .oy T) | d7X
< /m | flar, 2o, 25, yxm) | - | plag, e, a3, oy 2y) | d7x
< max | fle1, 20,25, 2m) | -/m | p(1, 22,23, .., 2m) | d7x.
Since p(x1, X2, T3, .. ., Ty ) is the m-dimensional multivariate distribution function,

it is, by convention, always positive, and is assumed to be normalised, so that

/ | p(er, 2oy 2ss e ) | d7x = 1. (7.2.10)
R

Therefore, substituting (7.2.10) into the inequality expression above gives,
| <f($1,$2,$3,...,$m)> | < I%ELX| f(l'l,l’z,l’g,...,l'm) | . (7211)

It can therefore be deduced that the mean value of any function or functional of
m statistical variables, irrespective of whether they are correlated, must lie within
the extremal values of that function or functional over its admissible space. This
is a completely general result and no assumptions, such as linearity, have been

made here.

Also,

V(1o om))| = |/Rmv(:1;1,...,:1;m) o1y, 2m)d"X|

/R V(@1 am)| (... ) |d™x

IA
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and since p > 0 over R,,,

|<V(:1;1,...,:1;m)>|§/R V(@1 zm)| p(Ta s @)d™ X

Hence for any L, norm || - ||,

V(@1 e )] < V(s 2w, (7.2.12)

irrespective of the distribution function for the variables {z;}.

We can therefore establish a bound on the error that has been introduced when
using expression(7.2.6) as an approximation to the mean value of the numerical
solution, (e).

First, substituting (e) into expression(7.2.12) gives
el < (lell)- (7.2.13)

Now, since

o0

en=A"> (—D,A7")"(bg + by),
m=3

en is a vector function, in some specified way, of all the {d;;} terms, which are
themselves uncertain statistical variables. Therefore, the process of taking the
norm of a general vector ey can be thought of as a functional of ey - which means
it is itself a function of the {d;;} type variables. So, the function ||e|| must satisfy
the expression(7.2.11).

Therefore,

(lell) < max {|[en]}. (7.2.14)

all realisations,n

Then, by combining (7.2.13) with (7.2.15), we can see that

el < max  {|lenl|}, (7.2.15)

—  all realisations,n
which is a bound for the norm on the error introduced, when expression(7.2.6) is

used to approximate the mean value of the numerical solution.
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Therefore, combining equation(7.2.15), with equation(7.1.39), gives,

] 2 SNANPTAZ I boll
R S| P12 [

(7.2.16)

the required bound on the approximation to the mean value of the numerical

solution.

7.3 Numerical Approach to the Problem
At first sight, the statistical terms in equation (7.2.6)
(ps) = A~'bg — A~ (DA bg) + A~ (DA™ D) A "by,

appear very awkward to evaluate, because, due to the presence of A-! between the
two matrices in each term, the terms (DA™'bg), and (DA™*D)A~'byg involve very
complicated linear combinations of the correlation terms, {(d; ;d;s ;1) }, dependent
on the inverse of A. This problem can be resolved by considering the structure
of the D,, matrices, and noticing that each term like {d; ;} occurs either twice, if
it is next to a boundary, or four times if it is on an internal half grid-point.
Suppose (¢,7) is an internal half grid-point lying between grid-points labelled
y, and z. It can be seen from equations (7.1.21) to (7.1.24) that the d,; term
only occurs at the matrix positions (y,y), (v, 2), (z,y), and (z, z) in the following

way,
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Y dz,] dz 7
(7.3.1)
z di,j dZ j
This contribution can be thought of as d; ; £, where
1 —1
B = : : : (7.3.2)
—1 1

The full matrix D, can then be written as a weighted sum of simple elemental
matrices like % that contain either only four or two non-zero elements,
— n g
D, = halng%;poms di K (7.3.3)
If a sum over all half grid-points is written as )*; ; ( each half grid-point being
labelled (z,7) ), then the expression (3.2.5) can be written,

(DAT'D) = 3 di ;EVAT S du BT, (7.3.4)

T 7
7 v

96



where the mean is taken over the joint multivariate distribution function for all

the values of d; ; at half grid-points. Consider a general element of this matrix,

(DA™ DY)y = O diyBVATS du B Yy
2'7]‘ i/,j/

= (X_di;B9ATY do BT )

T )
7 v

= (O dig BN AL (O dir B ) 1)

] i’y

= ZdZJElZc]mAngd/ /EZ]

= ZZ (dig i) A (din o ES)

6y iy
= (0D (dijdi i By, AL B )
6y 1!
= ZZ dl]d/ ! E;c]mAmnEZ])
i 1!
= 3" ((dijdo ) B AGLES, (7.3.5)
2'7]'72'/7]'/
where 37, ;s i has the meaning of a sum over all possible ways that each half

grid-point can correlate with each other half grid-point. Of course, if there are N
of these half grid-points, then there will be (N — 1) * N possible ways that they
can correlate with each other.

A similar procedure can be applied to the second term in equation (7.2.6),
A™Y (DA 'bq) to obtain a similar series term which involves a weighted sum.
In this case the sum is performed over half grid-points that are adjacent to the
boundary only, correlating with all other half grid-points within the region.

The (d; ;d;s ;) terms are now just equal to the normalised discretised correla-
tion function between points (¢,7) and (¢/,7'), as seen in equation (7.1.7), and is,
in the most general case, a vector function of the separation of the two points.

An isotropic assumption can be made about the correlation, in which case,
the terms (d; jdy ;1) are just a function of the absolute distance of separation of
the points (¢,7) and (¢',5’). A more interesting case is one in which the correlation

function has a different form in different directions. There might be a strong
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correlation in the properties of the rocks in a horizontal direction, and much a
weaker correlation in the vertical direction, representing the usual layered struc-
ture of oil bearing strata. A further development in an anisotropic correlation
function is periodicity in the vertical direction, which represents a repetition in
the layered structure of the rock properties. This introduces an extra parameter
into the correlation function, in addition to the two correlation lengths, which is
the spatial periodicity of the rock layering.

Typical possibilities for models for the spatial correlation function are an
exponential or a Gaussian-type decay. An isotropic exponential decay has the

form
p(r — 1) = oc* exp(—|r — 1’|/ )), (7.3.6)
where X is the (characteristic) correlation length.

For a general correlation function, the correlation length, A, associated with

direction « is defined to be

Ao = /OOO pol)de, (7.3.7)

[29]. So a Gaussian-type correlation function, takes the form
Tl —1r'|?

402

2

p(r,r') = o exp(— ), (7.3.8)

where X is the (in this case, isotropic) correlation length.
A Gaussian-type form for the correlation function is more useful mathemat-
ically when considering anisotropic correlations, because the distance squared

terms can be separated out straightforwardly - for example, in two dimensions,
|I‘ _ I'/|2 — |($ _ $/)2 + (y _ y/)2| — (l‘ _ $/)2 + (y _ y/)27

and so the correlation function becomes a simple product

m(x —a')?

T) exp(—M). (7.3.9)

_ ! — 2 —
p(r —r') = o exp( 4)\12/
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An introduction of periodicity can also be made by an extra product. For

example, if there is periodicity assumed in the x-direction, then

p(r —1') = o* exp{—ﬂ%f/)z} exp{—ﬂ-(%zy/)z} cos(w(z — ")), (7.3.10)

where %T is the model for the spatial periodicity, an approximate length equivalent

to the repetition distance in the rock structure.

7.4 Results

The following section shows results for different types of imposed boundary con-
ditions. In each case, the mean value for permeability is normalised to one.

