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Abstract

A new transform method recently developed by Fokas, is used for the study of two-
point boundary value problems of the form ¢/(z,t) + T'q(x,t) = 0 for linear evolution
partial differential equations of arbitrary order, posed on the finite space domain [0, L].
Here T is an appropriately defined z-differential operator and suitable initial and bound-
ary data is assumed.

The solution representation is expressible as an integral in the complex plane. For
problems of odd order such representations are new, while for even orders it is shown
that they are equivalent to classical series representations.

Spectral codes are developed for the numerical solution of a variety of illustrative
examples, with many different types of boundary conditions. Finally, these codes are
generalised and developed for linear third order problems for the solution of two-point
boundary value problems for the important nonlinear equation, the Korteweg-deVries

equation.
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Chapter 1

Introduction

In this work we consider the analytical and numerical solution of boundary value prob-
lems for evolution PDEs with constant coefficients, posed on a finite space domain. The

equations that we consider are of the form
q(z,t) + Tq(z,t)=0, t>0, =z€l0,L], (1.1a)
q(z,0) = q(z), =z €l0,L], (1.1b)

where T is an z-differential operator, and go(z) is a given smooth function. 7" will mostly

be linear, but we will also consider the nonlinear KdV equation, given by

g (z,t) + qu(x, 1) + q(2,1) ¢ (2, 1) + Quau(w,1) = 0. (1.2)

These equations are equipped with the appropriate number and type of boundary con-
ditions.

This work is divided into two main parts. In the first, we derive appropriate repre-
sentations of the solution of various boundary value problems posed for such PDEs, and
develop a general theory for linear evolution PDEs of arbitrary order. These are classi-
cal problems and many second order examples are extensively treated in the literature.
However, the classical methods are not naturally or easily generalisable to higher order,
and in particular to odd order problems. Here, we were able to give a systematic and
unified treatment by using a new transform method, introduced by Fokas [12], which is
based on the fact that linear and integrable nonlinear equations can be written as the
compatibility condition of two linear ODEs. This is called a Lax pair formulation [32].

This method yields a complex integral representation of the solution, using classical



tools of complex analysis such as the Cauchy integral formula and the Riemann-Hilbert
problem. It also yields a relation between the initial and all the boundary values of the
solution, which is known as the global relation and plays a crucial role in the methodol-
ogy of Fokas.

The integral representation has explicit x and ¢ exponential dependence (we say that
it is spectrally decomposed) and, after exploiting appropriately the global relation, it can
be given in terms of only the prescribed initial and boundary data of the problem.

The integral representation can be deformed to the classical series representation,
without any appeal to classical theory. The series representation can also be derived
directly from the global relation, but in this case the classical theory regarding the
eigenvalues and eigenfunctions of an associated linear differential operator must be called
into play. The method of Fokas for solving linear evolution two-point boundary value
problems, and his relation to classical methods, is the general theme of Chapter 2.

In the second part, we study a variety of linear and nonlinear boundary value problems
numerically. The final aim and motivation is the study of the nonlinear KdV equation,
given by (1.2), posed on a bounded domain. All our numerical schemes use a spectral
method for the discretisation of the space variable x. We develop such schemes for the
imposition of a variety of boundary conditions for linear problems of third and fourth
order, before turning to the nonlinear case.

We begin by a brief review of the work that has led to the development of the Fokas
transform method, and the motivation for studying two-point boundary value problems
for evolution PDEs, both analytically and numerically. We then give a brief account of
the history of the KdV equation and the discovery of the famous soliton solution, and
a review of spectral methods. Finally, we list some results in complex analysis and the
theory of linear differential operators with constant coefficients, that will be referred to

in the sequel. We conclude with a brief overview of the work presented in this thesis.

1.1 Background and Motivation

The initial value (Cauchy) problem for linear evolution equations in one space dimension,
posed on the real line, is solved by the Fourier transform [26]. The analogous problem

for integrable nonlinear evolution equations is solved by the inverse scattering transform



method, which is conceptually similar to the classical Fourier transform approach and
amounts in essence to a nonlinear version of it [27]. The inversion formula for this
nonlinear version of the Fourier transform is obtained through the solution of a Riemann-
Hilbert problem posed on the real line [1].

Here, we consider initial and boundary value problems. In this case, it is well known
that the classical Fourier, sine and cosine transforms can be used to solve certain linear
initial boundary value problems of even order. The choice of which transform to use,
is governed by the PDE and the imposed boundary conditions, and for some boundary
value problems, there exists a procedure, based on the so-called Green’s function, for de-
riving the appropriate transform [44]. However, these methods to solve linear boundary
value problems have some disadvantages. To illustrate this point, consider as a simple

example the linear initial value problem
iq(z,t) + Gua(x, ) =0, t>0, z€(—00,00),
q(z,0) = qo(z), € (—o00,00),

and the corresponding boundary value problem posed on [0, 00) with ¢.(0,t) = fi(t),
where go(x) and fi(t) are given functions satisfying ¢o(0) = f1(0).
The solution of the initial value problem is given by
q(z,t) = % / h e =600, k) dk . (1.3)

The traditional approach that is used to solve the initial boundary value problem is the

cosine transform in z, given by the pair of equations

™

q(t, k) = /000 cos(kzx)q(xz,t)dx, q(x,t) = 2 /000 cos(kx) q(t, k) dk .

The solution of the boundary value problem is given by

2 o0 . t . ’
q(z,t) = —/ cos(kx) (e_ZthQ(O,k) — z/ e~ =) £ (1) dt’) dk, (1.4)
T Jo 0
where (0, k) is the Fourier transform of the initial data.
We now compare these two representations. The solution given by (1.3) is spectrally
decomposed, i.e., x and t appear explicitly and the spectral data ¢(0, %) depends only

on k. For this reason, it is easy to study the long time behaviour of the solution. In

contrast, the expression (1.4) is not separable, hence not spectrally decomposed, and it
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is not straightforward to determine the long time behaviour of the solution of the initial
boundary value problem. In addition, expression (1.4) is not uniformly convergent at
x = 0.

In spite of these disadvantages, for a variety of linear boundary value problems,
the transform methods are successful. However, the appropriate transform does not
always exist. For example, if the boundary conditions are sufficiently complicated, or if
the associated x-differential operator is not symmetric, then the method above cannot
be employed and one needs to resort to the Laplace transform in ¢, which is more
complicated and involves further restrictions on the data.

Recently, Fokas has proposed a method for solving boundary value problems for
linear PDEs in two variables by giving an algorithmic way to construct a transform
in both = and ¢ [12]. This transform yields an integral representation of the solution
which depends only on the given data of the problem. This method has proved very
important for linear problems, and in addition, it can be generalised to the solution
of boundary value problems for integrable nonlinear evolution PDEs. We remark that
the latter problem was open for almost forty years after the discovery of the inverse
scattering transform, as it is not possible to follow the same procedure to derive a
nonlinear analogue of these ‘boundary-value’ transforms, and of course there was no
starting point when such a boundary linear transform does not exist in the first place.
The crucial idea of Fokas was that of constructing a transform simultaneously in x and
t.

This new approach has proved very successful, and it has been used to study initial
boundary value problems for linear dispersive evolution equations [23, 17, 15, 19], several
integrable nonlinear evolution equations [16, 14, 49|, and two-point boundary value
problems for linear evolution partial differential equations [22, 38, 39, 21]. The KdV
equation is an important example of an integrable nonlinear evolution equation for which
boundary value problems have been studied by this method, and we focus here on this
particular example [19]. In the next section we give a brief account of the history of this

equation.



1.1.1 The Korteweg-deVries Equation

In August 1834, John Scott-Russell (1808-1882) witnessed a phenomenon on the Edin-
burgh-Glasgow canal that was the first ever recorded observation of what is now termed
a solitary wave. What he observed was a large mass of water, some thirty feet in length
and a foot and a half in height, which was rounded, smooth, well-defined and in the form
of a large solitary elevation. The wave travelled down the channel without changing in
form or decreasing in speed, for several miles before the wave was finally lost. Russell
observed that the volume of the water in the wave was exactly equal to the volume of
the water that was displaced. He concluded that the wave speed was proportional to
the amplitude, demonstrating that the larger the amplitude and narrower the wave, the
faster it travels.

In the 1870’s Boussinesq (1871, 1872, 1877) and Rayleigh (1876) considered the two
dimensional Euler equation and independently derived expressions for the shape and
speed of the type of wave that Russell had observed.

In 1895 Korteweg and deVries, both of whom were seemingly unaware of the earlier
work of Boussinesq, obtained a partial differential equation, which is now commonly
referred to as the Korteweg-deVries, or KdV equation [31]. The equation is nonlinear
and based on the assumption that the depth of the water is small compared to the width
of the wave, and relates the amplitude of the wave and its changes in space, with the
change of the amplitude in time.

Korteweg and deVries demonstrated that the equation possesses a particular solution
with the type of behaviour witnessed by Russell. This solution, called a soliton, takes

the form
2. 121 3
q(z,t) = 3A%sech 5 (Ax —A t) ,

where the parameter A determines both the amplitude and speed. The term soliton was
introduced by Kruskal and Zabusky in 1965 to emphasise the analogy with particles
[52].

We define the soliton as a particular solution of a nonlinear equation, which is localised
in space and retains its shape upon interaction with any other localised disturbance. The
dispersive effects cause the wave to spread and decrease in amplitude, and the nonlinear

effects cause the wave to steepen and become narrower. Under certain circumstances



these opposing effects complement each other and the balance between them is such
that the soliton propagates without changing in form.

Moreover, solitons are important because they characterise the long time behaviour
of evolution equations in one space dimension. The pure initial value problem for the
KdV equation posed on the real line, and the periodic initial value problem posed on
a bounded domain, are the focus of [3], and existence, uniqueness, regularity and con-
tinuous dependence results have been established. For a general description, regarding
the derivation of such model equations for long waves in nonlinear dispersive systems,
together with references to their derivation in specific physical situations, see [2]. More
recently, the analysis of the KdV equation posed on a bounded domain has received
much attention. The exact boundary controllability of linear and nonlinear equations
with various boundary conditions has been studied by Rosier [41], and initial boundary
value problems for the KdV equation are the focus of the works by Colin et al. [8] and
Bona et al. [4].

The problem of finding a solution describing the interaction of two solitons, was not
addressed by Korteweg and deVries, but instead, in 1967, by Gardner et al., who derived
an explicit solution describing the interaction of an arbitrary number of solitons [26]. If
we consider a two soliton initial solution, then the soliton with the larger amplitude will
travel faster than the other soliton and will overtake it. The effect of the interaction
will simply be a phase shift, i.e., the two solitons will have reached the positions they
would have otherwise reached had they not have interacted.

Numerically, the solution of nonlinear dispersive wave equations has been of interest
since the 1960s. Explicit methods, used to approximate the KdV equation, include
schemes by Zabusky and Kruskal [52] and Vliegenhart [50]. Implicit methods include
a hopscotch method [29] and a scheme due to Goda [28]. Finite Fourier transform or
pseudospectral methods include the split-step Fourier method introduced by Tappert
[46] and the pseudospectral method introduced by Fornberg and Whitham [25], both of
which will be the focus of the numerical schemes of Chapter 6. All of the schemes are
reviewed in detail, and their efficiency compared, in the paper of Taha and Ablowitz
[45]. Fourier spectral methods have also been applied to the KdV equation by Schamel
and Elsasser [43] and Chan and Kerkhoven [6], and more recently a comparison of the

Fourier pseudospectral methods for the solution of the KdV equation, has appeared in



the literature [37].
Such methods are also of great interest in the solution of higher order problems [34],
and indeed will be the focus of Section 5.2 for our numerical approximations. In the

next section we give a brief review of spectral methods.

1.2 An Overview of Spectral Methods

Before the introduction of spectral methods in the 1970s, finite difference methods
(1950s) and finite element methods (1960s) were the main two classes of methods that
were used for the numerical solution of partial differential equations. Afterwards, theo-
retical and numerical studies have shown that when the functions involved are smooth,
such methods converge must faster than finite difference or finite element methods [5],
and nonlinearities do not pose any special difficulties. By now there is a very large
literature on spectral methods. In this thesis, we are interested in particular in the use
of such methods for solving third order differential equations [30].

Both finite difference and finite element methods are based on approximations that
are local in nature. In contrast, spectral methods use the information given over the
whole domain to approximate the solution at a certain point. In this sense, the nature
of the approximation is global. Spectral methods are usually described as expansions

based on infinitely differentiable global functions:

u(r) 2> ar dr(x),

N
k=0
where the functions ¢y (x) are for example Chebyshev polynomials, or trigonometric
functions, and the coefficients a, are called the expansion coefficients. These functions
are then differentiated exactly. To define a spectral numerical scheme to solve a spe-
cific PDE problem, one needs to choose the trial functions ¢ (z) and to determine the
expansion coefficients ay, k=0,1,..., V.

In the next section, we give a detailed review of the spectral differentiation process
for the cases for which the prescribed function is both periodic and nonperiodic. In the
former case we consider the approximation of the derivative of a given function using the

discrete Fourier transform (DFT), which we then contrast with the Toeplitz differenti-

ation matrix approach. This is to be compared to the latter case of approximating the



derivative of a function when the domain is bounded but not periodic using Chebyshev
polynomial interpolants.
The introductory material given below, follows closely the exposition in Trefethen

[48]. For a more historical background on these methods, see [5].

1.2.1 Periodic Problems

Suppose we are given a set of N grid points {z1,...,zx} and corresponding function
values {uy,...,uy} and we wish to approximate the derivative of u(x) spectrally. The
first approach that we consider is the approximation of the derivative of a given function
using the discrete Fourier transform (DFT), which we then contrast with the Toeplitz

differentiation matrix approach.

Discrete Fourier Transforms

Let us begin by considering the continuous case. The Fourier transform pair is given by

u(k) = Fu(x) = /00 e~k (z) da r,keR, (1.5a)
u(z) = Fla(k) = %/m e*rq(k) dk (1.5b)

where u(x) is a sufficiently smooth function and u(k) is its Fourier transform.

The Fourier transform converts differentiation into multiplication by ik: (k) =
iku(k). This is probably its most important property, as it means that PDEs in physical
space can be transformed to ODEs in Fourier space.

Consider now the discrete spatial domain with grid points x; = jh for j € Z. Because
of the phenomenon known as ‘aliasing’, the wavenumbers k& will no longer range over R,
but will instead range over a bounded domain of length 27“ Indeed, if one considers the
points x; = jh for j € Z, then ™% = ¢™*2% for each j, provided k; — ks is an integer
multiple of 27”

We now consider spectral differentiation on a bounded periodic grid. Our basic
periodic grid is [0, 27| discretised by N equispaced points. Because the spacing h = QW”
of the grid points implies that wavenumbers differing by an integer multiple of 2% are

indistinguishable on the grid, the spectral variable is k € [—%, %]



The formula for the discrete Fourier transform (DFT) which transforms our function

u(z) to the discrete Fourier space is given by

N
Fuj=ip=hY e™*u;,  k=-N/2+1,... N2, (1.6)
j=1
and the inversion formula is
) N/2
F—lak:uj:2— > ety j=1,...,N. (1.7)
k=—N/2+1

Via the formula for differentiation of the continuous function wu(z), we differentiate
our discrete function analogously and approximate the first derivative of u(z) as u}; =
F~(ikFu;), and similarly approximate the third derivative as u}’ = —F~(ik®Fuy),
where F'u; and F~ 'y are given by (1.6) and (1.7) respectively.

Matlab has built in functions X = fft(z) and x = ifft(X) that implement the Fourier

transform and its inverse. For a vector of length N the pair are given explicitly by

N
X(k) = 3 a()em RO,

xmz—ZX D=0, (1)

Matlab stores the wavenumbers in the order 0,1, ... , %, —% +1, —% +2,...,—1.
For convenience, these equations are often written as matrix x vector products. For

example expression (1.8) for the inverse discrete Fourier transform, can be written as

(1) 111 | X(1)
z(2) 1 w w? wh-t X(2)
1
z3) [=x | 1L w? Wl w2N—2 X3) | (1.9)
z(N) 1 W=t 2N-2 wN-1)? X(N)

where w = e . The discrete Fourier transform (DFT) on the N-point grid can be com-
puted via the fast Fourier transform (FFT), discovered by J.W.Cooley and J.W.Tukey
in 1965, and used to approximate the derivative of u(x). The execution time for the
discrete Fourier transform depends on the length N of the transform, and the matrix-

vector multiplication, given by (1.9), appears to require O(N?) operations. This is



because the process requires N? complex multiplications (along with a small number
of operations to generate the required powers of w). However, if N is chosen to be the
product of small prime factors, then the discrete Fourier transform can be computed
using the fast Fourier transform (FFT) in O(N log N) operations. The FFT algorithm
writes the DFT matrix as the product of sparse matrices, and this factorisation becomes
particularly efficient when N is chosen to be a power of 2. For this reason, all of the
numerical schemes that are presented in Chapter 6 will choose N to be a power of 2.
For a detailed explanation of the algorithm, see [40].

As a simple example to demonstrate the ease with which the FFT and IFFT can be
implemented, we consider the following where we approximate the derivative of a given
function wu(z), defined on the N point equispaced periodic grid [0,27]. The numerical

derivative w(z) is computed as follows:
e Begin by computing .
e Define w;, = 1kty,.
e Compute w(z) from wyg.

To approximate the n'® order derivative, we simply multiply by the n'* power of ik.
However, for odd order derivatives, we must set the term 12)% = 0, due to a loss of
symmetry (which will be explained in detail in the next section when we discuss Toeplitz

differentiation matrices). Hence the numerical n'" derivative is computed as follows:
e Begin by computing .
e Define wy = (ik)™u and if n is odd set wx = 0.
2

e Compute w(x) from w.

Toeplitz Differentiation Matrices

Toeplitz differentiation matrices provide an alternative method for approximating the
derivatives of a given function, provided the grid upon which the function is defined is
uniform and the problem is periodic i.e., uy = uy and u; = uyy1. Therefore, under
the assumption of periodicity, we can use trigonometric interpolants and represent the
discrete differentiation process as a matrix x vector multiplication. Our basic periodic

grid will be [0, 2] with spacing h = 27/N::
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e Let p(z) be a single function such that p(z;) = u; for all j.
e Set w; = p (z;).

For spectral differentiation, we use the inverse Fourier transform, given by (1.7), to
derive an interpolant. We begin by determining 4y and then define the interpolant p(x)

according to the formula given by (1.7), evaluated for = € [0, 27]. This yields
N
1 S
plr) = — Z e* iy, xe0,2n].
N

Evaluating this expression achieves a term of the form e’V®/2 with derivative (iN/2)e"V*/2,

At the points z; = jh, j = 1,..., N, the function ¢*Ne/2

represents a real, sawtooth
wave, and therefore the derivative should vanish and not be equal to a complex ex-
ponential. The reason for this problem is that (1.7) treats the highest wavenumber
asymmetrically, but this problem can be fixed by defining the band-limited interpolant

as follows

N/2
1 I ikx
p(z) = o Z e, x€|0,2n], (1.10)
k=—N/2
where the prime indicates that the terms k = +/N/2 are multiplied by %
Now, the periodic Delta function is given by
1, j=0(modN),
0, Jj#0 (modN),

and the Fourier transform of ¢§; is a constant, or = h for cach k. Therefore, via (1.10),

we have
N/2 N/2-1 N/2
o) =g DM =gl 2 g D e
k=—N/2 k=—N/2 k=—N/2+1
L . N/2-1/2
= %COS <§> Z ethe
k=—N/2+1/2

h T 6—i(N/2):E . ei(N/Z)m
- % cos <§> ( 6—ix/2 _ ei:r:/2 )

11



_h [cos (%) sin (%)
2T sin (g)
__sin(F)
(%) tan (5)
Hence for a periodic domain, p(z) is a trigonometric polynomial on the equispaced grid

and is constructed using the periodic sinc function Sy(x), given by

sin (T;L—I)

(%) tan (3)

To approximate the first derivative of u(z), we evaluate the derivative of Sy(x):

SN(I) =

0, j =0 (modN),
Sy(x;) =
H(=1)Ycot (&), 5 #0 (modN),
arrange the entries in the N** column of the following N x N matrix, and perform the

following matrix x vector multiplication:

w1 0 —%cot% Uy
Wo —% cot 1—2’“‘ % cot % U9
%cot% —%Cot%
= , (1.11)
1 3h
—35 Cot 5
1 1h
2 cot 2
wWN %C0t1—2h 0 un

which we write as
w=Dyu.

The matrix Dy is Toeplitz, meaning that the entries along the diagonals are constant (a;;
depends only on i — j), and circulant, meaning that a;; depends only on (i — j)(modX).
Dy will be the differentiation matrix that we will use in Chapter 6 to approximate the
derivative of a periodic function defined on [0, 27].

To calculate higher spectral derivatives we differentiate Sy (x) more times. i.e., we
construct the matrix for differentiation of any order by differentiation of Sy(z). For a
detailed explanation, see [48].

We conclude this section with a simple example illustrating the use of the Toeplitz

matrix Dy for differentiating the smooth function u(z) = ¢°*®). The program is then

12



repeated using the FFT instead of matrices and the results are given in Figure 1.1. The
program discretises the interval [0, 27| using 24 grid points.

To calculate the errors, the infinity norms for the two functions given by the difference
between the spectral derivatives and the exact derivatives were numerically calculated.
The maximum error for the derivative calculated using the Toeplitz matrix is 9.6811 x

10713, compared to 9.5468 x 10712 from the FFT approach.

Function
3 T

0.5
0 | | | | | |
0 1 2 3 4 5 6
Spectral derivative (Toeplitz) Spectral derivative (FFT)
2 2
1 1
0 » 0
-1 -1
-2 -2
0 2 4 6 0 2 4 6

Figure 1.1: Spectral differentiation of the function u(x) = (@),

1.2.2 Non-Periodic Problems

We now construct interpolants that can be used for approximating the derivative of a
given function when the domain is bounded but not periodic.

Polynomial Interpolation

Consider a non-periodic smooth function defined on [—1,1]. We wish to choose {¢y} so
that for smooth functions the series approximation, given by Zivzo ar, ¢x (), converges

rapidly. In general, a smooth function becomes non-smooth when periodically extended,
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and if we simply pretend the function is periodic and use trigonometric (Fourier) in-
terpolation in equispaced points, then the required condition will not be satisfied. As
a result, the spectral accuracy will be lost, and the coefficients a; will decrease like
O(1/N) as N — oc.

This is called Gibb’s phenomenon, and it was first observed by Wilbraham (1848)
and Gibbs (1899). It basically describes how the Fourier series of a piecewise continu-
ously differentiable function behaves at a jump discontinuity. It reflects the difficulties
encountered by approximating a discontinuous function by a series of continuous func-
tions, and is the most significant example of how an irregularity of a piecewise smooth
function can effect the convergence of interpolants and truncated series expansions.

To overcome this we must replace trigonometric polynomials by algebraic polyno-
mials, p(x) = ap + a1(x) + -+ - + an(x), and use polynomial interpolation on unevenly

spaced points. The set of points we shall use are the Chebyshev points:

xj:cos(‘%>, j=0.1,... N, (1.12)

which are the projections onto the interval [—1, 1], of equispaced points along the unit
circle in the complex plane.

We now give an example to demonstrate the accuracy that is lost from interpolating
a non-periodic function using equispaced points. Figure 1.2 shows the results from

interpolating the function u(z) = 33— on a 17 point grid.

Equispaced points Chebyshev points

1 1
0.5¢ : 1 0.5¢
S =
ol? ® ol
-0.5 -0.5
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X

Figure 1.2: Interpolation of u(z) = for equispaced points and Chebyshev points.

2
3+40x2

As the number of grid points is increased, the errors from equispaced grid point in-

terpolation increase exponentially, whereas if Chebyshev interpolation is used the errors

14



decrease exponentially.

Chebyshev Differentiation Matrices

Given a grid function u; defined on the Chebyshev points x;, j = 0,1,... , N, we obtain

a discrete derivative w; in two steps:
e Let p(x) be the unique polynomial of degree < N with p(z;) = u;, 0 < j < N.
e Set w; = p'(x;).

This operation is linear, because the interpolating polynomial through the grid points
is linear, and is represented by multiplication by an (N + 1) x (N + 1) matrix, which

we shall denote Dy:
w = DN Uu.
The differentiation matrix Dy is constructed according to Theorem 1.2.1:

Theorem 1.2.1. For each N > 1 | the first-order spectral differentiation matrix Dy

has entries

2N? +1 2N% +1
(DN)OO = ) (DN)NN = )
6 6
(Dy) — % 1<j<N-1
Mg (1 —a?2) SIS ’
¢ (—1)™ L
Dy)y = ———2 =0,...,N
(N>zj ¢ (x;— ;) iFEG 4] ) AV

where the rows and columns of the (N + 1) x (N + 1) matriz are indezed from 0 to N,

and

2, 1=0o0r N,

1 otherwise .

?

The Chebyshev differentiation matrix Dy can be computed via an eight-line Matlab
program called cheb [48], which returns a vector z and a matrix Dy, and we will use
this program for all non-periodic numerical schemes in Chapter 5 and Chapter 6. To
obtain higher order differentiation matrices, we will compute the relevant powers of Dy.

i.e., D}u approximates the j"* derivative of u(z).
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Remark 1.2.2. The distinction between the use of Dy to represent both Toeplitz and
Chebyshev differentiation matrices, will be made explicitly clear in Chapter 5 and Chap-

ter 6.

Remark 1.2.3. All of the numerical schemes presented in Chapter 5 and Chapter 6 are
performed using Matlab, and our goal is on achieving simplistic codes using as many

built-in functions as possible, rather than achieving high performance abstract codes.

1.3 Preliminary Results

We begin this section by summarising some basic results on the theory of functions of
one complex variable, which will be used throughout this work. The presentation follows
the exposition given in the book by Ablowitz and Fokas [1].

We also use some of these complex techniques to give an alternative derivation of the
Fourier transform inversion formula for smooth decaying functions. This derivation is a
model for many of the results that follow.

We then include some general results in the theory of linear differential operators
with constant coefficients, which follows closely the book of Naimark [35], and conclude
the section with a theorem, due to Levin, about the distribution of the zeros of a certain

class of entire functions [33].

1.3.1 Cauchy’s Theorem

In this section we give the statement of Cauchy’s Theorem, one of the most significant

results in complex analysis, and list some of its consequences.

Theorem 1.3.1. (Cauchy) If a function f(k) is analytic and bounded in a simply

connected domain D, then along any simple closed contour C' in D

if(k) dk=0.

The proof of Cauchy’s Theorem, which is omitted, uses a well-known result from

vector analysis, known as Green’s Theorem in the plane.

Theorem 1.3.2. (Green) Let the functions P(z,t) and Q(x,t), along with their partial

derivatives %—5, %, g—g and %—? be continuous throughout a simply connected region D
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consisting of points interior to and on a simple closed contour 0D in the x-t plane. Let

0D be described in the positive (counter-clockwise) direction, then

éD(QdHde)—//D (%—]j—g—f) dtdz.

The following lemma is of importance for evaluating exponential integrals on open

unbounded domains, such as the real line.

Lemma 1.3.3. (Jordan) Let C be the circular arc given in Figure 1.3, obtained by
considering the intersection of the circle of radius R with the upper half complex plane

C*. Suppose that on C' we have f(k) — 0 uniformly as R — oco. Then

lim [ e f(k)dk =0, (A>0).
R—oo C

Figure 1.3: The contour C corresponding to Jordan’s Lemma (Lemma 1.3.3).

We conclude this section with the most important consequence of Cauchy’s Theorem
(Theorem 1.3.1). This formula can be used to determine the values of an analytic
function f(k) on the interior of a closed contour C' using the known values of the function

on the boundary of C.

Theorem 1.3.4. (Cauchy’s Integral Formula) Let f(k) be analytic interior to and

on a simple closed contour C'. Then at any interior point k

Flk) = 2m lf(’“i; dk’. (1.13)

Equation (1.13) is referred to as Cauchy’s integral formula.

1.3.2 Residue Calculus

If the function f(k) is analytic everywhere on and inside a simple closed contour C|,

then it follows by Cauchy’s Theorem (Theorem 1.3.1) that

JRIGLE
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It may be however that f(k) has a singularity at a point k = k,, and this leads us to

the following definition:

Definition 1.3.5. A singularity of f(k) at k = k, is called a simple pole if f(k) has the

following representation:

where p(k) is analytic in a neighbourhood of k, and p(k,) # 0. The coefficient p(k) is
called the residue of f(k) at k = ky.

The following definition allows us to compute residues, and is of significant importance

in the evaluation of complex integrals.

Definition 1.3.6. The residue at a simple pole is calculated using the formula

_ pk)
) =T

where p(k,) # 0 and q(k) has a simple zero at k,, (implying that f(k) has s simple pole
at ky, by Definition 1.8.5). The formula for the residue at a simple pole is then given by

(k) _ p(ka)
Res 1) = Bes 5 = 7

Note that if & = k, is a simple zero of ¢(k), then ¢'(k,) cannot vanish. Now that we
can compute residues, we turn our attention to residue integration and begin with the
example of an analytic function f(k) with several singularities inside a simple closed

contour C.

Theorem 1.3.7. (Residue) Let f(k) be analytic inside and on a simple closed contour
C, except for finitely many singular points ki, ks, ...k, inside C'. Then the integral of
f(k), taken counter-clockwise around C, equals 27i times the sum of the residues of f(k)

at k17 kZQ, e kn
fcf(k) dk = 2m§;]§ge;5 Fk).
i

If the function f(k) is such that there is just one simple pole on the boundary of the
contour C, then the integral of f(k) is equal to exactly 7i times the sum of the residue

at the pole.
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Figure 1.4: The graphical representation of the Residue Theorem (Theorem 1.3.7).

Theorem 1.3.8. (Simple Poles on the Real Axis) Let f(k) be analytic inside and

on a simple closed contour C, except for a simple pole at k = k,, on the real axis. Then

lim ¢ f(k)dk =i Res f(k).
r—0 C k=kn

k‘n —-T k‘n k’n+7’

Figure 1.5: The graphical representation of Theorem 1.3.8.

Remark 1.3.9. The integral around the semicircle is exactly one-half the value obtained
by integration over the full circle. A general theorem regarding this result is given as

follows: Let f(k) be analytic at k = k’. Consider the integral

k
> f(k)
F, — AN
0 . k—k’/dk’

taken from k; = k' + et to ky = k' + re?? along the circle |k — k| = r, (Figure 1.6).
Then

lim Fy = 0if (W),
where 6 = 05 — 01 4+ 2n7 and n is chosen such that |0 < 27.
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ks

k1

Figure 1.6: The graphical representation of Remark 1.3.9.
1.3.3 Cauchy Type Integrals

Consider the integral

_ L[ FE)

where C'is a smooth contour and f(k') is a function satisfying the Holder condition on

C'. i.e., for any two points k] and k5 on C', 3a > 0 and 0 < A < 1 such that
| f(ky) = f(R5)| < al Ky — k5| ™

If A = 1 then the Hélder condition is the so-called Lipschitz condition. Provided that
k is not on C' then the integral, given by (1.14), is well defined and (k) is analytic. If
k is on C' then it is necessary to know how k approaches C', so as to give the integral
meaning.

-+

Figure 1.7: The regions 4+ and — on either side of the contour C.

The two regions to the left and right of the positive direction of C', are denoted by
+ and — respectively, and are given in Figure 1.7. When k approaches C' along a curve
that is entirely in the + region, the function p(k) has a limit p*(7), where 7 on C.
Similarly, (k) has a limit p~(7) when k approaches C' along a curve entirely in the
— region. These limits are given by the so-called Plemelj Formulae and are called the

boundary values of the function u(k).
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Lemma 1.3.10. (Plemelj Formulae) Let C' be a smooth contour (open or closed)
and let f(k') satisfy a Holder condition on C. Then the Cauchy type integral u(k),
defined by (1.14), has the limiting values p* (1) and p= (1) as k approaches C' from the
left and the right, respectively, and T is not an endpoint of C. These limits are given by

)

1
+ — —
K (T)—:l:2f<7-)+2m' ck —T1

In these equations, § denotes the principal value integral defined by

/ /
C k, — T e—0 Cc—C. k/ — T

where C, is the part of C' that has length 2¢ and is centred around 7, (Figure 1.8).

T — € T T+ €
° ° ° C
Ce

Figure 1.8: The graphical representation of C..

1.3.4 Scalar Riemann-Hilbert Problems

The formulae introduced above, indicates the behaviour of a Cauchy integral as k ap-
proaches any point on the contour C, and can be used to solve scalar Riemann-Hilbert

problems. We now introduce some definitions.

Definition 1.3.11. Let C' be a simple, smooth, closed contour dividing the complex k-
plane into two regions D¥, where the orientation of C is such that DT is always on the

left of the positive direction.

Figure 1.9: The simple closed contour C and the regions Dt and D~ of Definition 1.3.11.
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A scalar function (k) defined in the entire plane, except for points on C, is called

sectionally analytic iof

i.) the function u(k) is analytic in each of the regions D* except perhaps at k = oo,

and

ii.) the function p(k) is sectionally continuous with respect to C. i.e., as k approaches
any point T on C along any path which lies completely in either DT or D™, the

function p(k) approaches a definite limiting value p* (1) or u= (1) respectively.

It follows that (k) is continuous in the closed region D™ U C' if it is assigned the value
pt(r) on C, and is continuous in the closed region D~ U C if it is assigned the value

pw (1) on C. The values p*(7) are called the boundary values of p(k).

A simple example of a scalar Riemann-Hilbert problem, involves finding a sectionally
analytic function p(k), with pu(k) = O (1/k) as k — oo, such that the two limiting
functions p*(7) and p(7), defined inside and outside the closed contour C' given by

Figure 1.9, of the complex k-plane, satisfy

pw(r) —p (r)=f(r), TonC,
for a given sufficiently smooth function f(7). This problem is closely related to the

Cauchy type integral, given by (1.14), and the unique solution satisfying the boundary

condition at k — o0, is given by

R A (O
ulh) = 5 Rerils (1.15)

Remark 1.3.12. Consider the integral

/Z F(k)dk = lim /Zf(k) dk,

R—oo
where f(k) is analytic and bounded in C*. This complex integral over the open real
axis, may be regarded as closed at infinity. i.e., it can be treated as a portion of the

complex integral §,, f(k)dk, evaluated over the closed contour C' (Figure 1.10):

R
7§ F(k) dk = / Fydk+ [ fk)dk.
C -R Cr
This important observation allows for the application, to open contours, of Cauchy’s
Theorem (Theorem 1.3.1), Jordan’s Lemma (Lemma 1.3.3) and the results of Residue
Calculus. An analogous observation, allows for the application of these results to func-

tions that are analytic and bounded in C~.
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Cr

Figure 1.10: The graphical representation of Remark 1.3.12.

1.3.5 The Spectral Analysis of ODEs and the Fourier

Transform

In this section, we present a simple application of the Riemann-Hilbert machinery, which
yields an alternative, new derivation of the Fourier transform inversion formulae for
smooth decaying functions, given by

q(k) = /oo e *rg(x)dx,  qlz) = % /Oo e*q(k)ydk,  keR.
This is obtained by performing the relevant spectral analysis of a particular ODE. (The
Fourier transform formulae were given by (1.5), but with ¢(z) replaced by u(z)).

We consider the first order eigenvalue ODE
po(x, k) —ikp(z, k) = q(z), keC, (1.16)

with ¢(z) a smooth, decaying function, given above. Our goal is to find a solution p(z, k)
bounded in k for all £ € C, and sectionally analytic. This process is called the spectral
analysis of the ODE.

Proposition 1.3.13. The function

1 0o eik/qu(k,/) )
/L(I,k)—%/_oowdk, keC,

is a solution of the ODE (1.16), such that p(z, k) is analytic in Ct and C~ separately,
and p(x, k) = O (1/k) as k — oo.

Proof. We define a solution pu(z, k), bounded for all k € C, by
pt(z, k), Imk=>0,

p(z, k) =
p(x, k), Imk<O0,

23



where ;% (z, k) are the two particular solutions of (1.16) given by

i (k) =:u/m §(€)e9 g (1.17)
i) = = [ e, (1.18)

Since x —¢& > 0, the solution p*(z, k) is analytic in the upper half plane, and the solution

w1~ (z, k) is analytic in the lower half plane. Subtracting the two equations we find
pH(a k) — p(xk) = *q(k), keR, (1.19)

where ¢(k) is defined by

i) = [ e, ker, (1.20
Using integration by parts, equations (1.17) and (1.18) imply that
1
pu(x, k) =0 (E) , k—o00. (1.21)

Equations (1.19) and (1.21) define an elementary Riemann-Hilbert problem whose unique

solution, according to (1.15), is given by

L[ (k)
M= — [ S g pec. 1.22
uix, k) 2m'/ g ok, kel (1.22)

O]
Corollary 1.3.14. (The Fourier Transform Pair) The function q(x) can be rep-

resented as
1 [ .
o) = o [ e a,

2m J_o

where §(k) is given by (1.20).

Proof. Differentiating (1.22) with respect to x yields

LR ()

oo

Hence,

1 0 ik'z 4 k'
S (—6 a )) di’

omi | K —k
_ L eF TG Ak’ (1.23)
2r J_o

Equations (1.20) and (1.23) define the classical Fourier transform pair, and the proof is

complete. 0
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1.3.6 Linear Differential Operators with Constant Coefficients
In this section we include some general results in the theory of linear differential opera-

tors, acting on the interval [0, L], [35].

Definition 1.3.15. A linear constant coefficients differential operator of order n, is an
operator L whose action on a function q(x) € C™([0,L]) is given by an expression of

the form
LQ(I) = anq(n)(m) + an—lq(n_l)(‘r) +eeet aOQ(w) ) (1'24)
where the coefficients ay,, an,_1, ... ,aq are given complex constants.

Since the operator acts on functions defined on [0, L], it is natural to consider the
case when boundary conditions are considered. This restricts the domain of definition
of the operator to differentiable functions which satisfy the given conditions.

We will only consider the case when exactly n boundary conditions are prescribed.

Hence the domain of the operator is of the form
D(L) ={q(z) e C" ([0, L]) : U(q(z))=0,5=1,...,n},

where Uj(q(z)) =0, j =1,... ,n are the given (homogeneous) boundary conditions, in

general of the form

Ui(q(z)) = a;q(0) + Bq(L) = 0.
When the operator is self-adjoint, there exists a comprehensive theory describing its
spectral structure. To define this notion, we need to consider all function spaces as
contained in the Hilbert space L? ([0, L]), with the inner product structure inherited
from it. Namely, we define the inner product of two functions ¢(z) and r(x) in L? ([0, L])
by
L
(a@)r(@) = [ 4l do. (1.25)
0
Using this inner product, we can define the adjoint operator:

Definition 1.3.16. The linear differential operator L* with constant coefficients, of
order n, acting on the function r(z) € C™ ([0, L]) and given by

Lrr(z) = (=1)" @ur (@)™ + (=1)" " @0ar(@) ™ + -+ ar (),
15 called the adjoint operator of L.
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Definition 1.3.17. If D(L*) is contained in D(L) and L* = L, then L is a self-adjoint

operator.