Figures 7.4.1(a)-(e) have enforced flow at one end, no flow at the opposite
end, and zero pressure conditions along the two sides. 7.4.1(a) is the determin-
istic solution with homogeneous permeability values; 7.4.1(b) is the result with
variance equal to 0.1; 7.4.1(c) has variance 0.2; 7.4.1(d) has variance 0.4; and for
7.4.1(e) the variance is equal to 1.0.

Figures 7.4.2(a)-(e) have no flow conditions at either end and a pressure dif-
ference of 1.0 across the region horizontally. Again, figures (a), (b), (¢), (d), and
(e) are the results for increasing covariance values 0.0 (that is the deterministic
solution), 0.1, 0.2, 0.4, and 1.0.

Figures 7.4.3(a)-(d) show the effects of increasing correlation length in relation
to grid size, and overall scale of the region, with the same boundary conditions
as 5.1. Figure (a) shows results for a correlation length of 0.01, which is ap-
proximately one third of the grid size; figures (b), (c), and (d) are results for
correlation lengths 0.1, 0.5, and 10.0, respectively, which are all larger than the
grid size. The variance for all these results is 0.2.

The final figures 7.4.4(a)-(b) show results for anisotropic correlation lengths.
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The boundary conditions are, again the same as those in 7.1. Figure (a) has
correlation length 0.1 in the x direction, and 1.0 in the y direction, and figure
(b) has correlation length 1.0 in the x, and 0.1 in the y direction. Variance is 0.2

throughout.
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Figure 7.4.1 Plots of pressure verses position, with mean value for per-
meability equal to 1.0, and correlation function of Gaussian form.

Figure 7.4.1(a) deterministic pressure solution, o2 = 0.0

Figure 7.4.1(b) mean pressure for 2 = 0.1.
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Figure 7.4.1(c) mean pressure for % = 0.2

Figure 7.4.1(d) mean pressure for 0% = 0.4
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Figure 7.4.1(e) mean pressure for * = 1.0
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Figure 7.4.2 Plots of pressure verses position, (k) = 1.0, correlation
function Gaussian form.

Figure 7.4.2(a) deterministic pressure solution for % = 0.0

104



Figure 7.4.2(b) mean pressure for 2 = 0.1.

Figure 7.4.2(c) mean pressure for * = 0.2
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Figure 7.4.2(d) mean pressure for o = 0.4

Figure 7.4.2(e) mean pressure for % = 1.0
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Figure 7.4.3 Plots of pressure verses position, showing effects of increas-
ing the (anisotropic) correlation length. Correlation function is Gaussian form,
with 6% = 0.2, and (k) = 1.0.

Figure 7.4.3(a) mean pressure for A\, = A, = 0.01

Figure 7.4.3(b) mean pressure for A, = A, = 0.1
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Figure 7.4.3(c) mean pressure for A, = A, = 0.5

Figure 7.4.3(d) mean pressure for A, = A, = 10.0
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Figure 7.4.4 Plots of pressure verses position, showing effects of

anisotropic correlation lengths. Correlation function is Gaussian form, with o2 =
0.2, and (k) = 1.0.

Figure 7.4.4(a) mean pressure for A\, = 0.1, A\, = 1.0

Figure 7.4.4(b) mean pressure for A, = 1.0, A, = 0.1
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Figures 7.4.1(a) to 7.4.1(e) show how increasing the variance of the perme-
ability field increases the difference between the second order approximation to
the mean value of the pressure field, and its deterministic solution. Particular
features, such as gradients, seem to be distorted, and exaggerated.

Figures 7.4.2(a) to 7.4.2(e) show a similar effect on a different set of boundary
conditions, with no flow at either ends, and an induced pressure difference across
the region. The deterministic case just results in a simple constant flow across the
pressure difference. When the non-deterministic case is considered for small vari-
ance, the flow (as in the gradient of pressure) is induced to increase, but because
of the necessity of satisfying the boundary conditions, the gradient is forced to
decrease close to the higher boundary condition. With increasing variance, this
effect becomes more pronounced, with the decrease in gradient becoming more
sharp, as the boundary conditions always have to be satisfied. Eventually, this
effect becomes so great that in 7.4.2(d), the maximum principle for pressure is vi-
olated, and this roughly corresponds with the series expansion (7.1.29) becoming
invalid due to large stochastic perturbation in permeability.

Figures 7.4.3(a) to 7.4.3(d) show effects of changing the correlation length,
relative to the grid size. For the first case, the correlation length is considerably
less than the grid size, meaning that the statistical properties at each grid-point
have virtually no correlation with each other. The values are therefore virtually
the same as the equivalent deterministic case figure 7.4.1(a). In figure 7.4.3(b), the
correlation length is roughly three times the grid size, meaning that the properties
of nearby grid-points are correlated much more strongly than between arbitrary
grid-points. This manifests itself as a slight distortion in the shape of the solution,
with respect to the deterministic solution. For figure (c) the correlation length

is 0.5, meaning that the statistical properties of the pressure at the grid-points
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are correlated over roughly half the region, producing slightly more distortion. In
the last figure, the correlation length is ten times the dimensions of the region,
meaning that all grid-points are roughly equally correlated with each other. This
results in a large distortion compared to the deterministic case, as expected.
Figures 7.4.4(a) and 7.4.4(b) are supposed to show differences in cases where
the correlation function is spatially anisotropic. However, the results for several
tests of this type were not very interesting; and tended to give results similar
to the isotropic cases with the smaller correlation length. That is, the shorter
correlation length always tended to dominate the observed behaviour, and this
does not seem to lead to very significant results. The reason for this could be that
the more important behaviour is contained in the higher order moment term, and

it will be particularly interesting to see how these results behave in time.

7.5 Summary

We have developed a method for estimating mean values for numerical solutions
to systems of steady-state partial differential equations which contain a spatially
varying uncertain parameter, that takes into account terms up to second order
in the multivariate distribution function. This gives a significant insight into
the behaviour of the mean when dispersion of the parameter values is taken into
account, as opposed to using just the deterministic solution, which only includes
information about the mean of the uncertain parameter, and consequently has no
real statistical information. Bounds on the accuracy of this approach have been
found and could be developed further, by evaluation and comparison for different
multivariate distribution functions.

The problem with many of these results is the non-physicality of the model
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equations, and the need to impose artificial boundary conditions, which do not
allow a proper development of the flow behaviour. It is, however always inter-
esting to observe the behaviour of the solutions with respect to the deterministic
solution, and this is where the bulk of the work has been performed.

We make an additional note that it is also possible to use this perturbation
method to obtain a second order accurate expression for the variance, and covari-
ance, of the numerical pressure. Let us refer to the equation for the numerical

solution for the pressure equation for a general realisation, equation (7.1.29),
pn=A"> (=D, A7) by.
=0
The covariance matrix is defined as

Cov(p) = (p— (P))(P — (P))", (7.5.1)

where the ' diagonal term represents the variance of the pressure at the "
gridpoint. It is fairly easy to see that, by using similar arguments as before, we
can write down the second order approximation to the covariance matrix for the

general realisation n,
T
Cov(p) = (A7"bg — A" DA™'bg) (A™'ba — A" DA "by) " . (7.5.2)

So, the second order approximation to the full covariance matrix of the proba-

bilistic problem would be

Cov(p) =
A" bgbH ATl — A"Y DA bebI)A™T

— A4 babgf ATTDTYATT 4+ ATH DA bebg ATTDTYATT. (7.5.3)

In principle, this can be evaluated by splitting the matrix elements up into the

weighted sums of elemental matrices of equations (7.3.2) and (7.3.3). The variance
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of the pressure could then be calculated, as it would be found as the diagonal
terms of the matrix in equation (7.5.3). We decided not to evaluate these terms
numerically, but variance terms for the pressure are evaluated explicitly in the
following chapter when we consider the time-dependent model equation.