Self-adjoint operators are important because it is possible to characterise their spec-
tra, and there exists a spectral theorem generalising the finite dimensional situation,

and guaranteeing that all information about the operator is contained in the spectrum.

Definition 1.3.18. The point spectrum of a linear differential operator L is defined as

the set of eigenvalues A for which the homogeneous boundary value problem

has non-trivial solutions. Each of these non-trivial solutions is an eigenfunction belong-

ing to .

In broad generalisation, the classical theory yields that if an operator has only point
spectrum, and the spectral theorem holds for it in some form, then one can reconstruct
the space from the corresponding eigenvalues, which then form a Riesz basis. Namely,

we have the following result [35].

Theorem 1.3.19. Any function which is continuous and has continuous derivatives
up to the n'* order, and satisfies the boundary conditions associated with a self-adjoint
differential operator of order n, can be expanded in terms of the eigenfunctions of this

operator, in a uniformly convergent, generalised Fourier series.

The circumstances under which a reasonably arbitrary function can be expanded as
a series of eigenfunctions of a given boundary value operator is a central issue. The
most difficult property to prove is the completeness of the family of eigenfunctions. The
classical spectral theory of these operators yields completeness for even order cases, as-
suming that the given boundary conditions are ‘reasonable’ (a notion of regular boundary
conditions, can be defined, but we will not go into that, see [9]). When the operator
is even order but not self-adjoint, it is still possible to obtain an expansion theorem by
considering the operator and its adjoint. This is the essence of the theorem we state

below. All relevant definitions, can be found in [35].

Theorem 1.3.20. Let L be an even order operator acting on the function q(z), gener-

ated by reqular boundary conditions and of the form (1.24), and for which the adjoint
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differential operator L* exists, and assume that all eigenvalues of L are simple. Then
any continuous function q(x) which has continuous derivatives up to the n'* order, and
satisfies the boundary conditions, can be expanded in a uniformly convergent series of

the eigenfunctions:
00 L
gx) =) ojq(x), a;= / q(&) r;(§) dg,
j=1 0

where q;(z) and r;(z) are the eigenfunctions corresponding to the eigenvalues \; and \;

of the operators L and L* respectively.

A similar theorem applies to some special cases of odd order boundary operators. This
is for example the case when boundary conditions are periodic (and this is trivial) or
more generally they couple the endpoints 0 and L, [11]. In the general case of differential
operators on [0, L], although there is always a point spectrum, the corresponding set of
eigenfunctions is not always guaranteed to be complete. For non self-adjoint examples,
this is the hardest part of the construction of a series representation in the classical

theory.

Remark 1.3.21. The method we present allows one to bypass the problem of proving
completeness, and provides a constructive way to present the solution of a given bound-

ary value problem.

1.3.7 The Distribution of the Zeros of Exponential Sums

The material summarised in this section is taken from [33]. We state a theorem which
uses an explicit geometric construction to characterise the distribution of the zeros of

exponential sums, of the form
A(z) =) a;e’*, a;,8 €C. (1.26)

For the proof, see [33].

Theorem 1.3.22. (Levin) Let A(z) be a function of the form (1.26). If P is the
convex hull in the complex z-plane of the polygon whose N wvertices are the 3;'s, then all
of the roots of A(z), except possibly for a set of zero density, lie inside arbitrarily small

angles containing the normals to the sides of the polygon P.
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It follows from this result, that the argument of the zeros of the function A(z) depends
on the exponents of the exponential terms, while the precise location of the zeros depends
on the coefficients. In summary, the NV points 3;, j =0,1,... , N — 1 are located in the
complex z-plane and joined to form the convex hull P. The zeros then cluster along the
rays, emanating from the origin with direction orthogonal to the sides of the polygon.
As a simple demonstration, Figure 1.11 shows a typical example for which N = 3 and

2mij

ﬁjzeTaj:()?laQ'

A

fo

fa

Figure 1.11: The graphical representation of Levin’s Theorem (Theorem 1.3.22), for a typical example
for which N = 3.

Remark 1.3.23. The density of the set of roots inside each of the angles can be calculated
and is equal to [; /27, where [; is the length of the corresponding side of the polygon P.

Furthermore, the roots lie in the half-planes
|Im(ze )| <, Re(ze ™) >0,

where 0; defines the direction of the normal to the side of the polygon P, and ~ is some
positive number. However, for the application of Theorem 1.3.22 in the work that is to
follow, the primary interest will be on the rays upon which the zeros lie, and not on
their density. Therefore, no further comment regarding the density of the set of roots

will be made.

Remark 1.3.24. Although it not always straightforward to find the exact location of the

zeros, their asymptotic position in the complex plane is sufficient for our purposes.
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1.4 Thesis Overview

In Chapter 2 we review the classical approaches for solving second and third order linear
evolution PDEs and introduce the elements of the Fokas transform method for linear
evolution PDEs, first for problems on the domain [0, c0), then on [0, L]. For comparison
with the new method, the solution of several PDEs are derived by using the classical
approach based on separation of variables.

The main difficulty posed by studying initial boundary value problems of the form
(1.1), is the determination of the unknown boundary values in the representation of the
solution. The transform method is used to derive the solution, in general, in the form of
an integral representation in the complex plane. This representation which always exists,
involves only the given initial and boundary data of the problem, and we describe the
general algorithm to derive it. The method is illustrated by solving specific PDEs posed
on the half-line, and the original derivation of Fokas, which is based on the formulation
of a Riemann-Hilbert problem, is discussed along with the explicit derivation of the
integral representation of the solution.

In Chapter 3 we focus on the spectral representation of two-point boundary value
problems for second and third order linear evolution PDEs. In particular, we show that,
in agreement with classical theory, the Fokas transform method can be successfully
used for the derivation of the solution as an infinite discrete series, for all well-posed
second order boundary value problems, and third order problems such that the boundary
conditions couple the two end points of the interval. For both cases, the results are
illustrated by examples. We also show that, in agreement with classical theory, for the
third order problem with uncoupled boundary conditions, the integral representation of
the solution cannot be expressed entirely as an infinite discrete series.

In Chapter 4 we consider the problem of solving higher order boundary value problems
by the Fokas transform method. Initially we focus our analysis on fourth order linear
evolution PDEs, then further develop the new method to be able to analyse even/odd
higher order generalisations, and show that the derivation of the series representation
in the non self-adjoint case can be obtained directly from the integral representation.
Detailed examples illustrating the derivation of the solution for both self-adjoint and

non self-adjoint problems are included.
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Chapter 5 and Chapter 6 include the numerical results for linear and nonlinear dif-
ferential equations, respectively. The focus of Chapter 5 is on the imposition of bound-
ary conditions for linear differential equations, and we solve numerically a variety of
boundary value problems. We also introduce the idea of the implicit imposition of the
boundary conditions, using numerical transforms, and as illustrative examples, the cases
of the discrete sine/cosine transform for the implicit imposition of boundary conditions
of Dirichlet/Neumann type are included.

Spectral methods for PDEs in unbounded domains have received much attention,
for example the third order problem on the real/half line. The interest of Chapter
6 is on the numerical study of the nonlinear KdV equation on a finite interval. It
is well known that the nonlinear KdV equation with periodic boundary conditions,
approximating the solution on R, supports soliton solutions, and the numerical schemes
of both Fornberg and Whitham [25], and Tappert [45] will be used in Chapter 6 to
model this behaviour. Boundary value problems for the KdV equation have not been
studied until very recently. In Chapter 6 we present several numerical schemes, based
on spectral methods, for solving the nonlinear KdV equation posed on the bounded

domain with periodic and nonperiodic boundary conditions.
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Chapter 2

The Fokas Spectral Transform
Method and Boundary Value

Problems for Linear Evolution

PDEs

In this chapter we introduce a new approach for studying boundary value problems for
linear PDEs with constant coefficients and integrable nonlinear evolution PDEs in one
space dimension. The method we describe is based on the fact that such equations are
expressible as the compatibility condition of two linear ordinary differential equations
(one in the spatial variable z and the other in the temporal variable ¢). In the integrable
case, this pair of ODEs is called a Lax pair and its existence is a characterising property
of the integrability.

Integrable nonlinear equations in one space dimension came to prominence when this
general method, and the existence of Lax pairs, were discovered. The inverse scattering,
or inverse spectral, transform method, first proposed in [26] for the KdV equation, was
used for solving the pure initial value (Cauchy) problem with decaying initial data. The
importance of this method was understood when the method was generalised from the
KdV equation to any equation that could be written as the compatibility of a Lax pair
(named after Peter Lax, who was the first to interpret the inverse scattering technique
in this light) and can be considered as a nonlinearisation of the Fourier transform. The

inverse scattering transform method consists of two steps: the spectral analysis of the
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x-part of the Lax pair which yields a nonlinear Fourier transform, and the spectral
analysis of the t-part which then determines the evolution of the associated nonlinear
Fourier data, called the inverse scattering data or spectral data. The nonlinear Fourier
transform cannot in general be expressed in closed form and is given through the solution
of a matrix Riemann-Hilbert problem.

This approach can be used generally for integrable PDEs in two variables. However,
here we focus on the case of linear PDEs with constant coefficients. Fokas [13] considered
the problem of generalising the inverse scattering transform to a method for the solution
of initial boundary value problems. For linear PDEs, Fokas and Gelfand [18] made the
crucial observation that these PDEs can be regarded as a special case of integrable
equations. In particular, linear PDEs possess a Lax pair formulation [32]. This suggests
that one can use a linear inverse scattering transform; for the Cauchy problem this is
just a Fourier transform method. The idea that was finally to yield positive results for
the solution of boundary value problems was to treat the two ODEs in the Lax pair
simultaneously. This is the basis of Fokas’ general approach to solving boundary value
problems for linear and integrable nonlinear PDEs [12].

To perform the simultaneous spectral analysis of the two equations of the Lax pair
means to construct the solution of both ODEs in the pair, which is bounded in the aux-
iliary parameter k, for all £ in C. This leads to the formulation, in the complex k-plane,
of a Riemann-Hilbert problem whose unique solution yields a spectral representation of
the solution of the original problem.

In this chapter we describe the elements of the Fokas transform method for linear
evolution PDEs on the domains [0, c0) and [0, L]. After a discussion of the steps involved
in this transform method, we illustrate it concretely by solving a specific PDE posed
on the half-line and constructing the integral representation of the solution, in terms of
the given initial and boundary data. We present the original derivation based on the
formulation of a Riemann-Hilbert problem in the complex k-plane as well as a simpler
way that can be used (for linear PDEs) to derive the explicit integral representation
of the solution. The main difficulty in solving boundary value problems is the charac-
terisation of the boundary values that are not prescribed as boundary conditions. The
derivation of an integral representation of the solution involving only the given data of

the problem, always involves complex contours of integration, and relies on the analysis
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of the so-called global relation, which is an algebraic relation, defined in the complex
k-plane, combining all the boundary values of the solution. This relation is at the heart
of the method proposed, and it is presented in its general form. The analysis of the
invariance properties of the global relation yields a certain system of equations whose
solution characterises the unknown boundary values. We shall be particularly interested
in two-point boundary value problems. In this case, one needs to characterise the PDFE
discrete spectrum of the boundary value problem, which we define as the set of zeros of
the determinant of this system, and coincides with the discrete spectrum of an associated
ordinary differential operator. In general this is a set of complex numbers, and we show
that the location in the complex plane of the element of the PDE spectrum indicates
whether or not an infinite discrete series representation of the solution can be derived
from the integral representation. When a series solution exists, it can be realised by a
new approach (different from the classical one based on separating variables), which we

illustrate by several examples.

2.1 The Elements of the Fokas Transform Method

for Linear Evolution PDEs

We introduce the new method of Fokas by describing how to solve a two-point boundary

value problem for the n* order linear evolution PDE of the form
¢z, t) + a(—id,)"q(z,t) =0, t>0, =ze€l0,L], (2.1a)
q(z,0) = q(z), z€[0,L], (2.1b)

where L is a finite positive constant, n is an integer defining the order of the problem
and a € {£1,+:i} is chosen such that the Cauchy problem is well-posed. By this we
mean that the solution of the Cauchy problem with initial data ¢(z,0) = go(z), which
can be found by the Fourier transform, and is given by

1 R "y
q(x,t) — / ezkxfak th(k) dk,

2 ) o

does not grow as t — oo. i.e., Re(—ak™) < 0. Furthermore, it is required that the

solution ¢(x,t) — 0 as |z| — co. Such examples include the following:
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o ¢i(x,t) — que(z,t), (n=2,a=1),
d th(]/’,t)—i-qu(l’,t) :07 (n:27a:i)7

® ¢(7,t) + Guae(w,t) =0, (n=3,a=—i).

Furthermore, n boundary conditions must be prescribed, and it is assumed that these,
along with the the initial condition, are compatible at = 0 and * = L and are
sufficiently smooth.

The first problem is to determine how many boundary values must be prescribed as
boundary conditions, and we use the following result established by Fokas and Sung
[23].

Theorem 2.1.1. A boundary value problem posed on [0, L] for a PDE of the form (2.1a)
15 well-posed, hence it admits a unique solution, if in addition to the initial condition
q(x,0) = qo(x), n boundary conditions are prescribed. N of these boundary conditions

should be prescribed at t =0 and n — N at x = L where N is determined as follows:

5, n even,
N = (2.2)

"Tﬂ , n odd .

The sign in the latter equality is determined by the sign of the z-derivative. For
example, if ¢:(x,t) + ¢uue(z,t) = 0 then N = 1, whereas if ¢(z,t) — uon(z,t) = 0 then
N = 2.

The proof of this theorem is given in [22] by using the construction given by the
method of Fokas. Hence this method also provides a rigorous characterisation of the
boundary value problems that are well-posed. For such problems, we show how to
construct an explicit integral representation of the solution ¢(z,t), expressed as an
integral in the complex k-plane involving the Fourier transform ¢y(k) of the initial data
qo(z) and some specific t-transforms of the given boundary data. Such problems, at
least in some cases, can be solved also by the Fourier transform (with respect to x)
or the Laplace transform (with respect to t) and we start with reviewing this classical

solution approach.

Remark 2.1.2. There is no loss of generality in considering only equations of the form

(2.1a). Indeed, consider the more general equation

G (@, ) + b,00q(x,t) + by 10" g, t) + -+ + bog(w,t) = 0.
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It turns out that the analysis of this more general equation depends on the highest
order term, as it is this term that determines the asymptotic properties of the associated

spectral problem [23].

The Classical Approaches

We now demonstrate how some problems can be solved by the classical Fourier/separation
of variables method. We present the method for the third order problem on the half-line
and a simple second order two-point boundary value problem, which will be revisited in

Section 2.2 and Section 3.1 respectively, and solved using the new transform method.

The Half-Line Problem
We begin by considering the heat equation, posed on the half-line:
@(,t) — ue(z,t) =0, t>0, 0<z<o0, (2.3a)
q(z,0) = qo(x), q(0,£) = fo(t), (2.3b)

where ¢o(x) and fo(t) are some given functions. The appropriate z-transform for this

initial boundary value problem is the sine transform pair given by

q(t, k) :/ sin(kx) g(x,t)dx, keR,
0

a(ot) = 2 /O " sin(kz) §(t, k) dk

™

Equation (2.3) and integration by parts yields
Gt k) + K4t k) = kfo(t),

and therefore the solution is given by

q(z,t) = 2 /000 ek (c][()sm)(k:) +/0 ek fo((s) ds) sin(kz) dk, (2.4)

™

where

QéSin)(k) = /000 sin(kz) go(x) dz . (2.5)
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For third order differential operators the same approach fails. For example it is not

possible to solve the problem
@z, ) + Quee(z,t) =0, t>0, 0<z<o0,

q(z,0) = qo(x), ¢q(0,) = fo(t),

for some given functions go(z) and fy(t), using the sine, cosine or Fourier transform.
Indeed, it has been shown that there does not exist a transform in = that can yield a

solution of this problem by separation of variables [20].

Remark 2.1.3. Expression (2.4) is not uniformly convergent as z — 0, and therefore,

one cannot compute ¢(0,¢) by simply setting x = 0 inside the integral.

The Two-Point Boundary Value Problem

It is well known that it is possible to expand any continuous function on [0, L] in terms
of the eigenfunctions of the operator 92, with one boundary condition prescribed at
each end of the interval. This is due to the fact that the operator is symmetric, and its
eigenfunctions then form a Riesz basis for L* ([0, L]).

The eigenfunction expansion can be used in the method of separation of variables to
find the solution of a two-point boundary value problem for second order problems of

the form (2.1a). The solution of the equation ¢(z,t) is expressed in the form
qz,t) = X(x) T(1),

and is separated into the product of a function purely of x and a function purely of ¢.
This is substituted into the PDE to achieve two ODEs for the single functions X (x)
and T'(t). The set of solutions that are obtained are then summed to give the general
solution, and the boundary conditions applied to resolve the unknown coefficients of the
series. It is trivial to use separation of variables to solve for example the heat equation
with Dirichlet or Neumann boundary conditions in terms of a sine or a cosine series

respectively. To demonstrate this we solve the heat equation
@(x,t) — @uu(z,t) =0, t>0, x€]l0,L],

q(z,0) = qo(z), =z=€][0,L],
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with non-homogeneous Dirichlet boundary conditions

Q(O7 t) = fO(t) ) Q(Lv t) = gO(t) )

where qo(x), fo(t) and go(t) are given smooth functions. This problem is slightly more
difficult than the analogous problem with fy(¢) = 0 and go(¢) = 0 because of the non-
homogeneous boundary conditions, and is solved by reducing it to a problem having
homogeneous boundary conditions.

To obtain the solution, we begin by writing q(z,t) = v(z,t) + w(z,t) where v(z,t) is

chosen as
o(1) = folt) + 7 (90(t) = folt))
so that v(x,t) satisfies the boundary conditions
v(0,t) = fo(t), v(L,t) = go(t).
Substituting into the PDE gives
Uz (X, 1) + Wep (2, 1) = (2, 1) + wi(z, 1) .
Since, vy, (2,t) = 0 and vz, t) = fi(t) + F (g0(t) — fo(t)) we find

wt(xat) - ww(x,t) = _F($’t) ) F([L’,t) = fé(t) + - (g(/)(t) - f(;(t)) :

&8

The function w(z,t) is subject to the initial condition
w(w,0) = o) = (fo(0) + 7 (90(0) = /o(0))) .
which we shall refer to as wy(z), and the boundary conditions
w(0,t) =0, w(L,t)=0.

The solution of the homogeneous equation wy(z,t) —w,.(x,t) = 0 is found by separating

the variables and expressing the solution in the form
w(a, ) = X(2) (),
and can be expressed as

w(z,t) = an(t) sin (k) | k, = T (2.6)
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This expression ensures that the homogeneous boundary conditions for w(x,t) are sat-
isfied. The method relies on the assumption that w(zx,t) can be expressed in the form

given by (2.6), and also that F'(x,t) can be expanded in the same way:

an sin (knz) , (2.7)

where

2

fu(t) = Z/o F(z,t) sin (k,x) dx

= 2 [ (00 + 2 0~ 2500 sin i) i

21
= S o) = (-1)"gh() (23)

Substituting the series expansions for w(z,t) and F(z,t) into the PDE leads to the first
order ODE given by

a%<f>+kiwn<t>— (fo() (—1)"gi(t)) -

The initial condition to be imposed is determined by putting ¢ = 0 into the expression
w(z,t) = Y 7 wy(t)sin (k,z) and equating to w(z,0) = wy(x) expanded as a Fourier
series. Hence

2

wy(0) = Z/o wo(x) sin (kyx) de

-2 (k) = (550) + % (90(0) ~ £o(0D)) ) sin ()

{ /0 sin (k,z) qo(z) dx — kin (fo(0) = (—=1)"g0(0)) } ;

o

and therefore
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Finally, the solution for w,(t), given by

wn(t):—%k—i{(fo() (~1"00(8)) — e (£3(0) — (~1)"00(0))

. t
_/ eFRI= 2 £ () ds+(—1)"/ e 2 go(5) ds}
0 0

0

= _%k_ln{ (fo(t) = (=1)"g0()) — / e IR fio(s) ds

is inserted into

Z wy(t) sin (kyx) |

and the series solution for ¢(x,t) is obtained:

q(z,t) = fo(t) + %( an sin (k,z) . (2.10)

We note that this method requires that the functions involved can be represented as
Fourier series, at least in some sense. e.g., L? convergence. Also, in order to derive solu-
tion (2.10), one has to assume a sine series expansion. Assuming a cosine or exponential
expansion would not lead to a closed formula. In contrast, the Fokas method constructs
the basis requiring no arbitrary assumptions.

For third order differential operators, this same approach is not always possible,
and abstract results guarantee that there exists a complete basis of eigenfunctions only
for particular types of boundary conditions. It will be shown in Section 3.2 that, in
agreement with classical results, it is not possible to expand a function in terms of a
complete basis of eigenfunctions, using the Fokas transform method, when uncoupled
boundary conditions are imposed. The separation of variables approach fails unless
one can prove that the set of eigenfunctions forms a Riesz basis for L? ([0, L]), and
this cannot be deduced for all boundary conditions from general results in the classical

literature.
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The Laplace transform in ¢

A particular solution of equation (2.1) is given by the function E(z,t,k) = e*kz—w®}?

where w(k) = ak™ is the dispersion relation, which can be rewritten in the form
E(z,t,s) = e*®)+st wwhere s + w(k) = 0. This change of variable allows PDEs of
the form (2.1a) to be solved by a Laplace transform (or t-transform). However, the
construction of the solution is simpler using the associated z-transform.

For equations of order equal or greater to three the Laplace transform is problematic.
The approach fails to indicate how many boundary conditions must be prescribed at
either end of the interval to guarantee well-posedness. If we assume however that this
information is given, then provided the boundary conditions do not grow with ¢ faster
than linearly exponentially, the Laplace transform is applicable, but its application is not
straightforward and the computations involved are cumbersome [22]. If the boundary

conditions do have sufficiently rapid growth then the method fails.

2.1.1 The Steps of the Fokas Method

The transform method of Fokas for solving boundary value problems for linear evolution

PDEs yields an explicit integral representation of the solution in the general form

q(z,t) :/eilm_w(k)tR(k) dk,
r

where T is a contour in the complex k-plane and the function R(k), called the spectral
function, is explicitly determined in terms of the given initial and boundary conditions.
This representation of the solution is called the spectral representation of the solution
because of the explicit  and t-exponential dependence and offers a number of advan-
tages. For example, this representation is suitable for studying large ¢ asymptotics by
the steepest descent method or Watson’s Lemma and related methods [1].

The existence of the integral representation of the solution (at least under certain
conditions) can be inferred, in some cases, from the so-called Ehrenpreis fundamental
principle. An implication of this result, is that for equation (2.1) there exists a measure

du(k) and a contour I' such that

q(x,t) — /eikxw(k)t du(k)
r

This result is not constructive, in particular the measure du(k) and the contour I' are
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not given explicitly. The new method provides a constructive approach for finding the

appropriate measure du(k) and complex contour T'.

In quick summary, the method for representing the solution ¢(z, t) of the given bound-

ary value problem, comprises the following steps:

i)

iii. )

Given a PDE, construct a Lax pair

The first step consists of writing the PDE in an alternative form. Namely, it is
possible to realise the PDE as the compatibility condition of two linear ODEs, one
in z and one in t. This is called a Lax pair and the two equations that form the
Lax pair can be constructed algorithmically and are referred to as the xz-part and

the t-part of the Lax pair.

Simultaneous spectral analysis of the Lax pair and the global relation

Given the domain where the PDE is defined, the second step consists of performing
the simultaneous spectral analysis of the two ODEs in the Lax pair for (x,t) in
the domain. This analysis is on the domain on which the PDE is considered.
We note that the spectral analysis of the z-part of the Lax pair corresponds to
constructing an z-transform and the spectral analysis of the t-part corresponds
to constructing a t-transform. The advantage of the Lax pair formulation is that
it allows us to consider both equations in the Lax pair simultaneously, hence in
a sense, the new method provides the synthesis of separation of variables. The
spectral analysis of the Lax pair yields formally an integral representation of the
solution of the problem in terms of all its boundary values, much in the spirit of
the Fourier transform. However, this spectral analysis also yields one additional
relation, called the global relation. This is a fundamental algebraic expression
combining all the initial and boundary data of the solution of the problem, and it

is the crucial novel relation introduced by this method.

Given appropriate boundary conditions, analyse the global relation and

its invariance properties

This step is the most difficult one of the procedure, and it is here that the boundary
conditions come into play. To obtain the solution, in terms only of the given data of

the problem, one needs to determine the unknown boundary values of the solution,
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and this can be achieved by analysing the global relation. For evolution equations
with simple boundary conditions, this involves the analysis of a system of algebraic

equations obtained from the study of the global relation.
We now consider the above steps in some more detail.

Step i.) We begin with giving the definition and algorithmic derivation of the Lax pair

we associate with a given linear PDE of the form (2.1).

Definition 2.1.4. A Laz pair, associated with a linear evolution PDE q(x,t) +
D;E;n)q(a:,t) = 0, where Dg;") is an n'" order x-differential operator, is a pair of

linear ODE’s
Di:u<x7tak):f1(kaq)7 Dfﬂ(xat7k):f2(k7Q)7 ]CEC,

where D} and D? are x and t linear differential operators respectively, and fi(k, q)
and fo(k,q) are linear functions of k and &q(z,t), 7 = 0,1,...n — 1 such that
D2 D! y(x,t, k) = DL D? u(x,t, k) if and only if q(x,t) solves the PDE.

Proposition 2.1.5. A Laz pair for the equation q,(x,t) + Dg(c")q(x,t) = 0,where

DI is an n™ order x-differential operator, is given by

fz —ikp = q(z,1), (2.11a)
p+ DMy =0, (2.11D)

where p = p(x,t, k) is a scalar function and k € C is a parameter referred to as

the spectral parameter.

Proof. Equations (2.11) are compatible provided that ¢(x,t) satisfies ¢, (z,t) +
Dén)q(x,t) =0:

q(x,t) + Di")q(as, t) = (875 + DJ(U”)) q(z,t)
= (at + D:Ecn)) (:ur(x7 2 k) - iku(l‘, t k))
= (0, — ik) (0, + D) (.t k)

= (% — ik) (e, t, k) + DO pl, 1, k)

42



We note that linear equations possess several Lax pair formulations and amongst
these there exist two that correspond to the traditional x and t-transforms. In
Proposition 2.1.5 the first equation in the Lax pair is selected because the spectral
analysis yields the classical Fourier transform pair (the proof of this was given in
Section 1.3.5). In general it is most convenient to use the Lax pair involving only
first order derivatives of p(z,t, k) and this can be done by substituting for the
x-derivatives in the t-part using p.(x,t, k) = iku(x,t, k) + q(z,t). Thus the Lax
pair (2.11) for equation (2.1) takes the form

fe — tkp = q(z,t), (2.12a)

e +wk)p = X(z,t, k), (2.12b)

where p = p(x,t, k), k € C is a complex parameter called the spectral parameter,
w(k) = ak™ (2.13)

and X (z,t, k) is a function involving ¢(z,t) and its derivatives up to order n — 1:

X(l‘7 ta k) = iak”_lq + CLk?n_qu + - = (—z)”aq(”_l)

xT

|
—

n

= c;(k) HMq(w,t), (2.14)

<.
Il
o

where the coeflicients ¢;(k) are known polynomials in k:
¢;(k) = —ak™(ik)~UtD (2.15)

Example: As an example, we construct the Lax pair of the third order PDE

qe(2,t) + Quaa(z,t) = 0. According to (2.11), this Lax pair is given by
po — tkp = q,

Wi + Uege = 07

where = p(x,t, k). The first of these equations yields p, = ikp + q, hence it
can be used to express py.. in terms of p and q and its derivatives. This yields
Upze = —ik3u — k2q + ikqy, + que and therefore the first order Lax pair we use is

the one given by
o — itkp = q,
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In this case,
w(k) = —ik?, (2.16)
X(z,t, k) = k*q —ikqy — Qoo - (2.17)
Equations (2.12) can be rewritten as

(N(CU, t, k)efikarw(k)t) _ efikarw(k)tq(x, Zf) ’ (2.18&)

T

(M<m7 t, k)e—ikx-i-w(k)t) _ e—z‘kac-l—w(k)tX(l,’ t, k’) 7 (2.18b)

t

where w(k) and X (z,t, k) are given by (2.13) and (2.14) respectively. We shall see
how in order to derive the integral representation of the solution, it is convenient

to rewrite (2.18) as a differential form:

(e—z‘kz-i-w(lc)tq(x’ t))t _ (e_ik$+w(k)tX($,t, k))m —=0. (2.19)

Step ii.) The second step of the method is the spectral analysis of equation (2.19).
This means finding a solution u(z,t, k) of equation (2.18), bounded in k € C for
all (z,t) € D = {[0,L] x [0,¢]}, and in fact sectionally analytic. This yields
an integral representation of the solution in terms of the initial data and all the
boundary values of ¢(z,t). Actually, the solution representation depends on some
appropriate t-transforms of these boundary values, which we denote by fj(t, k)

and g;(t, k) respectively. These are defined as follows:
and

t
fi(t, k) :/ W fi(s)ds, keC, t>0, (2.20)
0

t
gi(t, k) = / e ®)sg(s)ds, keC, t>0. (2.21)
0

It turns out that in order to achieve an effective integral representation of the so-
lution, it is necessary to express the integral in terms of specific deformed contours

of integration. We shall motivate this step later, but for now we define the domain

D by

D={keC:Rew(k)<0}, D*=DNC*, (2.22)
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where w(k) is given by (2.13) and D has boundaries given by D%, where the

orientation is such that the interior of the domain is always to the left.

We define

t
ft, k) = / e“®3X (0, 5, k) ds

0
= Gak™ L fo(t, k) + ak" 2 f (k) - — (=) afu_i(t,K),  (2.23)
gt k) = /t B3 X (L, s, k) ds
0

= iak™ ' Go(t, k) + ak" g1 (t, k) + - - — (=) "agn_1(t, k). (2.24)

For the half-line problem on [0, 00), the integral representation is given by

1 Ry ) -
q(z,t) = 2—{ / MWl go (k) dk — / ehew Bt f(1 k) dk:},
a —00 oD+

where

Qo(k):/ e_i’“qo(a:) dz
0

denotes the Fourier transform of the given initial condition go(z), and for the

problem on the bounded domain [0, L], the integral representation is given by

1 = A tkz—w r
qlz,t) = %{ / ezkx—w(k)tqo(k) dk — / ik (k)tf(tv k) dk

[ oD+

— /8 . etk@=L)=wk)tgp Iy dk:} : (2.25)

where

(k) = [ e ) do. (2.26)

We now derive the global relation, which is an algebraic expression relating the
initial and boundary data, by applying Green’s Theorem (Theorem 1.3.2) to the
domain Dy = {[0, L] x [0,¢]}, and derive explicitly the integral representation of
the solution, given by (2.25). We begin by rewriting (2.19) in the form

OP(z,t) 0Q(z,t)
ot Ox

=0,
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where P(z,t) = e~ #*+«®ig(x t) and Q(z,t) = e~ @+“WtX (z ¢ k). Therefore,
applying Green’s Theorem to the domain Dr = {[0, L] x [0,¢]}, consisting of

points interior to and on the simple closed contour 0Dy in the z-t plane, gives

/ (Q(z,t)dt + P(z,t)dx) = 0.
Substituting for P(x,t) and Q(x,t) implies

t t
et k) = / e kLA X (I, s k) da — / e“®2X(0,5,k)ds + Go(k),
0 0
(2.27)

where ¢o(k) is given by (2.26) and

L
it k) = / et gz, 1) da
0

denotes the Fourier transform of ¢(z,t). Expression (2.27) can be rewritten ex-

plicitly in the form

n—1

> ek) (it k) = Mgt k)) = dolk) — e*WP'(t k), keC,  (228)

5=0
where ¢;(k), f;(t,k) and g,(t, k) are defined by (2.15), (2.20) and (2.21) respec-
tively. The algebraic relation, given by (2.28), is called the global relation and
relates all the boundary values of the solution. The global relation can be written

concisely as
Flt k) — e gt k) = Go(k) — e*®4(t, k), keC, (2.29)

where f(t, k) and §(t, k) are given by (2.23) and (2.24) respectively. Taking the
inverse Fourier transform of (2.29), with respect to x, yields

1 .
q(z,t) = — elkxg}(t, k)dk
2r J_ o

1 9] o B
_ 2_{ / zka: w(k)t » (k?) dk — / ezka:—w(k)tf(t7 k?) dk
™ —o0 —0o0

+/ eik(z—L) w(k)t ~ (t k?) dk}}

We observe that the function e**~«® (¢ k) is analytic and bounded for k € D},

whilst the function e*@=E)—«®)ig(t k) is analytic and bounded for k € D, where

D = C*\D*.
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Therefore, an application of Jordan’s Lemma (Lemma 1.3.3) implies that
/ eikx—w(k)tf(t7 ]f) dk = / 6ikx—w(k)tf(t7 k) dk
o oD+
and
/ eik(:c—L)—w(k)tg(t’ k) dk = _/ eik(:c—L)—w(k)tg(t’ k) dk .
—00 oD~
Hence the solution can alternatively be written, in terms of the complex contours

OD*, and given by (2.25).

Step iii.) This step is the most difficult one of the analysis. For the linear evolution
PDEs we are considering, it can be carried out explicitly using only algebraic
methods, however in general (e.g. for elliptic PDEs) this step requires analytical
tools and does not always yield an explicit expression for the unknown boundary

data.

The idea of this step is to exploit the properties of invariance of the global relation.
The functions fj(t, k) and g;(t,k), j = 0,1,... ,n — 1 are functions of k only
through w(k), hence the transformations A(k) that leave w(k) invariant, where

w(k) is given by (2.13), determined by the equation
A(k) : C — C such that w(k) = w()N),

also leave f;(t, k) and g;(t, k) invariant:

wk) =w(kK) = fi(k) = [(AK),  gk) =g AK).

The equation w(k) —w(A) = 0 is a polynomial equation in A(k). The roots of this

polynomial k™ = A" are distinct and given by

MNE) =k, ME) =Ck, X&) =Ck, ..., M_ilk)=""k,
where ( = es Evaluating the global relation at the n roots \(k),l =0,1,... ,n—

1, yields a system of n equations involving the 2n spectral functions fj(t, k) and
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S csOol) (1K) = e X085,008)) = 0o(8) — =Eq(t Xo(h)),
> s (1K) = e 955,(0,8)) = o () — = a(t M (h)
i) (F(t ) = O8G0, )) = do(hnoa (1) — e hqlt, Aya (1)

(2.30)

If n boundary conditions are prescribed, hence n of these 2n functions are known,
then the remaining n unknown functions can be obtained by solving the system of
n equations. However, this is not possible if any n boundary conditions are pre-
scribed and this is the origin of Theorem 2.1.1. Recall that, in order to determine
a well-posed problem, N of the boundary conditions must be prescribed at x = 0

and n — N at © = L where N is determined by (2.2).

This simple observation is the basis of the analysis. Rather than doing this in
general, we now look at several examples - to illustrate all steps we start from the
example of q;(z,t) + grzz(x,t) = 0 on [0,00). In this case, one boundary value at
x = 0 is required, hence one of the f;(t)’s is imposed - we derive these results in

the next section.

2.2 The Spectral Representation of a Third Order
Linear Evolution Equation on the Half-Line

In this section, we consider as an illustrative example, a boundary value problem posed
on the half-line [0,00). Namely, we analyse the third order linear evolution initial

boundary value problem
@(2,t) + Quae(z,t) =0, 0<t<T, 0<z<o0. (2.31)

with initial condition ¢(x,0) = go(x), which decays as © — oo (for simplicity we take

go(x) € S(0,00)). In order to have a well-posed initial boundary value problem we must
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prescribe one boundary condition at x = 0 !, and the boundary condition that we shall
impose is q(0,t) = fo(t) for some smooth function fy(t).

As we mentioned already, this example is interesting because odd order linear evo-
lution PDEs on the half line cannot be solved by an z-transform and separation of
variables.

We now follow, for this example, the steps outlined in Section 2.1.
Step i.) The Lax pair for equation (2.31) is given by
pa — thp = q,
e — ik’ = k*q — ikgy — quo -

where u = p(x,t, k), ¢ = q(z,t), and w(k) and X (z,t, k) are given by (2.16) and

(2.17) respectively. We set

f(t k) = /Ot e~ *X(0, 5, k) ds = B2 folt, k) — ik fL(t, k) — fa(t, k), (2.32)

where
e k) = [ o0 (23
0
filt k) = /te_ikgsqx((),s)ds, (2.34)
0
falt, k) = /tei’“?’sqm(o,s)ds. (2.35)
0

Step ii.) This involves solving the Lax pair for u(x,t, k) and then solving the global
relation via a certain Riemann-Hilbert problem. We shall do this in the next
chapter but here we use a simple constructive algorithm to arrive at the same
result. This simpler approach, based on contour deformation, was derived after
the Riemann-Hilbert approach indicated what the integral representation should

look like.

We consider the z-Fourier transform of ¢(z,t), for z € [0, 00), which we denote by
q(t, k):

q(t, k) :/ e *g(x,t)dr, Imk<O0.
0

"'We remark that for the PDE ¢;(2,t) — quesz(2,t) = 0, two boundary conditions are required at

x = 0 for well-posedness.
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This is used to compute the time evolution of §(t, k):

<e_ik3t(j<t, k))t _ (/0 e—ikx—ik3tq(x7 t) dI>
t

_ / (e*"kx*ikth(a:,t, k)) dz
0 X

= —c X0, k).
Therefore the global relation is given by
et k) = Go(k) — f(t, k), Imk<0. (2.36)

We note that whilst f (t,k) is defined Vk, ¢(t,k) and Go(k) are defined only for
Imk < 0 and hence expression (2.36) is defined only for Im k£ < 0. Substituting
for f(t,k) into (2.36) yields the expression

K2 fo(t, k) — ik fi(t, k) — fo(t, k) = Go(k) — e ™4G(t, k), (2.37)

whereby it is evident that the global relation relates all the boundary values of the

solution. We now take the inverse Fourier transform. This yields

1 o oo g
q(z,t) = 2—{ / eI G0 (k) Ak — / et £ (¢ k) dk} . (2.38)

m —00 —o0
So far we have only used Fourier transforms, hence (2.38) contains the functions
fi(t, k) and f5(t, k) which are unknown. In order to achieve an integral represen-
tation of the solution, in terms only of the known initial and boundary data, it is

necessary to deform the contour of the second integral to the boundary 9D of

the region DT within which the function f(¢, k) is analytic and bounded Vk.