The equivalent results to those shown here, for time-varying systems of equa-
tions, are investigated in the next chapter. In this chapter we observe both the
time-varying mean value to the numerical solution, and its time-varying variance.
The effects of using more physical (that is, time-varying) boundary conditions are
also explored, and we extend the perturbation methods to more practical lognor-

mal distribution functions.
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Chapter 8

Two-Dimensional Dynamic

Model

In this chapter we consider the dynamic model equation (2.2.1), in two dimen-
sions (with the assumption that most results are able to be generalised to three

dimensions), from Darcy’s law plus the continuity equation for single-phase flow,

V() = fir1). (8.0.1)

We assume that the boundary conditions are such that the flow, —kVp, is known

around the edges of the rectangular region under consideration.

8.1 Hierarchical Equations

We first develop the hierarchical equations for a general admissible realisation.
By developing these systems of equations as far as possible, before taking mean

values on either side, we can obtain the equations required.
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8.1.1 Standard Form

For a permeability distribution function that is symmetric about the mean value,
a simple linear perturbation about the mean can be considered. We therefore treat
the two-dimensional permeability field for a single realisation as a perturbation

about some pre-defined mean value field,

We assume that kg = (k) is a deterministic mean, knowledge of which is available.
Note that in this chapter we are using the formulation that includes o« in the
analysis, in contrast to the form k = kg + &y which was used in chapter 7. No
particular significance should be deduced from this change and all analytical
results obtained can be easily converted into the other form. The advantage
of this slight change is that it makes it clearer when equating the equations in
successive powers of a. This is more appropriate for the case where the equations
do not naturally split into a perturbation series as in equation (7.1.29).

Equation (8.0.1) can then be written

d
76—}; — V (ko + ak1)Vp) = fo(r, 1) + afi(r,1), (8.1.2)
where p is the pressure solution for the specific realisation under consideration.

As in much work by Dagan, [34], and Dupuy and Schwydler, [21], we assume

the pressure solution can be expressed in the form
p(rv t) = pO(rv t) + Oépl(I', t) + a2p2(r7 t) + OéSRg(I', t)v

where Rj3 is some residue term due to the enforced lack of accuracy when this
series is truncated at second order in «a.

Then, equation (8.1.2) can be re-written

0
7@(}?0 + api + o’py + o’ Rs)
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— V((ko + ak1)V(po + aps + ’ps + a’pa)) = fo(r,1) + afa(r,1).

(8.1.3)

If pg is defined to be the solution of the mean value problem, or equivalently
of the deterministic problem,

d

then, by equating successive powers of a, equation (8.1.3) splits up into the system

of hierarchical equations,

3]
Ipa
OR;

This represents a set of coupled p.d.e.s for each admissible realisation. Truncating
this series at some point, of course, means imposing a level of accuracy on the
possible solutions. We are not able to solve the third equation (8.1.7), and so these
equations are of second order accuracy. It may, of course, be possible to obtain
bounds on the size of these residue terms over all admissible realisations. This
would effectively give a measure of the accuracy of the hierarchical approximation.

Theoretically, a higher N** order accuracy can be obtained by taking
k= ko + aky,

and

N
p=> a"pn + Ry,

m=0

where Ry is the residue due to truncating the series for N order accuracy.
This leads to the N 4+ 1 set of hierarchical equations, where the obtainable

accuracy is N order,

d
7% — VY (koeVpo) = fo, (8.1.8)
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apl

Ipm
Ipn
’}/W -V (kovp]\f) -V (k1VpN_1) = 0, (8111)
ORN 1 B

8.1.2 Lognormal Distribution

It a lognormal distribution function is assumed for the permeability, the expansion
must be done about the geometric mean, [16]. This is equivalent to a linear

expansion about the log of the permeability.

In(k) =y = yo+ By,

where, yo = (y). So,

2,,2
ko= ey°+ﬂyley°+—ﬂ2yley°+---
= /ig—l_ﬂ/il—l_ﬂz/iQ—l_"':/ig—l_Zﬂmﬁﬁm
m=1

where £, is the geometric mean.

Performing the same procedure, assuming the pressure has the form

N
p=">_ B8"pm+ Sni1,

m=0

and substituting for pressure and permeability into equation (8.0.1) gives

0 X o0 N
7@(2 B"pm + Sn1) =V ((ﬁ;g + Z_: B k)Y (D B pm + SN-|—1)) = f(r,1).

m=0

(8.1.13)
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Again, by equating powers of # we obtain the system of hierarchical equations

7% LV (5, Vo) = fo (8.1.14)
0
’y% =V (k,Vp1) =V (£1Vp) =0 (8.1.15)
0
’y% — V (koVp2) = V (£1Vp1) — V (kaVp) =0 (8.1.16)
Op, 7
’y% — V (£,Vpm) = YV (£;Vpm_i) =0 (8.1.17)
=1
Ipn al
T T V (k,Vpn) =YV (£iVpn-i) =0 (8.1.18)
=1
aSN-l—l 00 . N+1
— V(£,VEn41) = VO B k) VSni1 | — D V (6 VP(nti—iy) =0
ot
1 =1
(8.1.19)

8.2 Statistical Properties of Analytical Equa-
tions

To progress further, we must consider the statistical properties of the solutions

to all of the above equations, by taking mean values on either side.

8.2.1 Standard Form

Firstly, we just consider the second order approximations for symmetric, or
standard-form, permeability distribution functions.
Taking mean values on either sides of equations (8.1.4) to (8.1.7), and assum-

ing ky is a perturbation about the absolute mean, so that (k1) = 0, we obtain

9,
’7% -V (kovpo) = Jo, (8-2-1)
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78<p1>

)9 (o)) = (1) 822)
AP G (5o ()~ T4 V1) = 0, (523

and,
V% —V (koW (Rs)) + V(aky V Ry) — V (ks Vps) = 0. (8.2.4)

As they stand, these equations are not solvable, even just up to second order,
due to the presence of the cross-correlation term, V{(k;Vp;). For this to be
possible, a method to evaluate the correlation function, (k; Vp;) is needed.

Consider multiplying k1 by the grad of equation (8.1.5) to give an extra
p.d.e. The result of this is to give higher order cross-correlation terms, such as
(k1 V? (k1 Vpo)) to evaluate, which would involve introducing subsequently higher
order cross-correlation terms. This process, of course, is only feasible if a closure
can be imposed on the system of equations, under consideration. As they stand,

this is not possible.

8.2.2 Lognormal Distribution

The same procedure on the set of equations for the lognormal permeability dis-

tribution function, equations (8.1.14) to (8.1.16), gives the similar, but adapted

equations,
7% = V{5;Vpo) = Jo, (8.2.5)
agpﬁ = VirgVip)) = (h); (8.2.6)
78<apt2> — V (5,V{p2)) = V{k1Vp1) — V ({k2) Vo) = 0. (8.2.7)

The difference here is the presence of the third term, V{x2)Vpg in equation (8.2.7),
but this term just links in the first equation in the series, with an extra moment

of the distribution, (k2) which is a known property of the distribution.
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However, the basic problem is the same, that is the presence of (k1Vpy), for

which a method for solving simultaneously must be obtained, for example in [10]

and [16].