According to (2.22), since the dispersion relation is defined by w(k) = —ik?, the

region D = DT U Dy U Dy is comprised of the three regions,

N

D*z{kEC:

coln

< arg(k) < ?”}

W~

Dy ={keC:m<arg(k) <}
D~ =Dy uD;,

Dy ={keC: % <arg(k) < 2r}

given in Figure 2.1.
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DT

Figure 2.1: The regions Dt = {k €C: ¥ <arg(k) < 2{}, DT = {k e C: 7w <arg(k) < 4{}

and Dy = {k eC: ‘%’T < arg(k) < 27T} for the third order problem g¢;(x,t) + guze(2z,t) = 0.
In order to use the invariance properties of the global relation to characterise the
unknown boundary values, we need to deform the contours of integration. This

can be done by using Cauchy’s Theorem (Theorem 1.3.1) and yields

/ eikarikstf(t’ k}) dk = / eikarik?’tf(t? k}) dk .

oo oD+

Therefore, substituting expression (2.32) for f(t, k), we obtain

1 o
e, t) = g{ [ et ar

o0

- / eI (K2 ot k) — ik fi(t k) = falt, ) dk} ,
oD%+
which is the general form of the integral representation of the solution.

Step iii.) The final step is the determination of the unknown boundary values in terms
of the given initial and boundary data, and is the first time where we use the
prescribed boundary condition. Since ¢(0,t) = fo(t), the integral representation

of the solution is given by

1 o . . . ~
q($’ t) _ { / elkx+1k3thO(k) dk — / 61kx+2k3tk2f0(t7 k) dk

27 9 oD+

+ /8 . gihatikt (zk: filt. k) + falt, k)) dk} , (2.39)

where f;(t, k), j = 0,1,2 are given by (2.33), (2.34) and (2.35) respectively. The
second of the integrals around dD* is unknown, and it indicates that f (t, k) must

be computed for k € 0D .
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A crucial aspect of the new approach, is the determination of the unknown bound-
ary values. Hence we need to evaluate f, (¢, k) and fo(t, k) for k € 9DT. To do this
we now exploit the invariance properties of these functions. The functions fj(t, k)
are entire functions of k for j = 0, 1,2 and depend on k only through w(k). Hence
these functions are invariant under any transformation of the complex k-plane

that leaves w(k) invariant. These transformations are determined by the equation
A(k) : C — C such that w(k) = w(N).

The three distinct roots are denoted by

where ( = ¢%". The function f (t, k) is analytic and bounded in DT and the global
relation is valid for Im k& < 0. Therefore, to use this relation to compute f (t,k) in
DT, we must transform the global relation from the lower half complex k-plane
to the domain Dt = {k € C" : Rew(k) < 0}. To do this we evaluate (2.37) at Ck

and 2k to obtain the following expressions which are valid for k € D™:
—iCkfi(t k) = fa(t. k) = N(t.Ck) = e™™q(t,Ck).
—iC*kfi(t. k) = Falt k) = N(t.C%k) — e 4(t, k),
where
N(t, k) = Go(k) — K> fo(t, k),

and these two equations can be written in matrix form as

¢ 1 —ikfi(t, k) N(t,Ck) e~ FtG(t, Ck)
21 —fa(t, k) N(t,C2k) e~ tG(t, C2k)

We solve for the two unknowns using Cramer’s Rule, to give

=ik R) = g (V(0R) = NG ) = e (ale.ch) = (. Ch))
~ Pt K) = i (SCNCR) + N CR) e (Calt.CR) = Gt )

where A(k) = ¢ — ¢? is the determinant of the system. Hence

ikfi(t, k) + fo(t, k) = CN(t, Ck) + 2N (t, ¢%k) + unknown terms. (2.40)
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Proposition 2.2.1. The unknown functions ¢(t,Ck) and §(t,(?k), in expression
(2.40), when multiplied by the factor ke ikt e analytic and bounded as k — oo
in DY and do not contribute to the integral representation of the solution, given

by (2.39).

Proof. Let k € D*. Then

ikL —iCkL

_ic?
e " e and e~k

are bounded,

s . . 2
e kL giCkL kL are unbounded.

° and e

The contribution from the unknown terms, to the integral representation of the

solution, is given by

L
/ &R (Calt, CR) + Cq(t, k) dk = / e ( / ce—%(m,t)da:) dk
oD+ oD+ 0

/aD+ (/ (2 Che xt)d:v) dk .

All of the terms in this expression are bounded for k& € D™, and it follows, by

Jordan’s Lemma (Lemma 1.3.3) that this contribution vanishes. O

Therefore the integral representation of the solution is given by

1 oo
q(x,t) — 2_{/ zkm+zk3tA (l{f) dk — / ka—‘rzk?’thf (t k?) dk
T /- oD+

+ / eRT I (CN (8, CR) + N (t, k) dk},
oDt

which is given explicitly in terms of the initial and boundary data as

1 %
q<$7t) _ 2_{ / 1kx+lk3tA (k) dk — / ka+2k3t3k2f (t k) dk
L aD+

oD+t

Remark 2.2.2. The domain D has always as many connected components in C~ as

unknown boundary values, and this is the essence of the theorem by Fokas and Sung
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Remark 2.2.3. In even order cases, an integral representation on the real line can be
derived by a transform in z. To stress the difference between this and the complex in-
tegral representation derived here, we consider the example of the heat equation posed
on the half-line (2.3), for which the use of the sine transform yields the solution repre-
sentation given by (2.4). The steps outlined above, can be used to derive the integral

representation of the solution, and it is straightforward to derive the solution, given by

1 o . 24 A ikx— 2 ~ . ~
g(z,1) = 2—{/ ekt g0 (k) dk —/ etkn K <q0(—k) + 2k fot, k)) dk},
m —00 oD+

where the domain Dt = {k cC: T <arg(k) < ?jf} To show that this is equivalent to
the classical solution, given by (2.4), the contours of integration must be deformed to
the real line.

Via Cauchy’s Theorem (Theorem 1.3.1)

/ etka—h? (qo(—k;) 42k folt, k)) dk = / gika—h? (qo(—k) 42k fot, k)) ak .
oD+ —00
and therefore
1 [ A ) o
alwt) = o= [ € (Go(k) = do(—k) — 2ikfo(t, k)) dk
ﬂ— — 00

1 > 2 sin 17
_ _/ e”“"”(—i(jf) >(k)—mfo(t,k)) dk,

T J -

(sin)

where ¢, (k) is given by (2.5). This can be written as

q(z,t) = 2 /000 ek (cjésm)(k:) + kfolt, k:)) sin(kz) dk

™

2 (% 2y (s g
— —/ e~k (cj(()sm)(k:) +/ Mok fo(s) ds) sin(kz) dk ,
0 0

™

which concurs with (2.4), and the proof is complete.

This representation is uniformly convergent as x — 0, so that to prove that it satisfies
the given boundary condition at x = 0 is sufficient to evaluate it at the boundary point.
This is to be contrasted with the sine representation which is not uniformly convergent,
so that the proof that this representation satisfies the given boundary condition cannot

be obtained by simply setting = = 0 inside the integral.

Remark 2.2.4. In the special case that go(z) = 0, the integral representation of the

solution can be realised on the real line. Indeed, the imposition of the smooth initial
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condition ¢(z,0) = 0, simplifies the integral representation of the solution given by

(2.41) to the following:

1 ) . ~
gz t) = —— Rt L2 £ (¢ k) dke
21 Jop+
1 I Lo
- —— eihutikitg)2 (/ e=**54(0, s) ds) dk.
21 Jap+ 0
Since e** is analytic and bounded in the upper half complex k-plane, and ek (t=9) ig

bounded and analytic in D,, the contour of integration can be deformed to any contour
within D.. In particular, one can write the representation as a real integral of the form

1 o

—5- -

gz, t) = Rt 2 £ k) dk .

It is not clear how this real representation can be obtained by using the usual real
Fourier transform.

This fact has also important consequences for the numerical evaluation of the solution
q(z,t), using the integral formula. Indeed, since the contour of integration can be
chosen anywhere inside D, it can in particular be selected in such a way that the t-
exponential is decreasing as k — oo, rather than oscillatory as on dD. This implies
that the numerical evaluation of this integral by a straightforward quadrature method
is both fast and accurate. Preliminary results of Fornberg and Flyer [24] confirm that
this method of numerical evaluation of the solution is faster and more accurate than a

numerical computation of the solution by time stepping.

2.3 The Riemann-Hilbert Problem

In this section, we present the original derivation of the complex integral representation
of the solution, by associating to the PDE a Riemann-Hilbert problem. This is the
approach used to derive the inverse spectral transform method and is the methodology
that generalises to the integrable nonlinear case. We also stress that the deformation
technique of the previous section was only described after the Riemann-Hilbert formula-
tion indicated that the complex representation derived by it, can be realised effectively
in terms only of the given data of the problem.

To illustrate this methodology, we now consider equation (2.1), and show that the

formulation of a Riemann-Hilbert problem in the complex k-plane yields the complex
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integral representation of the solution g(x,t) in terms of the spectral functions (e, k)

and g(t, k) given by (2.23) and (2.24) respectively.

Example 1: We demonstrate the derivation of the integral representation of the solu-

tion by example, and begin by considering the second order linear evolution PDE, for

q = q(x,t), given by
i (2, t) + gz, t) =0, 0<t<T, xz€l0,L],
q(z,0) = qo(z), xe€]|0,L].

The Lax pair is given by

pz — thp = q(z,1),

p + ik = —kq(x,t) +ig(z,t),
where 1 = p(z,t, k), hence

w(k) = ik?,

X(z,t, k)

—kq(x,t) +iq.(z,t) .

We define the domains D* and D* by
D={keC:Rew(k)<0}, DE=DnNC*,
D.,={keC:Rew(k) >0}, Df=D.NC*.

Thus
Dt ={keCr:0<arg(k) <%}, Df=CH\D",

D-={keC :m<argk) <%}, D;=C\D".

We show that a solution of (2.18), bounded in k € C has the form

(

pi(z, t, k), ke D,

uo(x,t k), keD,
p(x,t, k) = (2.42)
us(x, t, k), keD™,

kﬂ4($,t7k)7 k€D+)
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Figure 2.2: The regions D¥ and DF in the complex k-plane for the second order linear evolution PDE

given by iqi(z,t) + qze(z,t) = 0.

where 1;(z,t, k) are defined below.
Let z = (x,t). The domain 0 < z < L, 0 < t < T, represented by Figure 2.3, is a

polygon in the z-plane with corners z; = (0,0), 20 = (L,0), 23 = (L,T) and 24, = (0, 7).

T

2 23

21 z2

Figure 2.3: The domain 0 < < L, 0 < ¢ < T with corners z; = (0,0), 22 = (L,0), z3 = (L,T) and
Z4 = (O,T)

Let z; be an arbitrary point in the polygon and let f; denote the line integral from
24 to z = (x,t). The function
MT($,t, k) _ / eik(z—x')—ikQ(t—t'){q($/’ t/) dz’ + X(Zlfl,t/, ]{) dt/} (243)
z
is a particular solution of (2.18). Furthermore, the definition of i (x, ¢, k) is independent
of the path from z; to z.
We now choose the point z; in such a way that this function is holomorphic in £.

It is shown in [15] that the z¢’s must be chosen to be the corners of the polygon. We
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therefore define p;(x,t, k) by (2.43) where z; = z;. Hence

x t
pi(z,t, k) = / eF@= (2 1) da’ + ei’m/ e_ikQ(t_t/)X(O,t', k)dt’, ke DI,
0 0
x t
po(z,t, k) = / e R @2 ) da’ + eik("""L)/ e X (L kYAt , ke DI,
L 0
T t
ps(z,t, k) = / eF@= (2 1) da’ + eik(””—L)/ e_ikz(t_t/)X(L,t’, kydt', ke D™,
L T
x t
pa(z,t, k) = / eF @ g (2! 1) da’ + ei’“’/ e’ikQ(t’t/)X(O,t’, k)dt', ke D,
0 T
(2.44)

where for example fzzl is split into two integrals (one along the t-axis and one parallel to
the z-axis) to give the functions p;(x,t, k) which are entire functions of k. The general
theory implies that the functions are bounded as k — oo provided that as £ — oo,
wi(z,t, k) are defined according to (2.42). The contours associated with pu;(z,t, k) are
given in Figure 2.4. Hence the functions ui(x,t, k), po(z,t, k), us(x, t, k) and py(z,t, k)

are bounded and analytic in the domains D, D, D~ and D respectively.

t t/
(.T, t) (.CE, t)
—p— o—d¢—
A A
. x p x
1 2
t/ t/
4
(z,1) (z,1)
—p—0
x x
M3 421

Figure 2.4: The contours associated with p1, po, g and pqy.

Using the representation (2.18), the jump of u(x, t, k) can be computed in terms of line

integrals along the boundary of the polygon, for example juy(z,t, k) — pa(z,t, k) = [

z4 "
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Equation (2.43) implies that
Mi('r? t7 k) - :U’j(‘r7 ta k) - eikx_ithpij(k) ) [ 7é j )
pis (k) = / R (00 1) Ao+ X (2, £, k) dF) |

The integrals, computed along paths parallel to the x and ¢ axes, yield the following:

(k) — ps(z, b, k) = efkemik’t (do(k) + e *G(T, k) , ke DfnD—,
pn(z, k) — pa(z, k) = X LT k), ke DFnDT,
oz, k) — pg(z, t, k) = etk k) | keD-ND",
pa(w,t k) — paw, t k) = ik (—%(’f) + f(T, k)) , keD; NDT,
(2.45)

where Go(k), f(t,k) and §(t, k) are given by (2.26), (2.23) and (2.24) respectively. Via
expressions (2.42) and (2.44) and integration by parts, the expression for u(x,t, k) yields

the estimate

wl,t k) = O (%) k= oo (2.46)

Also, since each of the p;(x,t, k) is holomorphic, pu(x,t, k) is a sectionally holomorphic
function of k. Equations (2.45) represent the jumps of u(z,t, k) along the curve sepa-
rating the domains of analyticity of the known p;(z,t, k). Therefore equations (2.45)
along with the estimate (2.46) determine a well defined Riemann-Hilbert problem for

w(x,t, k) whose unique solution is given by

(Ha — ) (K) -,
(b, k) 27”2/ dk’

where C,;, is the straight line contour at the intersection of the two regions within which
the solutions p,(z,t, k) and py(zx,t, k) lie, given in Figure 2.5.

Substitution and simplification yields the following unique solution

1 o ey ((Go(K) / ooy [ F(T K
t k) = — ik'x—ik'“t dk — ik'c—ik'“t dx’
b, k) 2m{/_ooe <k:’—k: s Kk
_/ eik’(fo)fik’Qt (Q(T7 k’)) dk’}.
oD~ K —Fk
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Cua

/L:/J/1((E7t,k) M:M4(l,t,]€>

Cs1 Cup

M:MS(xvtv k) n= /~L2(Iatak)

Cso

Figure 2.5: The straight line contours C, ; at the intersection of the regions within which the solutions

to(z,t, k) and pp(x,t, k) lie.

The general solution ¢(x,t) is then found from substituting p(z,t, k) into the equation

H:c(x7tv k) - Zkf,lt([lj’,t, k) = Q(l’,t) to give

[eS) oD+

_/ eik’(m—L)—ikIQt‘g(T’ k/) dk/} ’
oD~

where the functions (T, k') and §(T, k') are expressions involving the transforms of all

1 o0 - 1./ - 1./ 1.7 1.7 ~
q(l‘,t) — %{/ ezk r—ik Zt(j()(k'/) dx’ _/ ezk r—ik Qtf(T, kl) dx’

the boundary values.

Example 2: As another example we consider the third order problem
@(,t) + Quee(z,t) =0, 0<t<T, xz€l0,L], (2.47a)
q(z,0) = qo(x), xz€]0,L]. (2.47b)
The Lax pair for the third order problem (2.47) is given by
po — tkp = q,

Mt — Zkgﬂ = kzq - qu:r: — Qua
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where ¢ = q(z,t), p = u(x,t, k) and
w(k) = —ik?,
X(z,t, k) = kq—ikgy — oo -
The domains Dt and Dy, in the complex k-plane are given by

D+:{k€(c+:

wly

< arg(k) < %”} , DZl N D:fz =C*T\D™",

Dy ={keC :m<arg(k) <

D; =C\ (D nDy),

C

Dy ={keC : 3 <arg(k) < 27}

and are given in Figure 2.6.

D+

Figure 2.6: The regions D™, Dy, Dy, DT, and DZQ in the complex k-plane for the third order linear

c,1

evolution PDE given by q;(x,t) + qzae(z,t) = 0.

The solution, bounded for all £k € C has the form

i

ul(x,t,k:), kED;—lUDZZ,

po(z,t, k), keD.,
plx,t k) =
ps(z,t, k), ke Dy UD;,

/“L4<I7t7k)7 kED+

\
The formulation of the polygon with corners zj, 2o, 23 and z4, and the function (2.43)
that was constructed for the second order problem, is independent of the order of the
problem. The difference that arises, due to the order of the problem under consideration,

is given by the number of domains D¥ in the complex k-plane. For the problem given
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by (2.47) the functions p;(z,t, k) are therefore given by

T t
pi(z, t, k) = / e*@= (! 1) da’ + eikm/ eikg(t_t')X(O, t' k)dt", ke DF,
0 0
x t
po(z,t, k) = / eF@= (2! 1) da’ + eik(x_L)/ R X (L, k) dt ke D,
L 0
T t
ps(x,t k) = / eik(m_wl)q(x/,t) dz’ + eik(m_L)/ eiks(t_t/)X(L, ' k)dt’, ke D™,
L T
x t
pa(z,t k) = / eF@= (2! 1) da’ + e““/ e® =X (0,¢, k) dt’ ke D',
0 T

where Df = D}, U D7, and D~ = Dy U D;. The integrals, computed along paths
parallel to the z and ¢ axes are therefore given by (2.45), and the remainder of the

formulation of the integral representation of the solution follows identically as for the

second order problem. Hence
1 (ta — 1) (K')
t,k)=— E ——~dk
I'L(x7 9 ) 271_7/ — /Ca’b k/_k )

which is given explicitly as

1 oo sy (Go(K) / sy [ F(T K
t k) = — ik’ x4kt dk — ik’ z4ik't dx’
M(«ru ) ) 271_@{/_006 <—]{j/—k 8D+€ —k”_k

_ / eik’(I*L)#”ik/St (g(T7 kl)) dkl} .
oD~ K —k

We conclude that for the linear evolution PDE given by equation (2.1), the explicit

integral representation of the solution ¢(z,t) is based on the formulation of a Riemann-

Hilbert problem, and is given by

1 oo . . . ~
Q(I'7 t) — %{ / ezkts—i—zkgt(jo(k) dk — / ezkx—HkStf(T, k) dk

—00 oD+t

_ /6 N @ D)Fik3t G ) dk} : (2.48)

2.4 The Global Relation and its Analysis

We now return to the final stage of the method and derive the global relations for the

third order two-point boundary value problem given by
(2, t) + Quan(z,t) =0, t>0, x€l0,L],
Q<x70) ZQO(x)v YIS [07L]7
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with the boundary conditions
q(0,t) =0, q(L,t)=0, q(L,t)=0,

chosen according to (2.2) to guarantee well-posedness. We remark that we shall consider
more general boundary conditions in the next chapter.

The functions c(k) = k%, ¢i(k) = —ik and ¢; = —1, and the boundary conditions
imply that fo(t, k) = 0, §o(t, k) = 0 and §,(t, k) = 0. Hence the functions f(t, k) and
g(t, k) are given by

f(t k) = —ikfi(t k) — folt, k),
g(t7k> = _§2(t7 k)7

and the global relation is therefore an algebraic expression relating the three unknown

spectral functions f; (t, k), fg(t, k) and go(t, k):
—ik fi(t, k) — ( Falt k) — e *Lgy(, k)) = Go(k) — e ®t4(t, k). (2.49)

We need to express f(t, k) and §(t, k) in terms only of the known functions go(\(k)),
[ =0,1,2. The transformations that leave w(k) invariant are determined by the roots

of the equation w(k) = w(A). Hence

2mi

Ck, )\Q(k)zczkv (=es .