8.2.3 Variance

A second order approximation to the covariance can be obtained in a similar

way to [35], by considering VW

, the values of the perturbation, at two
distinct points,

apl(r27 t)

0 ; .,
T (p1(re, t)pi(re, b)) = pl(rl,t)yT +p1(rz,t)7m

(8.2.8)

and substituting for 7%17 etc. from (8.1.5),

S (et (e2.1)
— Vy(ko(r2)Vapi(r1,t)pi(ra, 1)) — Vo (ki (r2)pi(r1,1)Vapo(ra, t))
— Vi (ko(r1)Vipi(ra, t)pi(r1,1)) — Vi (ki (r1)pi(re, t)Vipo(re, t)) = 0.

(8.2.9)

Taking the mean value on either side of this equation results in an equation for

the behaviour of the covariance of the solution,

7% ((p1(r1,t)pr(ra,t)))
— Vi (ko(re,t)Va(pi(r1,t)pi(ra, 1)) — Vo ((k1(r2)p1(r1,1)) Vapo(ra, t))
— Vi(ko(r1)Vi(pi(ra, t)pi(r1,t))) — Vi ((k1(r1)p1(ra, 1)) Vipe(ri, t)) = 0.

(8.2.10)

If the covariance, at time ¢, between pressure values at two points r1, and ra is
denoted by C(r1,r2,t), then these equations are

0
7& (C(rlv ra, t))
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— Va(ko(re,1)VaoC(r1,ra,t)) — Vo ((ki(r2)pi(r1, 1)) Vapo(re, 1))
— Vi(ko(r1)ViC(ra,r1,t)) — Vi ((ki(r1)p1(re, 1)) Vipo(r1, 1)) = 0.

(8.2.11)

Evaluation of the terms in the expression is again rendered impossible, if no
method for solving the cross-correlation term is available.

So, we have found that developing a method to solve equations for the lowest
moments of the distribution function of the solution to equation (2.2.1), in this
case second order accurate approximations to mean and variance, requires some
method of solving or evaluating the cross-correlation terms (k;Vp), for values
of spatial separation and time. Finding a solvable equation for these terms has
proved problematic, but it has been found that we may obtain closure in this

system of equations if we consider them in a discretised form.

8.3 Discretisation

We now show that the problem of providing a solution for (k1Vpy), or (k1Vp1),

may be overcome by consideration of the discretised versions of these equations.

8.3.1 Standard Form

We consider a discretisation of the equations (8.1.4) to (8.1.6), with a simple

explicit time scheme, and a general (unspecified) spatial discretisation,

n+41 n
PO — PG i oo n N\ en
# — Vi (kiivhpo ij) = fo ijs (8.3.1)
n+1 n
YP1 iy — VP14 " . .
# —Va (k?jvhpl ij) = Vi (kiljvhpo z’j) = f1ijs (8.3.2)
and,
n+1 n
TPy~ AP i : )
# — Vi (kgfvhp? ij) — Vi (kiljvhlﬁ ij) =0, (8.3.3)
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where the (7, j) indices refer to spatial points (¢Ax, jAy) in cartesian co-ordinates,
and p ;. refers to the numerical solution for p.(r,nAt), where r is also in Carte-
sian co-ordinates.

Now let us denote a general value of the perturbation k; at a discrete point
(iAz, jAy) by kji;i, and consider the value at a second reference point, (', j').
Multiplying this into equation (8.3.2), and taking the mean values throughout

the resultant, together with equations (8.3.1) and (8.3.3)), gives

n+1

%%ﬁpgij — Vi (k?jvhpg ij) = Joij> (8.3.4)
’7<k¢1/]‘/p7ft]1‘> - 7<ki1/j/p7f ij>
At
— (kb (R ) — (kb (KL amg ) = (kb ), (8.3.5)
7<p§*;}>A—tv<p§ il g, (K9(ps o)) — (Vi (KiVupl )y = 0. (8.3.6)

This is now a complete set of coupled (numerical) p.d.e.s that can be solved.
When these equations are being solved, simultaneously, the cross-correlation func-
tion is found, from equation (8.3.5), and then substituted into equation (8.3.6). In
this form, it is a function of two (discretised) spatial points. The discretised au-
tocorrelation function of the permeability field occurs in the (kf. V4 (k;Vapf 1))
terms. These are basically just linear combinations of the autocorrelation parame-
ters, with coefficients specifically dependent on the particular spatially-discretised

scheme under consideration. The boundary conditions have been incorporated

into the right hand side terms of the equations.

8.3.2 Lognormal Form

Performing the expansion for a lognormal distribution function, about the geo-

metric mean, results in an extra term in the second order equation, as seen in

122



equation (8.1.13). In discretised form, the set of coupled numerical equations

becomes

Vo5 =l i

At —Va (ko Vipo 2]) = fo i (8.3.7)

’7<k /pﬁ]l> <k¢1/j/p7f ij>
At

— <k/ /Vh (ko Vhpl 2])> — <k/ /Vh (kl Vhpo 2])> = <k21/]/f{l”>, (838)

Y5t — (5 ;)

At

~Vi (k?jVMpS Z’j>)_<vh (kiljvhp? z’j)>_vh (<kfj>vhp3 ij) =0.

(8.3.9)

8.3.3 Variance Equations

The same discretisation performed on the covariance equations (8.2.11) (which
have the same form in the linear case and lognormal distributions) results in the

following equations,

,_ycn—l—l Cn

5] i35

At
— i (K VCE5) = T (K, Vit )

— Vi (K VaClu) = Vo (K )5y Vaph ) = 0. (8.3.10)

The quantity of particular interest is the variance of the pressure distribution, an
important characterisation of the complete distribution function. In discretised
form, the variance for time level nAt, at spatial position (iAz, jAy) is the value
of C'%... Unfortunately, in the process of solving for this value, the correlation
values for distinct points, C7l,. must also be solved and stored for each time-
level. These can be considered as a bonus to the required information, having
an academic, rather than practical point of interest, although an idea for the

correlation length of the solution variable is now clearly available through this

technique.
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8.3.4 Summary

The result of the manipulation of the hierarchical equations (8.1.8) to (8.1.12)
gives us a set of coupled numerical p.d.e.s for the first two moments that char-
acterise the probability distribution function of the pressure solution. They can
be solved at each successive time-level to follow their progression in time. This
results in an approximate idea of the time development of the distribution func-
tion.
To summarise, these equations are
n+1

TPy i — Py ij

At =V (K Vs ) = 1535 (8.3.11)

’7<k1p1>?fﬁj - 7<k1p1>?'j’ij
At

¥(pat) — (s i) . .
: At ==V (k?jvh@z 2]>) — (Vi (kiljvhpl 2])> =0, (8.3.13)
and,
’Vcﬁ;ﬁj - ’Ycﬁj/ij
At

— Vi (k?jvhcﬁj’ij) — Vo (<k1p1>?'j’ijv2hpg ij)

— Vi (R VaClig) = Vo (K p) 5 Vaph o) = 0. (8:3.14)

ijits!

For an assumed lognormal distribution function, the coupled equations take
the slightly adapted form

Yo — P8

At A CAINES (8.3.15)

’7<k1p1>?fﬁj - 7<k1p1>?'j’ij
At

— (kb Vn (RVapt ) — (Kb (K5 Vups ) = (Kb fi ), (8.3.16)
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15 — (s )
Al
— Vi (K ) — (Vi (Kb ) = Y ((R2)V s 1) = 0.

(8.3.17)

and

Cn-l—l

i'jliy i'5hig

At
— Vi (KSVAC) = Vo (K pa) 50 Vol 35

— Vi (K VaClu) = Vo (B p) 5y Vaph ) = 0. (8.3.18)

8.4 Application

We now apply this technique to a specific example of a discretisation.