>
(=)
—~
&
~
I
o~
>
—
—~
o~
~—
I

If we evaluate the global relation (2.49) at A;(k) and A2(k) we obtain two additional

equations
—ickfi(t, k) = (Bt k) = e Hga(t, k) = dolCR) — e Gt CR),  (250)
—iC*kfi(t k) = (falt k) — e Ga(t k) = do(CPR) — e (e, ) (250)

Hence equations (2.49), (2.50) and (2.51) form a system of three equations in terms of
the three unknown functions.

We observe that the system involves the unknown functions ¢(¢, \;(k)). However, it is
shown in general in [23, 38] that provided the boundary conditions are chosen according
to (2.2), the resulting system is a set of n functions with the correct boundedness and

analyticity properties for which the contribution of these unknown functions can be
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determined. If N is chosen according to (2.2), such that when solving for the unknown
functions in the set { f;(t, \;(k))}, the expression involving §(t, \;(k)) is bounded as k —
oo when k£ € DT, and when solving for the unknown functions in the set {g;(t, \i(k))},
the expression is bounded as & — oo when £ € D™, then the contribution of the
additional unknown functions ¢(¢, \;(k)) vanishes. Hence the system does not depend
on ¢(t, \(k)). This significant result implies that the integral representation of the
solution is effective, expressed only in terms of the given initial and boundary data, and

is discussed in further detail in the next section.

2.4.1 The PDE Discrete Spectrum of a Boundary Value
Problem

We begin with the following definition:

Definition 2.4.1. The set of zeros of the determinant function A(k) of the system (2.30)
obtained from the global relation is called the PDE discrete spectrum of the boundary

value problem.

Remark 2.4.2. In the cases for which the solution can be represented in the form of an

infinite discrete series, we refer to the set of zeros as the effective discrete spectrum.

The PDE discrete spectrum of the boundary value problem is uniquely determined by
the PDE and by the boundary conditions. We shall show in Chapter 4 that this spectrum
corresponds to the discrete spectrum of the differential operator D = 97'. This spectrum
is always of the form of a finite sum of exponentials, whose zeros cluster asymptotically in
a neighbourhood of specific rays in the complex k-plane, passing through the origin, and
whose direction is uniquely determined by the PDE and the given boundary conditions.

We now indicate how the contribution of the unknown functions ¢(¢, A;(k)), appearing
in (2.49), (2.50) and (2.51), can be determined.

Consider the solution {fl (t,k), fz(t, k), go(t, k)} of the system given by (2.49), (2.50)
and (2.51). Each of these functions is easily seen to be of the general form

S (@) (G (€ 0) = O H (3(t. ). (8GR, (1. ")}

(2.52)
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where H is a linear combination with coefficients \;(k) and e M®L [ =0,1,... ,n—1,

(see Section 2.5). In the sequel we shall use the following:

Proposition 2.4.3. The integral of the function H (4(t, k), q(t,Ck), ... ,¢(t,(" 7 k)) has

the following property:

i.) If A(k) # 0 for all k € D then

/ (terms involving 4(t, \(k))) dk
oD

ikx
- 6—H<qA(t7 kl)7qA(t7<k>7 c ,(j(t, C”—lk))dk;
ap+ A(k)

O G ), 4 CR), ()
+/BD Ay PR CR), ()

i.) If A(k) =0 for k € D then

/ (terms involving q(t, \j(k))) dk
oD

eikz R ) A -
= [ R0 .

eik(a:fL)HAtk e (4 n_lk dk
*/w- A AR, a6 CR). (. ¢ R)

_ tknx—w(kn)t H (qo(kn%(.?O(Ckn% ctt 7@O(Cn_1kn))
2, (k){ A (k) }

kn€D:
A(kn)=0

Proof. The proof is included for some specific examples that are to follow (see for ex-

ample Section 3.2.3). For the general proof, see [21]. O

In Section 2.5 we formulate the effective integral representation of the solution, but
first we derive the integral representation of the solution using the classical approach

and contour deformation.
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2.4.2 The Classical Approach and Contour Deformation

We consider now the integral representation of the solution for the third order problem
@(,t) + Quaoe(z,t) =0, t>0, x€]l0,L],
(J(w?O) ZQO('r)> S [0>L]7

achieved from classical Fourier analysis, in terms of all boundary values, and show that
the solution that results is equivalent to equation (2.48).
The equation is solved by the transformation into Fourier space and the repeated

application of integration by parts. This results in the expression

Gi(t, k) —ik>q(t, k) = — (K fo(t) — ik fi(t) — fo(t)) + ™™ (K2go(t) — ikgi(t) — ga(1))
where f;(t) = 91¢(0,t) and g;(t) = dq(L,t) for j = 0,1,2. Solving with respect to
4(t, k) and imposing the initial condition ¢(z,0) = go(x), gives the solution

1 T ikerikt T ke F LT 7
g(z,t) = %{/ etk () dk—/ L +’”<k2f0—zk:f1—f2> (t, k) dk

—00 —00

+/ pik(z—L)+ik3t (K*Go — ikgr — o) (t, k) dk} ;

—00

where {f;(t,k)}2 and {g;(t, k)}2 denote certain t-transforms of f;(t) and g,(t), given
explicitly by (2.20) and (2.21) respectively. The solution can therefore be written in the

form

1 . e
q(:L‘,t) _ _{/ ezkao—l—zkgtho(k) dk)—/ ezkac+zk3tf(t7 k)) dk

27T —00 — 00
+ / ehle=L)+ik? g ¢ fy dk;} . (2.53)
We now prove that this representation is equivalent to expression (2.48). We begin by

deforming the contours of integration using Cauchy’s Theorem (Theorem 1.3.1). Recall

the definition of the domain D given by
D={keC:Rew(k)<0}, D*=DNC*. (2.54)

The function e**+**f(t k) is analytic and bounded for k € D7 and the function

eF@=D)+ik% 51 ) is analytic and bounded for k € D;. Therefore an application of

66



Cauchy’s Theorem (Theorem 1.3.1) implies that

/8 . eikx+ik3tf~(t’ k’) dk = O, \/8 eik(:ﬂfL)%*ik?’tg(t? k) dk = 07
D/ Do

where D7 and 0D are the boundaries of D and D_ respectively, oriented such that
the interior of the regions is always on the right. Hence the solution can alternatively

be written, in terms of the complex contours of integration D, as

27 [eS) oD+

1 L e
q(x, t) _ { / ezkx-&—zk?’t(jo(k) dk — / ezkx-&—zkg’tf(t’ k‘) dk

— /a ele=L)+ik3 g ¢ fey dk} : (2.55)
.

Consider now the integral of the function e***%*°t f(T k) around dD*. By definition
(2.23) we have that

T
ATk = fit, k)+/ X (0,5, k) ds, 0<t<T,

t
and when substituted into expression (2.55), we see that the second of the terms here

vanishes since the integrand that results is analytic and bounded in D*. Hence

/ 6ikx+ik3tf(t, k’) dk = / 6ikx+ik3tf<T7 k’) dk .
oD+

oD+
A similar argument applies to the integrand around dD~. This concludes the proof that

the integral representation of the solution, given by (2.53), is equivalent to (2.48).

2.5 The Effective Integral Representation of the
Solution

In this section we show how the integral representation of the solution, given by

[e%S) oD+

| Y bikdy 3
q(z,t) = %{ / Mtk o (k) dk — / et (¢, k) d

_ /d . eFa=L)+ik g1 L) dk} , (2.56)

which depends on all the boundary values, can be written in terms only of the given
initial and boundary data of the problem. This can be achieved by characterising the

functions f(t, k) and §(¢, k), in terms only of the given data.
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To do this we use the global relation, the analyticity properties of the functions
fi(t, k) and g;(t, k) and Cauchy’s Theorem (Theorem 1.3.1).
The system of global relations given by (2.49), (2.50) and (2.51) can be written in

matrix form as

1 1 e ikt —ik fy(t, k) Go(k) e *tG(t, k)
¢ 1 ikt —R(t k) | = | dlck) | | et cR) - (257)
C2 1 e—z’@kL §2(ta /{:) qAO(CQk,) efik:jt(j(t,gak‘)

Solving this system, we obtain expressions for the three unknown functions f; (t, k),
folt, k) and go(t, k), and correspondingly the functions f(¢, k) and §(¢, k), given by

f(t7 k) - _ikfl(tv k) - f2(t7 k)

— %{%(/{:) (CQQ_iCQkL -+ Ce_iCk’L> o (jo(gk,)ge—ik[/ . qo(czk)gae_ikL

>

_ ikt <(j(t, k)(CZG’iCQkL I Cefz'(kL) — 4, <k>cefz’kL
—d(t, C*h)Ce ) |
gt k) = —ga(t, k)
1

= X0 { = (@(k) + Cao(ch) + Cao(C*h))

>

et ) + Calt Ch) + CPalt )
where the determinant function A(k) is given by
Ak) = (C—=C)AK),  A(k) = e ™ 4 Ce M 4 (2 ICkL (2.58)

The important observation to be made now, is that if A(k) has zeros, then f(t, k) and
g(t, k) are meromorphic. Hence a central issue in the construction of the solution is the
location in the complex k-plane of the zeros of the determinant function A(k).

A general result in the theory of such finite exponential sums [33] implies that the
argument of the zeros of the determinant function A(k) depends on the exponents, while
their location depends on the coefficients of the exponentials. In general, this result,
known as Levin’s Theorem (Theorem 1.3.22), given in Section 1.3.7, does not always
determine the exact location of the zeros, however the knowledge of their asymptotic

position in the complex k-plane is sufficient.
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To demonstrate the ease with which Levin’s Theorem can be applied, we substitute
z = —ikL into the determinant function A(k), given by (2.58), and locate the points 1
¢ and ¢? in the complex z-plane. These are then joined to form a triangle, and the zeros
found to lie along the three rays, that emanate from the origin and are orthogonal to
the sides of the triangle, (Figure 2.7(a)). In the complex k-plane these rays correspond

to Ly, Ly and L3, given by

o1

le{k:arg(k):%}, ng{k:arg(k): 6}, ng{k:arg(k):%ﬁ}.

It can be seen in Figure 2.7(b) that the zeros cluster along the three bisecting rays of

the complement regions D, of D = Dt U D™

Ly Ly

(a) z-plane (z = —ikL). (b) k-plane.

Figure 2.7: The regions DT for the third order problem g;(z,t) + Guze(x,t) = 0 with the boundary
conditions ¢(0,t) = 0, ¢(L,t) = 0 and ¢,(L,t) = 0 and the location of the zeros of the determinant
function A(k) = (¢ — ¢2)(e~™* + (e~ FE 4 (2¢=i¢*kL) found using Levin’s Theorem (Theorem 1.3.22).

Remark 2.5.1. For this example the rays upon which the zeros lie can be found explicitly

and the detailed computation is given in [39].

For this example the zeros are located outside of the domain D and therefore A(k) # 0
for k € D. After multiplication by the factors e**+*°t (or eh(z=L)+ik*) the terms
involving ¢(t, \i(k)), L = 0,1,2 are bounded as k — oo in D™ (or D). An application
of Jordan’s Lemma (Lemma 1.3.3) implies that their integral vanishes and hence these
terms give a zero contribution.

Therefore the effective integral representation of the solution is given in terms of the
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given initial data by

1 o
q(z,t) = %{/ e’kx“kgtqo(k) dk

o0

_ / gika ikt o (k) (C2e 1L 4 Ce =1L ) o (CR)CeThE —Go (C2R)(2e kT dk
oD e—ikL 4+ (e—iCkL 4 (2p—iC?kL

b [ e (%(k) T Clo(Gk) + c%@%)) dk} |
oD~

e—ikL 4+ (e—iCkL 4 (2¢—iC?kL
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Chapter 3

Two-Point Boundary Value

Problems

In this chapter we analyse in detail two-point boundary value problems for second and
third order PDES of the form (2.1a). For concreteness, we consider two illustrative

examples, the heat equation
q@(x,t) — @ue(z,t) =0, t>0, x€]l0,L], (3.1a)
q(z,0) = qo(z), x€]0,L], (3.1b)
and the linear KdV equation
@(,t) + Quoe(z,t) =0, t>0, x€]l0,L],
q(z,0) = q(z), x€l0,L],

with a variety of boundary conditions.

We start by considering the second order example (3.1) posed on the domain [0, L]
and show that the nature of the effective discrete spectrum indicates the existence of
the series solution. We construct the integral representation of the solution, in terms
of the given initial and boundary data and then derive the equivalent infinite series
representation of the solution as the explicit residue contribution at the poles which
coincide with the zeros of the determinant function A(k). This series solution is then
shown to coincide with the classical result of Section 2.1.

We then present the transform method for third order linear evolution boundary

value problems. We show that the integral representation is not always equivalent to
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a series representation, and that the property that characterises when this is the case
is the asymptotic location of the zeros of the determinant function, inside or outside
D. We illustrate the method for a variety of boundary conditions and show that a
series representation of the solution only exists if the boundary conditions couple the

two endpoints of the interval.

3.1 The Spectral Representation of Two-Point
Boundary Value Problems for Second Order

Linear Evolution PDEs

For second order linear evolution PDEs, it is well known that separation of variables can
be used to solve boundary value problems on the finite interval using Fourier series, and
an example of this was given in Section 2.1. This is based on the fact that the associated
x-differential operator is symmetric (or symmetrisable) hence it has a discrete spectrum,
and the corresponding eigenfunctions form a complete orthogonal basis of L?. Therefore
it is always possible to expand a function in terms of the complete set of the associated
eigenfunctions provided that one boundary condition is prescribed at each end of the
interval [47].

In this chapter we discuss the relation of this classical theory with the integral Fokas
representation. Indeed, the Fokas transform method presents an alternative derivation of
the classical series representation of the solution through the algorithmic construction
of the eigenfunctions of the associated linear ordinary differential z-operator, as well
as providing an alternative equivalent integral representation of the solution, generally
involving complex contours. Unlike the classical representation of the solution, this
complex integral representation of the solution is always uniformly convergent at the
boundary points.

One advantage of the method we use, is that it does not rely on separation of variables
or the knowledge of eigenfunctions and eigenvalues of the x-operator, therefore it can
be used to obtain an integral representation of the solution for PDEs for which the
spectral theory of the associated linear differential operator fails. Also, the integral

representation does not depend on the explicit knowledge of the eigenvalues, which
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cannot always be computed exactly. The benefits of the method manifest themselves
mainly for PDEs of order greater than two, however even for the second order case, this
method has certain advantages over the classical approaches, particularly concerning
the imposition of more complicated boundary conditions, for example Robin conditions.

Another advantage of the Fokas method over the classical approaches, is that the
method works in the same way for homogeneous boundary conditions, as it does for non-
homogeneous boundary conditions. This is to be contrasted with the classical method.
For example, the formula (2.10) given in Section 2.1, shows the complications that arise
from using the approach of separation of variables for the imposition of non-homogeneous
boundary conditions.

The remainder of the chapter contains the analysis of second and third order prob-
lems in this spirit. In this first part we present the rigorous derivation, using the
new approach, of the series representation of the solution of the two-point boundary
value problem for the heat equation with the boundary conditions ¢(0,t) = fo(t) and
q(L,t) = go(t), for some given functions fy(t) and go(t), along with the Fokas transform
method for deriving the effective integral representation of the solution. The detailed
proof that the series representation of the solution can be reproduced by the explicit
computation at the zeros of the determinant function A(k) of the principal value con-
tributions in the integral representation is also presented. To conclude the section, we

generalise the results for general second order two-point linear evolution PDEs.

The Transform Method

For simplicity, we illustrate the method for the heat equation
@(z,t) — quo(z,t) =0, ¢t>0, ze€l0,L],
q(x,0) = qo(z), x€l0,L],
with the non-homogeneous Dirichlet boundary conditions

Q(O>t) = fO(t)a q<Lat) = gO(t) )
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for some given functions go(x), fo(t) and go(t). The Lax pair is given by
pe — ikp = q(z,1),
e+ (R = X(,1.h),
where 1 = p(x,t, k) and
w(k) = k*,
X(z,t, k) = ikq(z,t) + qu(z,t).
Hence ¢o(k) = ik and ¢;(k) = 1. The boundary conditions imply that
f(t.k) = ikfolt,k) + fi(t, k), §(t k) = ikgo(t, k) + Gi(t, k),
where f;(t, k) and g,(t, k), 7 = 0,1 are given by (2.20) and (2.21) respectively. Therefore
the global relation, according to (2.29), is given by
it k) — e ™G, k) = N(t, k) — e'4(t, k) , (3.2)
where
N(t, k) = Go(k) — ik fo(t, k) + ike *Lgo(t, k) . (3.3)
By the invariance properties of the functions f(¢,k) and §(¢, k), the equation w(k) =
w(A) implies
B —=XN=k-Nk+A)=0,

hence A (k) = —k. The global relation, given by (3.2), is therefore supplemented with

the additional equation
fit k) — e®Lg,(t, k) = N(t,—k) — ¥"44(t, —k) . (3.4)

Expressions (3.2) and (3.4) form a system of two equations in terms of the two unknowns

fi(t, k) and g1 (t, k) that can be written in matrix form as follows:

1 ekt Atk) \ [ Ntk O\ [ k) (35)
1 ekl —g1(t, k) N(t, —k) etg(t, —k)

This system can be solved to give expressions for fi(, k) and §; (¢, k) and used to achieve
both the effective integral representation of the solution and the equivalent discrete series

representation of the solution.

74



3.1.1 The Integral Representation

The integral representation of the solution is given by equation (2.56) where the domains

D* in the complex k-plane are defined by (2.54). Hence,

]_ ee ; 24 0 ikar— 2 . e v
q(z,t) = 2—{/ e Gy (k) dk:—/ giko—k?t (zkfo(t, k) + filt, k)) dk
T —00 oD+t

_/ ik(z—L)—k?t (ikgo(t, k) + g1(t, k)) dk} ’
oD~

where

3

< arg(k) <
arg(k) 1

D*z{kE(C: }, D:{kEC:%garg(k)gﬁ},

4

AN

and the oriented boundaries of D* are such that the interior of the domain D is always
on the left of the positive direction.
To achieve explicit expressions for fi(t, k) and §(t, k) we solve system (3.5) for the

two unknown boundary terms using Cramer’s rule:

filt k) = ﬁ{ei“ (N(t, k) — eXt(t, k:)) kL <N(t, k) — Pt (, —k:)) } :

Gt k) = ﬁ{ (N(t, k) — ethQ(t,k)> _ (N(t, —k) — (e, —k;)) }

where A(k) = e'*l' — eI i5 the determinant function of system (3.5) with zeros

k:k;n:n%, nez.

Hence, the explicit integral representation of the solution is given by

1 o . i
glz,t) = { / ekt a0 (k) dk — / eIk fo (¢, k) d

27 —00 oD+

— / =)=t a (¢, k) dk
oD~

/ izt [ € (N@R= () —e R (N (k) —eFta(t,—k)) "
— €
oDt

etk _ o—ikL

k2t 5 624
_ ik(z—L)—k2t (N(fwk)—e q(t,k))—(N(t,—k)—e q(t,_k))
/8D ‘ ( cikL _ o—ikL dk 3. (3.6)

The zeros of the function A(k) = e*F — e=**L are situated on the real axis, which bisects

the complement region D.. The domains D* and the location of the zeros k,, are given

in Figure 3.1.
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D+

Figure 3.1: The regions DT = {k € C: 7 <arg(k) < %r} and D™ = {k ceC: %" < arg(k) < %r}

for the second order heat equation q:(z,t) — ¢z (z,t) = 0 with the boundary conditions ¢(0,t) = fo(t)
and ¢(L,t) = go(t) and the location of the zeros k, of the determinant function A(k) = e*F — e~ L,

Proposition 3.1.1. The unknown terms {(t,k) and {(t,—k), in the integral repre-
sentation of the solution, given by (3.6), when multiplied by the factors gika—k?t (or
e@=L)=k*t) " gre analytic and bounded as k — oo in DY (or D~ ) and do not contribute

to the integral representation of the solution.

Proof. We prove the case rigorously for the integral of the unknown terms around 0.D"

given by

_ kLt | —ikLG(4 )
/ ezkx< € q(’ )+€ q(7 )) dk
oD+

ikl _ o—ikL

If k € D then ikL —ikL

< arg(k) < 37 and hence e**~ is bounded and e is unbounded. To

us
4 4

establish the asymptotic behaviour of the denominator we look at the real part of each

of the exponents.
Re(—ikL) = k;L, Re(ikL) = —k/L,

where k = kg + tk;, and conclude that asymptotically the denominator behaves like

e~"kL_Therefore, the asymptotic behaviour of the integrand is given by

L
eikm (—62ikLé(t, k) + é(t, —k)) — _eikxez’kL/ eik(L—x/)q(x/’ t) dz’
0

L
—i—e““”/ eimlq(x’,t) da’.
0

We conclude that the terms involving the unknown functions ¢(¢, k) and §(t, —k) are
analytic and bounded in Dt and therefore by Jordan’s Lemma (Lemma 1.3.3) do not

contribute to the integral representation of the solution around 9D™. O]
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Remark 3.1.2. An analogous calculation proves that the integral around 0D~ of the

terms involving ¢(¢, k) and ¢(t, —k) also vanishes.

Remark 3.1.3. To explain the use of Jordan’s Lemma in the proof of Proposition 3.1.1,

it is necessary only to observe the following:

/ e* f (k) dk = hm/f :—lim/f(k)dk:
9D+ R—o0 R—oo |

where f(k) is a suitably bounded function for & € Dt R represents the radius length of
the wedge V, and the orientation of the closed contour V is such that interior is always

to the left.

We conclude that the effective integral representation of the solution is given by

i AT
gz, t) = %{ / e G (k) dk

[e.e]

] 5 ikLN k) — fikLN —k _
_/ ezkw—k t <€ (t7 ) € : (t7 ) + Zkf()(t, k)) dk
oDt

esz _ e—zk’L

. 2, (N(t,k) — N(t,—k L
- /8 o el’““‘”"”( (eiki_e_gm )+ ikt k)) dk}. (3.7)

3.1.2 A Derivation of the Series Representation using the

Global Relation

It is well known that it is always possible to expand a function in terms of the complete
basis of eigenfunctions for second order PDEs of the form (2.1) and thus obtain the
solution as an infinite discrete series. Indeed, this classical approach of obtaining the
infinite discrete series solution, was demonstrated in Section 2.1, where we solved the
second order heat equation with the boundary conditions ¢(0,t) = fo(t) and ¢(L,t) =
90(t).

We now show how the series representation of the solution can be obtained from the

analysis of the pair of global relations given by
fult k) — e ®au(t k) = N(tk) = q(t, k),
fl(t7 k) ZkL (t k) = N(tv _k) - ethQ(t, _k) )

where N(t,k) is given by (3.3). Subtracting the two equations and evaluating the

nm

resulting expression at an arbitrary positive real zero k = k, = “F of the determinant
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function A(k) yields
e_k%t (N(ta kn) - N<t7 _kn)) qA<t k ) (ta _kn> :
Hence

L
/ (e_ik”‘” — eik”‘”) q(z,t)de = e_k%t(N(t, k,) — N(t, —k,)),
0

which implies that the eigenfunctions are given by

iknx —tknx

en(x) =e"" —e

Indeed, the functions e, (z) are eigenfunctions of the linear differential operator D = - >

and satisfy the homogeneous boundary conditions e,(0) = 0 and e, (L) = 0, and the

orthogonality condition

/OL en(x) e () dae =

2L, n=m.

To achieve the series representation of the solution, we suppose ¢(z,t) takes the form of

an infinite discrete series:

= Z ca(t) en()

where the coefficients ¢, (t) are determined as follows:

/OLem( )q(x,t) dx—/ (ch en(x ) em(z)dz = —2Lcn(t) .

1t : 1
cn(t) = ~57 (e"n® — 7T g(2,t) da = ﬁe_kz (N(t, k,) — N(t,—ky)) .

Therefore the series representation of the solution is given by

1 & , ‘
=57 D et kn) — N(t, —ky,)) (™" — e7nr) | (3.8)
n=1

and this is equivalent to the series solution given by (2.10), obtained using the classical

approach.
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Proof. To prove the equivalence of expressions (2.10) and (3.8), we rewrite (3.8) in the

form

q(z,t) = % Z e kit (éo(kzn) — Go(—kn) — 2iknfo(t, ky) + 2(—=1)"ikngol(t, kn)> isin(k,x)
n=1

_ LZe_k2 (67 Grn) + B fo(t ) = (=1)"kndo(t, k) ) sin (k)

where

™ (k) = /0 sin(knz) qo(z) dz . (3.9)

The expression for w,(t), given by (2.9), can be written in terms of the functions
Q™ (k,), fo(t, k) and Go(t, ky), according to (3.9), (2.20) and (2.21) respectively, to
give

wn(t)Z%{——(fo() (~1"a0())

et (Q(()Sln)(kn) + knfo(t, kin) = (=1)"kngol(t, kn)) } :

Therefore, the series representation of the solution, obtained from the classical approach,

given by (2.10), is explicitly given by

xz

1) = folt) + 7 (golt)

b«lw

= 72 () = (=10 sinth)

n

%Z k2t ( sin) k) + ko fo(t k) — (—1)"kngo(t, k:n)) sin(k,z) ,

and by (2.7) and (2.8) it follows that

T 2 1 . .
Jo(t) + 7 (90(t) — =7 Z k_ (=1)"go(t)) sin(k,z) .
This concludes the proof that (2.10) is equivalent to (3.8). O

Remark 3.1.4. The classical approach relies on the assumption that the functions w(z, t)
and F(z,t), given by (2.6) and (2.7) respectively, can be expanded in terms of the associ-

ated eigenfunctions, whereas no such assumptions are required for the Fokas derivation.
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3.1.3 Equivalence of the Series and Integral Representations

We now prove that the series representation of the solution, given by (3.8) is equivalent
to the effective integral representation of the solution given by (3.7) by showing that the
series representation can be reproduced by the explicit computation, at the zeros k,, of
A(k), of the principal value contributions in the integral representation.

The zeros of A(k) lie on the real axis which perpendicularly bisects the domain D.,
hence A(k) # 0 for k € D and therefore the contours of integration must be deformed

from 0D to the real axis.

Proposition 3.1.5. The integrands of the integrals around 0D (and 0D~ ), in the
integral representation of the solution, given by (3.7), are bounded as k — oo in DF

(and D; ).

Proof. We prove the case only for the integral around 0D, (the proof for the integral
around 0D~ follows analogously), and recall the integral around D™ given explicitly

by

ikL _ ,—tkL _ -
/ ei’fﬁ—kgt(e N(t, k) — ™™ Nt k)+ikf0(t,k)) k.
oD+

oikL _ o—ikL

We show that the integrand is bounded for £ such that 0 < arg(k) < § and conclude

that the contour of integration can be deformed from where arg(k) = 7 to the positive

real axis so that the principal value contributions at the zeros k =k, = “F, n > 0 can
be computed.

Consider the wedge such that 0 < arg(k) < 7. For k in this wedge, —k will be such
that ™ < arg(—k) < %’T. Hence k will lie in the upper half of the complex plane and —k
will lie in the lower half of the complex plane (Figure 3.2).

Hence, for k in this wedge

: 24 .
o cfe=k"l s hounded,

e ¢*I is bounded,

e ¢ *L ig unbounded.

Therefore, asymptotically the denominator behaves like e~ and hence the asymptotic
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D+
k\

Figure 3.2: The wedge such that 0 < arg(k) < 7 in the complex k-plane.

behaviour of the integrand is given by
e (RN (L, k) = N(E k) + (25 = )ik fo(t, k)

= fhek <€2ikLCfo(k) — Go(—k) — 2ik fo(t, k) + 2ike™ Go (¢, k))

L L
_ eik:c—kzt (eikL/ eik(L—m/)qo (l‘,) de’ — / ez‘k::c’qo (ZL‘,) dl’/)
0 0

t t
— 2ikett® </ (570 fo(s) ds — e““L/ F D gy (5) ds> .
0 0

All of the terms in this expression are bounded as k — oo and the proof is complete. []

Remark 3.1.6. We remark that a similar argument can be used for the proof that the
contour of integration can be deformed from where arg(k) = %TW to the negative real

axis.

An application of Cauchy’s Theorem (Theorem 1.3.1) is now used to deform the
contours of integration and the explicit computation at the zeros of the determinant
function A(k) of the principal value contributions in the integral representation is shown
to be equivalent to the discrete series representation of the solution.

Recall the integral representation of the solution given by (3.7). The contours are
deformed to the real axis and the residue contributions from all of the poles k,,, such
that A(k,) = 0, are computed using Theorem 1.3.8 as follows:

[ PO [0y 5 p)
- Ty 2 (k)

A(kn)=0
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kn
A(kn)=0
where
p*(k) — pika—kt (eikLN(t,k) _ efikLN(u_k)) ,
p (k) = MR (N (L B) = N(t,—Fk))
r(k) = A(k) = e*b — kL
Hence,
pT(k) /°° pT(k) , g on2y [ €FEN(t k) — e TR LN (t, — k)
dk — dl{? tknx—k;,
/aD+ r(k) (R T kZ ‘ A (k) |
A(kn)=0
p_ (k) / > p (k) . nory—kze [ Nt k) = N(t, —ky)
-~ 2 dk = — dk ikn (T =4 ‘
/aD (k) L e A'(k)
A(kn)=0

Therefore the integral representation of the solution, given by (3.7) can be written in

the form
q(x,t) = 1 /Oo eke K (1) dk
’ 2 e
o) P eikLN(t, k) _ €_ikLN(t, —k) L
_/Ooe kx—k*t ( eikL _ o—ikL +'Lk‘f0(t, kj)) dk
* enyin (N(ER) = Nt <F)
+/Ooek( L)—k t( T +1kgo(t, k) ) dk
(L e () )
2L kn: giknl  e—iknL
A(kn)=0
na—r)—i2e [ N Kn) = Nt —Fy)
ikn(z—L k%t s v , n
+ Z etkn(z—L) ( ot .
kn:
A(kn)=0

The integrals sum to zero and all that remains are the summation terms which are

simplified to yield
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This can trivially be rewritten in the form

Z 6—k2 ) _ N(t, —kn)) (eiknm . e—iknz) :

n:l

where the index now indicates that the series is summed over the zeros that lie on the
positive real axis, and concurs with the series representation of the solution given by
(3.8).

In summary, the complex contours of integration dD* can be deformed to the real
axis to achieve the integral representation entirely on R and in doing so the residue con-
tribution from each of the zeros lying on the real axis is acquired. A simple manipulation
of the resulting expression for the solution ¢(z,t) shows that the integral terms cancel
and all that remains is the infinite sum which is equivalent to the series representation
of the solution, achieved using the classical Fourier approach.

For second order problems the complex contours of integration in the integral rep-
resentation of the solution, can always be deformed to the real line at the price of
computing the residues/principal value contributions at the zeros of the determinant
function A(k).

Remark 3.1.7. In the case that the contours of the integral representation can be realised
on the real line, it is possible to show formally that all integral terms must cancel. To
show this, we begin with the formal integral representation of the solution, given by
(2.25), and assume that the contours of integration can be deformed to the real line.

We rearrange the global relation, and write
F(t k) = ™Gt k) + o(k) — MG (t k)

and substitute into (2.25) to yield

1 R .
Q(,T,t) _ %{/ ezkx—w(k)tho(k) dk,_/ ezk(x—L) w(k)t ~ (t /{?) dk

— / e WGy (k) dk + / e*q(t, k) dk

o0 o0

+/ eik(at—L) w(k)t (t k) dk’}

Of course we have not given the effective expression for the spectral functions f (t, k)
and g(t, k). However this identity shows formally that, in this case, the integral terms

must cancel.
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3.1.4 General Boundary Conditions

We now prove that for the second order problem of the form (2.1), the zeros of the
determinant function A(k) always lie on the real axis [22]. For the proof, we consider

(3.1) with general uncoupled boundary conditions

Q(07t) + QQJ:(()?t) = fO(t) ) Q(Lﬂ t) + BQm<L7t) = gO(t> ’

for constants o and # and given functions fo(t) and go(t). Applying the boundary

conditions, the global relation, according to (2.28) is given by

(1 — ika)fi(t, k) — e (1 — ikB)gi (t, k) = N(t, k) — e"14(¢, k),
where

N(t, k) = do(k) — ik (Folt, k) — e~ *EGo(t, k)

and this is complemented by the equation

(1+ika) fi(t, k) — ™ (1 + ikB)gu(t, k) — N(t, —k) — " tG(t, —k) .
Therefore, the determinant function is given by

A(k) = (1 — ika)(1 + ikB)e™ — (1 + ika)(1 — ikB)e ™

and the zeros of this function lie on the real axis, and their exact location depends on
the values of o and £.

Therefore, for the heat equation, Figure 3.3 shows that A(k) # 0 for k£ € D and that
the zeros lie outside of D and cluster along the real axis which perpendicularly bisects
the region D.. The integrand containing the unknown terms is analytic and bounded as
k — oo in D, and therefore, according to Proposition 2.4.3, there is a zero contribution
from the unknown terms. The contours of integration can be deformed from 9D to the
real axis and in doing so we realise the contribution of the residues at the zeros of the
determinant function A(k). All of the integral terms sum to zero and all that remains

is the discrete series representation of the solution.

Remark 3.1.8. We remark that the zeros of the determinant functions of the two other
well-posed second order PDEs ¢;(x,t) F ig..(x,t) = 0 also cluster asymptotically along
the real axis. The domains are given by D™ = {k € C:0 < arg(k) <3} and D~ =
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D+

Figure 3.3: The regions Dt = {k € C: 7 <arg(k) < ?ﬂf} and D~ = {k e C: %’“ < arg(k) <
%“} for the heat equation ¢:(z,t) — gu.(x,t) = 0 with the general uncoupled boundary conditions
q(0,t) +ag.(0,t) = fo(t) and q(L,t) + Bgz(L,t) = go(t) and the location of the zeros of the determinant

function A(k) = (1 — ika)(1 + ikB)e*F — (1 + ika)(1 — ikB)e *L.

N

{kECZT{'
{kEC:

arg(k) < 37”} for the second order PDE ¢(x,t) — igz.(x,t) =0, and DT =

ol

<arg(k) <7} and D~ = {k € C: 2F <arg(k) < 2} for the second order
PDE ¢(z,t)+iq..(x,t) = 0, and are given in Figure 3.4(a) and Figure 3.4(b) respectively.
Therefore, the zeros of A(k) lie on the boundary rays 0D of D.

D+ Dt
D~ D-
(a) The regions D* for the PDE (b) The regions D* for the PDE

Figure 3.4: The regions DT for the second order PDEs ¢;(z,t) F iguz(x,t) = 0 with the general
uncoupled boundary conditions ¢(0,t) + aq,(0,t) = fo(t) and ¢(L,t) + Bq.(L,t) = go(t) and the

location of the zeros of the determinant function A(k).

To prove the equivalence of the series and integral representations of the solution, one
must indent the contours so that they pass above the zeros in RT (in D) and below

the zeros in R~ (in dD7), inside any complex disc of radius R. The limit as R — oo
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defines the principal value integral at infinity. Inside the contour, the unknown terms
4(t, k) and ¢(t, —k) are analytic and bounded and hence the integrals of these terms give
a zero contribution.

Therefore, as for the heat equation, the only nonzero contribution to the solution
representation is due to the residue contribution at the zeros, and this is equivalent to

an infinite discrete series.

Remark 3.1.9. The index, in expression (3.8), indicates that the summation is taken over
all of the positive zeros k,. The Fokas transform method offers an algorithmic derivation
of the series representation of the solution which, as opposed to the classical derivation,

is not complicated by the imposition of non-homogeneous boundary conditions.

3.2 The Spectral Representation of Two-Point
Boundary Value Problems for Third Order

Linear Evolution PDEs

In this section we present the transform method for third order linear evolution boundary
value problems of the form (2.1) and we show that the integral representation of the
solution is not always equivalent to a discrete series representation.

We illustrate the case for the third order problem
@(,t) + Quo(z,t) =0, t>0, x€l0,L], (3.10a)
q(l’,O) = Q()(ﬁ), YIS [OaL] ) (310b)

for some given function ¢g(x), for a variety of boundary conditions and show that a
series representation is not obtainable when all of the singularities of the determinant
function A(k) are outside of the domain D, which is identified only by the equation.

It is well known that for third order linear evolution PDEs, if the boundary conditions
yield a non self-adjoint operator, then separation of variables cannot be used to solve
the boundary value problem. The failure of the classical approach is due to the lack
of a general proof of the completeness of the set of eigenfunctions for non self-adjoint

operators. However, it can be shown by classical methods that when the boundary
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conditions couple the boundary points, the set of eigenfunctions of the problem form a
Riesz basis.

It appears that one can make a general distinction between coupled and uncoupled
boundary conditions. We shall refer to coupled boundary conditions of the form

¢ (0,t) = f;(t), a¥(L,t) = g;(1),
j,ke{O,l,Q}, j#k, (3.11)

¢”(L,1) = ag:”(0,1), a€R,
for some given functions f;(¢) and g;(¢), whereas uncoupled boundary conditions lack

any form of symmetry and take the form

@0, = f;(), VL) =alt), @LH=alt), 5kI{0,12}, kL
(3.12)

for some given functions f;(t), gx(t) and ¢;(t). The superscripts in expressions (3.11)
and (3.12) denote the order of the derivative imposed.

When coupled boundary conditions are prescribed, classical theory guarantees the
existence of a complete basis of eigenfunctions corresponding to a discrete spectrum,
and the transform approach, in agreement with classical theory, yields a representation
that can be explicitly computed in the form of an infinite discrete series. It is shown
that the zeros of the determinant function A(k) lie on the six boundary rays of D in the
complex k-plane implying A(k) = 0 for k € D. The contours of integration, 9D*, can
be indented to avoid these zeros and the solution given by the explicit computation of
the principal value contributions. In fact, the only case for which the solution admits an
entirely discrete series representation is when the prescribed boundary conditions are of
the form (3.11). A special case of such conditions are when the boundary conditions are
periodic, and in this case it is well known that the series representation of the solution
is obtainable using Fourier transforms.

In comparison, when the boundary conditions are uncoupled, and of the form (3.12),
the series representation of the solution cannot be obtained by the same route, and we
are not able to obtain any such representation. We stress that no results in classical
theory imply that such a representation should exist. We show that A(k) # 0 for k € D
and the zeros of the determinant function A(k) lie on three rays emanating from the

origin. However, the contours of integration cannot be deformed throughout D., and

87



there always appear integral terms in the representation of the solution and hence the
solution cannot be expressed entirely as an infinite discrete series.