Consider a simple five-point difference scheme, where the value of the per-
meability at points halfway between adjacent gridpoints (7,j) and (¢ £ 1,7) or
(7,7+1) is always approximated by an average of the two values at the grid-points.

Equation (8.3.1) in this case becomes,

n—I—l

7P i _7p0 i

At

(kzo-|-1] + k%)po ey (kzo 1 + k?j)po
ZA 2 1+17 ZA 2 i—lj

(R +K%) (ko +ED)
2 A2 Do ij+1 2 A2 Po ij—1
RO+ KO+ 2k0) (RO, + KD+ 2K,

= {( 1 QAJ}M ) + Fon QA]yzl ])}po ij = Joij. (8.4.1)

8.4.1 Standard Form

Making use of the similarity in structure of equations (8.3.11) to (8.3.14), the

remaining system of equations can be written down immediately,

’7<klf /pﬁ]1> - 7<ki1/j/p7f ij>
At
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(K + £2) (k_y; + &)
+ W(klpﬁmwu + #%lplﬂm—u
(kg + K3) (ko + K)
+ W%IPIMIW + W%lm%'m—l
. {(k?ﬂj + k?—u + Qk?j) + (kzoj+1 + k?j—l + Qk?j)} <k1p1>v .y
QAQ;Q 2Ay2 vy
+ (< > J -I—211Ax2< > J ])po .y + (< > J 21]sz< > J ])p?—lj
(R R )irrijn A (KR i) (KR irjrij—1 + (KK ) ijrij)
+ AN Po ij+1 + AN Po ij-1
SRR iy + (R iy + 20K R o)
2A 72
EYEY ooy + (RYEY 0y 4 20KV Y 00
+ (R o + 2A>y; i+ 2k k)i, ])}po i = (k" )i
(8.4.2)
Ty — P 4
At
KO+ kY KO+ kY
+ %pz i+1j T %pz i—1j
kS |+ K2 kS |+ kY
+ %pz ij+1 T %pz ij—1
_ {(k?m + kil £ 265 n (K + K +2k?j)}p2 y
2A 2 2Ay? “
_ (<k1p1>i+1ji+1j + <k1p1>iji+1j + <k1p1>i—1ji—1j + <k1p1>iﬁ—1j)
2A 72
R p) g+ B0 + (R pa)i—ig—1 + (R pu)ijig—1)
2Ay?
N (K" p1)igajis + (B'p1)icagis 4+ 20K p1)ijis)
2Az?
(P o) + (B + 200 pr i)
_I_ J J QA ; J 7] — 07 (843)
Y
’VC;L;F/}]‘ — Y0703
At
(R, k?j)cn (R A k?j)cn
2Az? Vit 2Az? viti=ly
(K £ F5) noo (k-1 + k) no
2Ay2 i 51741 2Ay2 i3l —1
(K + ki + 205) n (K + K5 +2K5) )
2A 2 2Ay? 1
4 (K1) iy + (K'p)Ess) n (K1)l + (K p)Es)
IN 22 Po i+1j INA 2 Po i-1;
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(<k1p1>?’j’ij+1 + <k1p1>?’j’ij) n (k?j—1 + kzoj) Ny
AN Po ij+1 1 BN
(<k1p1>?’j'i+1j + <k1p1>?'j'i—1j + 2<k1p1>?’j’ij)
2A 72
(Cpa) iy + (K Py + 20K p0) B )
2Ay? 04
R R 0 P U IO )
2Az? iy’ 2Az? =1y
(Rt k?'f')C??. o (kirjr_y + k?/j/)C@» 4
2Ay2 171’7 +1 2Ay2 171’5 =1
(kirry + ko + 2k ) 4 (ki jrpn + K9y + 2K0 )
2Ax? 2Ay?
(K p) By + (KM pa) ) (K p) Gy + (K 1) i)
DA L2 Po i1 T N 72 Po i1y
(K1) B + (K ) Eoi) o (Bfj_y + ki) -
2Ay2 Po 741 2Ay2 Po irjr—1
B {(<k1p1>%i/+1j/ + (k p) By 2(k p) B )

Cliir

i’y

2Ax2

(K 1) B + (K ) By + 206 p1) B | —0
2Ay? A

(8.4.4)

8.4.2 Lognormal Form

In the example used to illustrate the numerical technique here, a lognormal dis-

tribution is assumed. The deterministic equation takes a similar form to equation

(8.4.1),
o — Aph
At
(ki1 + kL) (ki + K)o
(ki1 + k) (k% + K)

SINTE Po ij+1 T AN Po ij—1

(kf+1j + kf—u + Qkfj) 4 (kfjﬂ + kfj—l + Qkigj)
2Az? 2Ay?

Po ij = foij. (8.4.5)

Equations (8.3.16) to (8.3.18) then can be re-written

’7<k¢1/]‘/p7ft]1‘> - 7<ki1/jfp7f ij>

At
(kfy + k) (K_yj + k)
%%lpﬁmwu + W<klpl>i’j’i—lj
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(K1 + K) (KL + k)

2Ay2 <k1p1>i/j/¢j+1 + W<klp1>i'j'ij_l

(Kl + Ky +2K) (K + K+ 28 1
_ )i
{ 2A 2 + 2Ay? (kK pu)iring
(R iy + (BUA i) (KR irjricay + (BYE i) o
+ 2Ax? Po 415 ¥ 2Ax? Piz1i
(B K Y oiisgn + (R ) (B Y it + (R )
+ ! ]2Ay2 2 1o 41t ! ]2Ay2 2 po ij—1
R iy + (R E ) gy 4 20k R )i gny)
2Ax2
(B K Y irin + R s+ 20K K i)
+ rat 2Ay; ’ b po o = (K fa)ig,
(8.4.6)
15— s
At
ko o+ Kk kI o+ kD
+ 7( +21]A:1;2 ])pz i+15 T 7( QIJA:EQ ])pz i—1j
(ki + &) (ki + k)
+ sz i1 T sz ij—1
_ (Kfpa; + Ry + 2k n (B g1 + Ry + 2K .
2Ax? 2Ay? “
_ W igin + B pa)isivn £ (RTpy)iogiony + (B pa)iiony)
2Ax2
B (<k1p1>ij+1ij+1 + <k1p1>ijij+1 + <k1p1>ij—1ij—1 + <k1p1>ijij—1)
2Ay?
N ((E'pr)ivis + (k'pa)icajis + 20k p1) i)
2Ax2
n ((k'p1)ijaris + (K puYij—1iy + 20k p1)ijis)
2Ay?
(RA) H(RE)) (k) +(RE)
+ IA 22 Po i+1; IA 12 Po i-15
(k) + (k2)) ((kZ_y) + (k2))
+ ]+21Ay2 Do ijr1 + ! 21Ay2 2P0 ij-1
(k20 + (kEyy) +2(k2)) N (CkZpn) + (RE ) +2(k2)) 0
2Ax? 2Ay? Pois =",
(8.4.7)
and,
’VC;L;C}]‘ - ’YCﬁj/ij
At
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(kf-l-lj —I_ k;q]) Cn (kf—lj + k;q]) Cn
B 2A 2 vty 2A 2 Y=L
(Kl + kfy‘)cn (Kij1 + kfy‘)cn
- 72Ay2 e 2Ay? i —1
(Kl + Ky, +2K) n (ki + RS+ 2K o
2Az? 2Ay? v
(K1) fjriga; + (') Ess) (K1)l + (') Ess)
I\ 2 Po 415 T IN 22 Po i—1j
(<k1p1>?’j’ij+1 + <k1p1>?’j’ij) n (k?j—1 + kzoj) -
2N y? Po ijy1 T WPO ig—1
_ (<klpl>%/i+1j + <k1p1>?/j/i—1j + 2<k1p1>%/zj)
2Ax2
(K p1) i H (K )i + 2k p0)50)
2Ay? 0 i
2A 2 WLy 2A 2 =1y
(Kt kig'f')C??. (Kt kf'f')c??, 4
2Ay2 igi' g’ +1 2Ay2 igi'y'—1
(kf/_l_l]‘/ ‘I’ kf’—lj’ ‘I‘ Qkf/]/) _|_ (kf'j/-l-l ‘I’ kf’j’—l ‘I’ Qkf/]/) Cn/ §
2Az? 2Ay? L
(K1) By + (K ) i) (K1) + (K o))
N2 Po i1 T IN 22 Po i1
(<k1p1>?ji’j’+1 + <k1p1>?ji’j’) n (k?’j’—l + k?’j’) o
_ (<k1p1>%i/+1j' + <k1p1>?ji’—1j’ + 2<k1p1>%¢/]‘/)
2Ax2

(K1) By + (B 1)y +2<k1p1>?ji'j')} n

8.5 Results

In this section we present some illustrative samples of the type of results that we
have obtained using this method to solve the full statistical problem.

In each case we consider a single Fourier mode as the initial condition, with no
flow conditions around the boundary, and zero forcing function. The region under
investigation is square with unit length. All lengths and times are normalised for

the purposes of this research.
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Using a single Fourier mode as the initial condition means that in the case of
a homogeneous mean value for the permeability, the solution to the p.d.e. under
consideration, equation (8.0.1), may be expressed as the Fourier mode with an

exponentially decaying amplitude,
pla,y,t) = e_r2%tcos(7r:1;). (8.5.1)

It is fairly trivial to show by substitution that this is a solution to the model
equation, satisfying the zero boundary conditions. We choose this test function
as it is a straightforward solution whose deterministic behaviour is well-known.
We restrict the step-sizes to 0.05 in each illustration. The distributions are, in

each case, assumed to be lognormal.

8.5.1 Figures 8.5.1

In the first example, we have the case where the homogeneous mean value is
0.2, and the variance ¢? = 0.05. Correlation lengths in both the z- and y-
directions are the same, equal to 1.0, the size of the region under investigation.
In Figure 8.5.1(a) we show the initial condition for the deterministic solution, a

one-dimensional Fourier mode, given by equation (8.5.1) at t = 0,

pla,y) = cos(wx). (8.5.2)

The numerical amplitude at time ¢ = 1.0 is 0.140 compared to the analytic
value of e=™ %02 = (0.139. In Figures 8.5.1(b), 8.5.1(c), 8.5.1(d), and 8.5.1(e) we
show three dimensional plots of the variances throughout the region. The initial
value of the variance is taken to be zero throughout the region (equivalent to a
deterministic initial condition), and the Figures show how the variance function
changes over time intervals of 0.3, starting at £ = 0.1, and then at 0.4, 0.7, and

1.0 for respective Figures 8.5.1(b) to 8.5.1(e). Numerically, the covariances have
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maximum values 5.637 x 107° at ¢+ = 0.1, 2.515 x 10™* at ¢ = 0.4, 2.381 x 10™*
at ¢ = 0.7, and 1.629 x 10~* at ¢t = 1.0. Figures 8.5.1(f), 8.5.1(g), 8.5.1(h),
and 8.5.1(i) show the second order correction to the mean value with respect
to the deterministic solution, (ps), at time intervals ¢ = 0.1, 0.4, 0.7, and 1.0
respectively. The values have the following maxima, 4.640 x 10™* for 8.5.1(f),

2.253 x 1072 8.5.1(g), 4.010 x 1073 8.5.1(h), and 5.434 x 1072 for Figure 8.5.1(i).

8.5.2 Figures 8.5.2

In this second example we consider a similar case to Figures 8.5.1, but with a
lower value for the homogeneous mean, (k) = 0.1. The statistical variables are the
same as above, with the variance 0? = 0.05, and correlation lengths 1.0 in both
directions. The values for the deterministic solution are similar, but with a slower
decay rate, the numerical amplitude being 0.375 after one unit of time, compared
with the analytic value of 0.373. In Figure 8.5.2(a) we show a three dimensional
plot of the variance function throughout the region of interest, plotted at time
t = 1.0. The maximum numerical value for the function is 2.630 x 10~*. Figure
8.5.2(b) shows the second order correction to the mean value, at time ¢t = 1.0

also. The maximum value is 2.841 x 1073,

8.5.3 Figures 8.5.3

In Figures 8.5.3(a) and 8.5.3(b) we show the effect of increasing the variance of the
permeability. The general data is the same as for Figure 8.5.1, but with variance
o? = 0.1. Figure 8.5.3(a) shows the variance plotted after time ¢ = 1.0, with
maximum value 6.517 x 107*. Figure 8.5.3(b) shows the second order correction

to the mean, with maximum value 2.173 x 1072,
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8.5.4 Figures 8.5.4

In the Figures 8.5.4(a) to 8.5.4(f) we show the differing types of behaviour seen
when using an anisotropic correlation function, after a time interval ¢ = 1.0.
The mean and variance for permeability are the same in each Figure, (k) = 0.2
and o? = 0.1 respectively. In 8.5.4(a) and 8.5.4(b) we see the case where the
correlation length is comparatively short in the z-direction, A\, = 0.1, and long
in the y-direction, A, = 1.0. 8.5.4(a) shows the variance, with maximum value
2.515x107*, and 8.5.4(b) the correction to the mean, with maximum 1.641 x 1072,

In 8.5.4(c) and 8.5.4(d), the correlation lengths are reversed, compared to
8.5.4(a) and 8.5.4(b), with A, = 1.0, and A, = 0.1. 8.5.4(c) shows variance, with
maximum value 1.184 x 10™*, and 8.5.4(d) shows correction, with maximum value
8.449 x 1072,

In 8.5.4(e) and 8.5.4(f) we see the effect of a short isotropic correlation length
in both directions, A, = 0.1, and A, = 0.1. 8.5.4(e) shows variance, with max-
imum value 3.558 x 107°, and 8.5.4(f) shows correction, with maximum value

8.553 x 1072,

8.5.5 Figures 8.5.5

The final Figures show an example of the type of behaviour seen when a spatially
varying mean value for permeability is assumed. In this case, the mean value
linearly decreases in the z-direction, from 0.2 at * = 0, to 0.1 at = = 1.0. The
variance of the permeability is ¢* = 0.05, and the correlation lengths are the
same for both directions, A, = 1.0, and A, = 1.0. Figure 8.5.5(a) shows a three-
dimensional plot of the deterministic solution throughout the region; 8.5.5(b) is
a plot of the variance, with maximum value 3.135 x 10™*, and 8.5.5(c) shows the

correction term, with maximum value 4.037 x 1072,
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Figures 8.5.1 Plots of pressure and pressure variance verses position, at
time intervals of 0.3 seconds. (k) = 0.2, * = 0.05

Figure 8.5.1(a) Initial condition for deterministic pressure solution

Figure 8.5.1(b) Pressure variance at t = 0.1
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Figure 8.5.1(c) Pressure variance at t = 0.4

Figure 8.5.1(d) Pressure variance at ¢t = 0.7

134



Figure 8.5.1(e) Pressure variance at t = 1.0

Figure 8.5.1(f) Second order correction to mean value, (py), at t = 0.1
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Figure 8.5.1(g) (p2) at t = 0.4

Figure 8.5.1(h) (p2) at t = 0.7
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Figure 8.5.1(i) (p2) at t = 1.0
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Figures 8.5.2 Plots of pressure variance and second order correction to
the mean pressure verses position, after time interval of 1.0 seconds. (k) = 0.1,
o? =0.05

Figure 8.5.2(a) pressure variance at ¢ = 1.0

Figure 8.5.2(b) (p2) at t = 1.0
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Figures 8.5.3 Plots of pressure variance and second order correction to
the mean pressure verses position, after time of ¢t = 1.0; () = 0.2, 02 = 0.1

Figure 8.5.3(a) pressure variance at ¢ = 1.0

Figure 8.5.3(b) (p2) at t = 1.0
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Figures 8.5.4 Plots of pressure variance and second order correction to
mean pressure after time ¢ = 1.0, with differences of anisotropy in the correlation
lengths; with (k) = 0.2 and ¢? = 0.1.

Figure 8.5.4(a) pressure variance at ¢t = 1.0; A, = 0.1, A, = 1.0

Figure 8.5.4(b) (p2) at t =1.0; A\, = 0.1, A, = 1.0
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Figure 8.5.4(¢c) pressure variance at ¢t = 1.0; A, = 1.0, A, = 0.1

Figure 8.5.4(d) (p2) at t =1.0; A\, = 1.0, A, = 0.1
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Figure 8.5.4(e) pressure variance at ¢t = 1.0; A, = 0.1, A, = 0.1

Figure 8.5.4(f) (p2) at t = 1.0; A, = 0.1, A, = 0.1
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Figures 8.5.5 Plots of pressure, pressure variance and second order
correction to the mean value pressure after ¢ = 1.0, with spatially-varying mean

value for permeability field. o2 = 0.05 and A\, = 1.0 and A, = 1.0.

Figure 8.5.5(a) deterministic solution at time ¢ = 1.0

Figure 8.5.5(b) pressure variance at ¢t = 1.0
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Figure 8.5.5(c) (p2) at t = 1.0
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8.6 Summary

The examples we see plotted in this chapter are basically a selection of illus-
trative examples of the general type of behaviour that we have observed using
this method of evaluation. We employed a very simple explicit numerical dis-
cretisation scheme, which turned out to be severely limiting on the examples we
were able to solve effectively. We note here that the stability condition for the

deterministic scheme we use, equation (8.4.1) is

4Ntk
vh?

<1. (8.6.1)

We found that the scheme would generally become unstable in cases where there
was a significant probability that admissible realisations would lie outside the
general stability range of the scheme. Experiments on the specific point at which
instabilities start to occur have yet to be done, but it has been observed that they
can certainly be shown to occur when (k) 4+ 30 lies outside the stability range for
our scheme.

In Figures 8.5.1(a) to 8.5.1(i) we see the time-dependent behaviour for a sin-
gle Fourier mode, where the mean of the permeability is homogeneous, and the
variance comparatively low, so that the results lie well within the stability range.
The deterministic solution (shown only at one time value) behaves as expected,
decaying exponentially, whilst retaining the basic shape of the (one-dimensional)
mode. The basic shape of the three-dimensional plot of the variance remains the
same throughout the time region under investigation, with maxima at the two
edges of the region given by # = 0.0, and @ = 1.0. The maximum variance was
seen to reach a maximum at around ¢ = 0.5, thereafter gradually decreasing, with
the maximum variance concentrating in the corners whilst it decays. The second

order correction to the mean begins by taking a similar shape to the deterministic
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solution, on a much smaller scale, of course. This value is much more subject
to instabilities than the variance and deterministic approximations, and we see
large increases for large time values.

In Figures 8.5.2(a) and 8.5.2(b) we can compare the previous behaviour with
that for a lower mean value for (still) homogeneous permeability. Consequently,
the deterministic solution has a correspondingly lower decay rate. The general
shape assumed by the variance and second order approximations after one time
unit are the same. The numerical value of the variance is, however, higher due
to a greater relative spread in admissible realisations. There is a lower numerical
value for (ps) after the time interval. This may be due to the fact that (py) is
related to the decay of the Fourier mode.

In Figures 8.5.3(a) and 8.5.3(b) we show the equivalent data to 8.5.1, but with
a larger assumed variance. As expected, both variance and correction term have
larger numerical values, whilst assuming a similar general shape.

The next figures show data for anisotropic correlation lengths. In the case of
strong correlation in the y-direction, and much less correlation in the z-direction,
Figures 8.5.4(a) and 8.5.4(b), we see that the statistical properties throughout the
region are more homogeneous in themselves than in 8.5.4(c) and 8.5.4(d) where
the situation is reversed and there are much higher variance figures concentrated
in the corners. This seems to be due partly to the numerical process in solution
of the stochastic p.d.e. which from earlier figures, seems to favour correlated
properties in the y-direction. The third case, where correlation lengths in both
directions are small compared to the entire scale of the region, Figures 8.5.4(e)
and 8.5.4(f) shows similar concentration of variance in the corners, with numerical
values of one order of magnitude lower, which is the sort of behaviour we would

expect if the statistical properties are weakly correlated.
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We include the final couple of figures, 8.5.5(a) and 8.5.5(b), just as of a matter
of interest. The mean of the variance in this case was not homogeneous, decreasing
linearly from 0.2 at « = 0.0, to 0.1 at * = 1.0. This inhomogeneity does not
seem to have been different enough throughout the region to have induced any
particularly interesting numerical results, so we do not comment further.

The results presented here should only be considered as an introduction to this
approach of studying uncertain p.d.e.s in oil reservoir modelling. We have shown
some of the early results that this method provides us with, but feel that much
more research can be done in this specific area. Some further areas of potential

research may include

o Investigation of the differing effect of other schemes on this method, espe-

cially implicit methods;

o A full investigation of the effect of grid-size, in relation to correlation length,

and, in particular, how their ratio effects results;

e Improving the efficiency of the method, or reducing the computational bur-

den;

o Investigation of the numerical correlation length of the numerical results

obtained;

Investigation of the convergence and consistency of the schemes.

8.6.1 Alternative Schemes

The results obtained in Sections 1 to 4 of this chapter, in particular, equations
(8.4.5), (8.4.6), (8.4.7), and (8.4.8), can be generalised to any scheme with the

same time discretisation. Some degree of extra stability might be gained from
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using different, more accurate spatial discretisations. However, we feel that it
is probably more important to generalise the time discretisation also, to include
implicit schemes also, to enable a more practical application of the method. We

do not envisage any problems in doing this.

8.6.2 Investigation of the effect of grid-size

The relative lengths of grid-size and correlation length may be of vital importance
when applying this method in any practical case. This is because there may be
cases where the correlation length is less than the size of the grid, which would
imply no statistical correlation of the numerical results. This would probably
not be a bad model of the analytic problem, which ought to retain some of the
correlation due to the continuum. It is envisaged that a careful comparison of the
ratio of correlation length to grid-size in all directions would be necessary before

employing this method in a practical situation.

8.6.3 Efficiency of method/Computational burden

As these results stand we need to calculate all the cross-correlation terms in equa-
tion (8.4.6) for a full application of this method. This represents a potentially
restrictive amount of computational burden for this numerical technique. For
example, if there are N = M?* gridpoints, equations like (8.3.12) and (8.3.14)
represent N? operations at each successive time level, when solving for auto-
correlation terms of the solution and cross-correlation terms successively. This
compares with ~ N operations for the deterministic equation (8.3.11), and may
represent a large computational burden compared with, say, a Monte-Carlo simu-
lation, probably meaning that in a practical sense, implementation of this method

would be severely limited.
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However, we firmly believe that it is feasible to develop criteria for disregard-
ing many of these correlation terms when they represent those for two points
separated by a large distance, particularly compared to correlation length of
the permeability autocorrelation function. For this to be possible, an analytic
model of the covariance function of the pressure solution would be required.
This would allow us to develop a quantitative criterion for deciding which of
the cross-correlation terms are negligible. Qualitatively, we would expect the so-
lution pressures to be much more strongly correlated along the direction of flow
than in other directions, such as perpendicular to the flow. Research done where
the effort is made to evaluate the solution covariance function, such as that by
Gelhar and Vomvoris, [28], shows that solution covariance functions appear to be
highly anisotropic in many case. Large correlation lengths are observed along the
direction of flow, and significantly smaller lengths in other directions. This would
suggest that the cross-correlation terms aligned to the flow are the most signifi-
cant ones, and will dominate those for most other directions. Making full use of
this dominance would mean that the number of operations would be of the order
of N x M, or N x N%, assuming flow roughly parallel to the boundaries of the
region. This would be further reduced if the largest correlation length aligned
to the flow was small compared to the dimensions of the entire region. There
might still be some correlations perpendicular to the flow to consider, but these
would be only of the order of L. x N, where L is a low-valued integer, possible of
the order of 8, depending on the type of numerical scheme under consideration.
The total number of operations would then be drastically reduced from ~ N? to

~ Nz + LN, with corresponding reduction on computation time.
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8.6.4 Correlation Length of solution

We are interested, in an academic sense, in the types of statistical correlation
between numerical solutions at differing grid-points. Because evaluation of this
method involves calculation of all correlation terms for pressure at different points,
Cliviisor (PY o iP7 4;)» in equation (8.4.8), we already have this information avail-
able. Due to lack of time, numerical experiments have not yet been done on these
quantities, but we would be greatly interested to calculate relative correlation
lengths for pressure, in relation to those for permeability. The ratio of these
two quantities may be in some way connected with the variance reduction factor
formulation of Schwydler and Dupuy, [21], and we will investigate in the future.

Also, a potential comparison of numerically obtained correlation lengths and the

analytic models mentioned in the previous subsection would be of great interest.

8.6.5 Convergence and consistency of schemes

We must further investigate the convergence of the numerical /statistical schemes
we are using. It is envisaged that an approach similar to that in chapter 7 may

be used, whereby the assumed series form of the pressure,

N
p= Zoﬂmpm + Sn1, (8.6.2)
is considered for each admissible realisation. If we are able to show some form of
convergence for a specific realisation, we may be able to show convergence in the
general case. This would suggest that some of the statistical results of chapter 7
that show how functionals of multivariate statistical variables are bounded over
all admissible realisations, equation (7.2.11), ought to provide convergence for

the series (8.6.2) under certain conditions. These conditions have not yet been

formulated.
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For the consistency of these numerical techniques, it is best to consider con-
ditions that can be applied to each admissible realisation. If consistency can be
shown for all these cases, then by similar arguments to those in chapter 7, it

ought to be able to be shown to apply for the full probabilistic problem.
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Chapter 9

Conclusions

In this thesis we have developed methods to analyse various types of systems of
differential equations that contain uncertainty in some of their governing param-
eters, due to the heterogeneity of rock formations in underground reservoirs. The
new research done here has generally been written about in the order in which
it was actually done. Hopefully, this has given both a flavour of what we feel
we have achieved that is new, and also serves as a good indication of how the
research proceeded step-by-step.

We began by introducing the specific problem under consideration and devel-
oping mathematical models that we would be able to analyse in detail. All the
techniques in formulating the model equations were taken from standard mathe-
matical texts and literature. At all points in the thesis we referred our study to
the equations that might be used as a ”classical” solution to the mathematical
problems. That is, the solutions obtained by making an assumption that substi-
tuting the mean value into the model would provide a valid approximation to the
mean value of the solutions. This was referred to as the deterministic solution
throughout the thesis.

Some statistical concepts, necessary for a complete understanding of all the
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techniques used and developed throughout the thesis, were introduced, with par-
ticular emphasis on the types of statistical parameters that were deemed to be
especially important in the research. Specific types of distribution functions were
also discussed.

Some of the literature in this, and adjacent areas of research, was reviewed
with comments on which areas were considered the most useful to pursue further.

The main part of the original research in this thesis then began with an ex-
tension of an analytical technique that had already been developed. Although
the approach we followed in attempting to extend the work of P. King was un-
successful in providing any useful practical results, we did gain some interesting
theoretical insight into the problem. It is felt that this may be readily extendible
in the future, and ought to give some usetul practical results.

We went on to introduce the specifically numerical parts of the research. The
main object of this research was to develop numerical methods to evaluate uncer-
tainty in our model equations, with particular emphasis on how existing numerical
techniques might be adapted to analyse the general behaviour of the statistical
problem, particularly the mean and variance behaviour. We feel this has been
achieved in that simple techniques for numerical discretisations have been adapted
to give approximations, at least, for the mean and the variance of the numerical
solutions. We have always taken a careful approach to assuming that the deter-
ministic solution is a valid, or approximate, model for the full statistical problem.
In the case of our steady-state model we were able to develop an approach, based
on straightforward matrix algebra, that permitted us to obtain mean values of
numerical solutions. Because this problem could be put in this form, we were
able to assess rigorously the validity and accuracy of these approximations, when

used in conjunction with various simple results for multivariate distribution func-
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tions. We were able to evaluate the results formulated using standard fortran
programming, and some of the experimental findings proved of interest.

The last stage of research involved development of methods to analyse the
dynamic behaviour of our model equations. The techniques we employed were
similar to those in the previous chapter, although the problem was approached in a
more general sense, with particular interest in the effects of making assumptions of
lognormal distribution functions for the permeability. Experimental results were
obtained for simple discretisations under investigation. We were able to gain
insight into what type of numerical schemes might best be used when employing
this method in future research, by this practical application. Further suggestions
as to how to proceed in this research were also discussed.

The limitations on this type of numerical approach were discussed, particu-
larly at the end of chapter 8. Because of similarities of the techniques used in
chapters 7 and 8, these limitations broadly apply in both time-dependent and
steady-state equations in a numerical context. In either case, we are implicitly
disregarding the tails of the input permeability distributions, and assuming that
the remaining admissible realisations satisfy the appropriate numerical stability
condition. In some cases this may seem to be a rather extreme assumption to
make, but in some research in this area, such as that by Bellin et al, [9], this
may be valid, particularly when considering inhomogeneous mean value func-
tions for the permeability field. In any statistical technique of this type, that
needs to include probabilistic considerations such as Monte-Carlo simulations, it
is inevitable that the distribution is implicitly truncated, even when the original
distribution is assumed to be infinite. This is especially important when problems
due to numerical schemes that are introduced must be taken into account. In this

research we have obtained plausible approximations for at least the lower order
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moments of the solution distributions and this is considered to be an important
achievement in the context of this research project.

The implementation of all the techniques we developed in this research has
provided insight into how it may be extended further to provide practical results,
specifically in the area of oil reservoir modelling, and, in more general problems
that involve uncertainty of one form or another. We found that the specific
ways in which the uncertainties occurred in this problem were different to those
that have been previously studied in standard stochastic differential equations.
It is hoped that more research will be pursued in this area, and more direct
techniques for the evaluation of uncertain differential problems will be developed

in this interesting area of mathematics.
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