For the case of coupled conditions, we present the example of periodic boundary
conditions in the context of the Fokas method, along with the case where the boundary

conditions are coupled and of the form
q(0,t) =0, q(L,t)=0, q(L,t)=0aq(0,t), aeR.
We also consider the imposition of the quasi-periodic boundary conditions of the form
q(L,t) = aq(0,t), q.(L,t) = aq.(0,t), Gu(L,t) = aqu(0,t), >0,

and show that in this special example, unlike the cases of periodic and coupled boundary
conditions where the zeros are found to lie on the six boundary rays of 9D, the zeros of
the determinant function A(k) lie on three rays. However, unlike the case of uncoupled
boundary conditions, these rays do not emanate from the origin, but instead lie parallel
to the boundary rays of dD. There are two cases that arise, depending on the value
of a. In one case, it is shown that infinitely many zeros lie outside of the domain D,
and in the other, it is shown that only finitely many lie outside of D. However, in both

cases, it is possible to obtain a discrete series representation of the solution.

3.2.1 The Formulation of the Problem

The first step of the transform approach is the algorithmic derivation of the Lax pair
for the third order PDE given by (3.10). Recall that (3.10a) is equivalent to the pair of

equations

(N(% t, k>6—ikx—ik3t> _ e—ikm—ik3tq(x’ 1),

x

(1o, ke e i0) oo (k2 (0, 1) — kg (2, ) — gra(2,1))
t

The functions f(t, k) and §(t, k) are given by

f(tv k) = k2f0(t7 k) - Zk.fl(t7 k) - fZ(t7 k) ) (31?))
g(tv k) = k2§0(t’ k) - Zkgl (t’ k) - g?(t7 k) . (3'14)

Hence co(k) = k2, c1(k) = —ik and co(k) = —1. The global relation, given in the general

form by equation (2.28), is therefore the following algebraic expression relating the six
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spectral functions f;(t, k) and g;(t, k), j = 0,1, 2:
<k2 folt k) — ikfu(t, k) — folt, k)> — e L (k2Go(t, k) — ik (t, k) — Ga(t, k)
= Go(k) — e7*G(t, k). (3.15)

The transformations that leave w(k) invariant are determined by the roots of the equa-
tion w(k) = w(\) and are given explicitly by A(k) for [ = 0,1,2. Hence \o(k) = k,
A (k) = Ck and Ay(k) = (2k where ¢ = ¢’3'. The global relation, given by (3.15), is

therefore supplemented by the two additional equations
(22 folt. k) = iCkfi(t. k) = Falt, k) ) = e™F (C*RGo(t, k) — iCkg (£, k) = Gat. k)
= dolCk) — e Gt Ch). (3.16)
(k2 Aolt k) = iC?kFi(t k) = Falt, k) ) — €™ H (CRGult, k) = Gk (1, k) = Gt k)

= Go(C*k) — e *14(t, k) . (3.17)

Expressions (3.15), (3.16) and (3.17) form a system of three equations involving the six
boundary functions fj(t, k) and g;(t, k), j = 0,1, 2, which can be written as follows:

S e k) (Filt k) = e G R)) = dolk) — e a(t ), (3.18a)

J=0

2

2 ei(éh) (Fitt k) = e ¥8g,(, k) ) = do(C) — e ¥q(t,Ck), (3.18D)

Jj=

[\

ZCJ <fj t k) - e_lg Mg (t k)) = QO(QQIC) - e_ik?)t(?(ta Cgk) (3-18C)

7=0
The knowledge of three of these values will yield a system of three equations, solvable
for the three remaining unknown boundary functions. However, as we discussed briefly,

and is shown in [22], not any three boundary conditions can be prescribed.

3.2.2 Periodic Boundary Conditions

It is well known that if the boundary conditions are periodic then the Fourier transform
yields the solution as an infinite discrete series over the eigenvalues of the differential
operator. In this section we outline the classical derivation and verify that this is the

same as the series representation obtained via the Fokas transform method.
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We consider the third order linear evolution PDE
(2, t) + Quan(z,t) =0, t>0, x€l0,L], (3.19a)
q(z,0) = qo(z), z=€][0,L], (3.19b)
with the periodic boundary conditions qg(ﬂj)(O, t) = qg)(L, t) for j =0,1,2.

Solution by Separation of Variables

The solution ¢(x,t) of the PDE is found straightforwardly using separation of variables.
We begin by assuming that the solution can be expressed in the form ¢(z,t) = X (z) T'(t),
where X (x) is a function purely of = and T'(¢) is a function purely of ¢. Substitution

into the PDE yields the two ODEs given by

A3 X (x) dT'(t)
EPCan AX(z) =0, P AT'(t) =0 (3.20)
for some constant A. Substituting A = —p?, and solving for X (x) we find

27

X(x) = Ae?™ + BeP® + Ce’P . (=eF

for some constants A, B and C' to be determined from the imposition of the periodic
boundary conditions XV )(O) = XV )(L), Jj =0,1,2. The system of equations that results

is solvable for A, B and C' and given by
A1 =)+ B (1) 4 O (1- ) = o, (3.21)
A=)+ (B (1= e7h) + O (1— ) = 0, (3.22)
A (1 — epL) +(*B (1 — ech) +¢C (1 — ecsz) =0,
and adding all three equations yields the expression
3A(1—€") =0.

Hence either A = 0 or 1 — ePl = 0. Let us assume that A # 0. Then p = ik, where

k, = 2% n € Z which implies that A = ik3. It follows, from (3.21) and (3.22) that

B =0 and C = 0 and therefore the solution X, (x) is given by

Xn(x) = A, et kp = —,
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for arbitrary A,. Finally, the value A = ik} is substituted into the ODE for T'(¢), given
by (3.20), and solved to give

T,(t) = Dpe*™t,  nez,

for some arbitrary D,,. The solution for ¢(x,t) is therefore given by the infinite discrete

series

oo
. 3
t) — § anezkanrzknt ’
n=1

where a, = A, D,,. Since the functions e**»* form a complete set of orthogonal functions

on [0, L] we conclude that

Therefore the solution ¢(x,t) is given by
Z it iknt 4o (k) (3.23)

The Transform Approach

We now use the transform approach to derive the solution (3.23) of the PDE given by
(3.19). The periodic boundary conditions imply that f;(t, k) =g,(t,k), j=0,1,2, and

therefore the system of global relations is given by
(1= e™0) (K2 fo(t, k) = ik filt, k) = faltK)) = do(k) — ™ "a(t, k), (3:24)
(1= e <5) (CH2fo(t, k) — iCk (L k) = Ho(tK)) = do(Ch) — e ™4a(t, ¢y, (3.25)
(1= 78 (CR2o(t k) = iCRA LK) = Falt, k)] = dolCPh) — e "4(t.C%k) . (3.26)

which is a system of three equations in terms of the three unknowns fo(t, k), fi(t, k)

and fo(t, k). The determinant function A(k) is given by

A(k) =3 (¢ = %) (1 — e7*F) (1 — emickE) (1 - e—i@“) , (3.27)

and has zeros at the points k,, Ck, and ¢%k,, where k, = 2"—”, n € Z. The domain D

is defined by the dispersion relation w(k) = —ik?, which is governed only by the PDE.
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Hence the domain D is comprised of the three connected components given by

D*z{kE(C: < arg(k) < 2“}

s s
3 3

Di ={keC:m<arg(k) < (3.28)
D~ =Dy UD; .
D;:{ke@:%’fgarg(k)g%}
It follows immediately that the zeros of the determinant function lie on the six boundary
rays of 0D.

We remark that for this example, the location of the zeros follows immediately from
the factorisation of the determinant function, which yields a sum of six exponential
terms in k (with no constant term). However, if the terms are expanded, the general
theory given in [33] can be used to establish the location of the zeros. This is illustrated
in Figure 3.5 where it is shown that the six exponential terms, of the expanded determi-
nant function A(k), imply a hexagonal convex hull in the complex z-plane (where the
substitution z = —ikL is applied to A(k)). The zeros lie on the six rays that emanate
from the origin and perpendicularly bisect the six sides of the hexagon, (Figure 3.5(a)).
This in turn implies that the zeros cluster asymptotically along the six boundary rays

of D in the complex k-plane, (Figure 3.5(b)).

(a) z-plane (z = —ikL). (b) k-plane.

Figure 3.5: The regions DT for the third order problem q(z,t) + quze(x,t) = 0 with the periodic
boundary conditions qg(yj) (0,t) = qy(cj) (L,t) for j =0, 1,2, and the location of the zeros of the determinant
function A(k) =3 (( —¢?) (1 — e ) (1 — e~ kE) <1 — efi@kL).
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The Series Representation of the Solution

To obtain the discrete series representation of the solution, we observe that solving
equation (3.24) at k = k,, equation (3.25) at k = (%k, or equation (3.26) at k = Ck,,

for which the left hand side vanishes, we obtain
Q(t, k) = e™'Go (k) - (3.29)

To obtain the infinite series representation of the solution, we suppose that ¢(z,t) can

be expanded in terms of the eigenfunctions e*»* and written in the form

gl t) = colt) ™. (3.30)

Since the set of functions e?*»® form a complete set of orthogonal functions on [0, L] and

satisfy the relationship

L ) ] 0 ; n 7é m,
/ ezknxe—zkmx dr =
0

we conclude that

L
cn(t) = E/o e knTo(z,t) da

1 oy
= Ze”“%tqo(k:n). (3.31)

Therefore, the contribution of the integrals involving the unknown functions takes the

form of the infinite discrete series

o0

1 o
q(z,t) = 17 Z LN (3.32)

n=1

which is consistent with the solution, given by (3.23), obtained from the classical Fourier

series analysis.

The Integral Representation of the Solution

The integral representation of the solution is given by
1 = ika+ik3t 4
q(x,t) = e Go(k) dk

2| oo

_ / pikatik’t (k;2 fot, k) —ikfi(t, k) — falt, k)) dk
oD+

_/ (k= L)kt (kaO(t,k)—ikfl(ta k) = falt, k)> dk}
oD~

93



and expression (3.24) yields the following:

; - ; qo(k) —aws_4(E, k)
K fo(t, k) — ik fi(t, k) — fa(t, k) = 1—0W —e kstm-

Hence the integral representation of the solution is given by

1 * ikerikt ikz+ik3t Go (k) )
q(z,t) = %{/_ ettt qo(k:)dk—/ame T e e e )

[e.9]

_/ eik(me)+ik3t QAO(k) N efik3t cj(t, k) dk b
9D- 1 — e—tkL 1 — e—tkL

We note that the unknown terms involving the function ¢(t, k) are bounded in D and
define meromorphic functions with poles at the zeros of the determinant function A(k)
that belong to D. Hence the contributions of these terms is only given by the residues

of the function at these points.

Equivalence of the Series and Integral Representations

The integrands of the integrals around D" and 9D~ are analytic and bounded in the
domains D} and D; respectively, implying that the contours of integration around 9D

and 0D~ can be deformed to the real line. This yields the following expression

glz,t) = %{/ ik +k3tq0(k)dk_/ pikatikdt (I_OW) dk

[e.o] —0o0

oo ik(z—L)+ik3t qh(k)
+/_ooe (=L) (—1_6_M dk

+ Z residue contributions.

kn:
A(kn)=0

The integral terms trivially sum to zero. Therefore, the only contribution to the solution
is from the series term, that results from the explicit computation of the principal value

contributions at the zeros k, of the determinant function A(k). We let
p+ (k) _ eikm+ik3tq0<k) :
p_(k‘) _ eik(x—L)-&-ik:?’thO(k) :

r(k) = 1—e ",
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Therefore the series solution is given by
1 R p*(kn) ~ p~(kn)
t) = ——qmi»
alet) = o {7” 2y ; (k)

1 o0 iknx+ik2t1 —ikn L\ 4 k,
{m. et + e o (k)

2 i Le—thnL

n=1

P
_ zzezknwrlk%tqo(kn), (333)
n=1

which concurs with (3.32).

Remark 3.2.1. The index used in the summation of (3.33), indicates that the residue

contributions arise from all of the zeros k, of the determinant function A(k).

3.2.3 Quasi-Periodic Boundary Conditions

We consider now the third order linear evolution PDE, given by (3.19), with the quasi-

periodic boundary conditions given by

q(L,t) = aq(0,1),  qz(L,t) = aqu(0,8),  ua(L,t) = aqea(0, 1),

for some real a > 0.
The boundary conditions imply that go(t, k) = Ozfo(t, k), g:1(t, k) = afl(t,k) and
Go(t, k) = afa(t, k) and therefore the global relation can be written entirely in terms of

the functions fj(t, k), 7 =0,1,2, in the form

(k:2 Folt, k) — ik fi(t, k) — folt, k)) (1= e ™a) = Go(k) — e **4(t, k) . (3.34)

This is supplemented by the two additional equations
(g%Q Folt. k) — iCkfi(t. k) — folt, k)) (1= e *a) = Go(Ck) — e G(t,Ck), (3.35)

(gk:? Folt k) —iCPfu(t, k) — folt, k;)) (1 — e_iCZkLa> = Go(C2k) — e~ tq(t, C2k) ,(3.36)
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2mi

where ( = e™3 and form the matrix system given by

1 — e Ly 1 — e Ly 1 — e *lg k2 fo(t, k)
(1 — e ®kq) (1 —e kLq) 1 — e ©klqg —ikfi(t, k)
¢(1— e*iCQkLoz) (1 — e*i@“a) 1 — e~ iCkL, —fg(t, k)
do(k) e Mg t, k)
= | k) | | e alt k)
Go(C*k) e q(t, k)

The determinant function A(k) is given by
A(k) = 3(¢—¢) (1—e™a) (1—eFa) (1 - e‘ic%La)
— 3 (C _ Cz) {1 ol — Oé<efikL | eiCkL efiCQkL)
a2 (eikL | iCkL 6i§2kL>} ,

and has zeros at the points k,, Ck, and (?k, where

kn:_ilnaf2nﬂ7 nel

Remark 3.2.2. We observe that the presence of the constant term 1 — o2, in the expres-
sion for the determinant function A(k), prevents the use of Levin’s Theorem (Theorem
1.3.22) for locating the zeros in the complex k-plane. Indeed, 1 = e®*, but a® cannot

be written as an exponential of k.

The zeros k,, depend upon the value of « that is prescribed and in general, there are

three cases to consider:

e If 0 < a < 1 then the zeros lie on the three straight-line rays that run parallel to
the boundary rays 9D, such that infinitely many zeros lie outside of the domain

D (Figure 3.6).

e If @ = 1 then the boundary conditions are periodic and the zeros lie on the

boundary rays of D (Section 3.2.2, Figure 3.5(b)).

e If o > 1 then the zeros lie on the three straight-line rays that run parallel to
the boundary rays 0D, such that infinitely many zeros lie inside of the domain D
(Figure 3.7).
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Figure 3.6: The regions D* for the third order problem ¢ (z,t) + quee(x,t) = 0 with quasi-periodic
boundary conditions ¢/ (L,t) = ozq% (0,t) for 7 =0,1,2 and 0 < « < 1, and the location of the zeros of
the determinant function A(k) =3 (( — ¢?) (1 — e *La) (1 — e7*FLa 1 - e‘iCzk’Loz).

w
LA 4

Figure 3.7: The regions DT for the third order problem ¢;(z,t) + guuzz(7,t) = 0 with quasi-periodic

boundary conditions ¢/ (L,t) = ag’(0,t) for j = 0,1,2 and o > 1, and the location of the zeros of the
determinant function A(k) =3 (¢ —¢?) (1 — e7*Ea) (1 — e7Fa) (1 - efiCsza).

The Series Representation of the Solution

The series representation of the solution ¢(x,t) can be obtained directly from any of the
three global relations. Solving equation (3.34) at k = k,,, or equation (3.35) at k = (%k,,

or equation (3.36) at k = (k,, for which the left-hand side vanishes, we obtain
(t, k) = €4 (k) (3.37)

This is the same as expression (3.29), except here k, = —W, n € Z. Therefore,
following the periodic example on Page 93, we suppose that g(z,t) can be expanded in

terms of the eigenfunctions e*»* and by (3.30) and (3.31), conclude that the solution
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takes the form of an infinite discrete series, written in terms of all of the zeros k,, in

the form
L= sy
alz.t) =+ > " etnrtikatgo (k) | (3.38)
n=1

for all a > 0.

In what follows, we derive the integral representations of the solution, for the cases
0 < o < 1 and « > 1 separately, and prove their equivalence to (3.38), and show that in
both cases, the contours of integration of the integral representation of the solution can
be deformed, and the solution expressed entirely in terms of the residue contributions

at the zeros k, of the determinant function A(k).

The Integral Representation of the Solution

The integral representation of the solution is given by (2.56) where the domains D* in

the complex k-plane are defined by (3.28). Hence

o0

q(z,t) = %{ /OO etk o (k) dk
_ / eikatik?t </€2fo(t, k) — ik fi(t, k) — folt, k)> dk
aD+

_/ pik@—L)+ikt <k2fo(t, k) —ikfi(t, k) — folt, k)) dk} ;
oD~

and expression (3.34), yields the following:

IR (Y)

1 — e tkly 1 —e kLl

K2 fo(t, k) — ik fi(t, k) — folt, k) =

Hence the integral representation of the solution is given by

1 oo
q(x,t) = %{/ em“kdtqo(k:) dk

(e 9]

_ / pikatik®t Go(k) _ ik q(t, k) dk
oD+ 1 — e ilqy 1 — e—ikLgy,

_ ik(x—L)+7Lk3t qo<k) o —ik3t qA(t7 k) dkf 3 39
/ar) ¢ “ (1 ekl € 1 — e tklg - (3.39)
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Case 1: O0<ax<1

Proposition 3.2.3. The terms involving the unknown function §(t, k) do not contribute

to the integral representation of the solution, given by (3.59).

Proof. Consider the integral around 0D of the term involving the unknown function

/8D+ ‘ (1 — e klq 7

and let £ € D*. It follows that ¢ is bounded and e~ is unbounded. Therefore, the

4(t, k), given explicitly by

asymptotic behaviour of the integrand is given by

L
GikxeikLCj(t, l{?) — 6ikm/ eik(L_m/)q((L’/, t) dl‘/.
0

All of the exponential terms in this expression are bounded as k — oo and the proof is

complete. O

Remark 3.2.4. A similar argument can be used for the proof around 0D~ .

Therefore, the integral representation of the solution is given by

U1 o vt [ do(k)
1) = tkx+ik°t B dk — / tkx+ik°t : dk
Q(xa ) 27T{/—ooe QO( ) 8D+€ 1 — e—ikLgy

. ik(z—L)+ik3t (jo(k) 4
/aD e a (—1 — iy dk p . (3.40)

Equivalence of the Series and Integral Representations

The proof that the integral representation of the solution, given by (3.40), and the series
solution, given by (3.38), are equivalent, is straightforward, and offers an alternative

derivation of the series solution.

Proposition 3.2.5. The integrands of the integrals around 0Dt and 0D~ , in expression
(3.40) are analytic and bounded in the domains D} and D respectively, implying that

the contours of integration around 0Dt and 0D~ can be deformed to the real line.
Proof.  1.) Consider the integral around 0D, given by

/ eikx+ik3t qAO(k> dk ’
D+ 1 — e thly

and let k& be such that 0 < arg(k) < %. Then for & in this wedge, (k will be such

that 2¥ < arg(Ck) < 7 and (*k will be such that & < arg(¢*k) < 2. Hence
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ii.)

eptik3t -
o ekttt ig hounded,

ikl LiCkL

_ic?
o "l and e kL

are bounded,

—q . - 2
o ¢ kL oTikL and <L are unbounded.

Since e~ is unbounded, the asymptotic behaviour of the integrand is given by

L
. 8L . 3 T
ezkx—l—zk teszq()(k,) — ezkz—i—zk t/ ezk(L T )qo(l,/) dJT, )
0

All of the exponential terms in this expression are bounded as k — oo, implying

that the contour of integration around D™ can be deformed to the real line.

Remark 3.2.6. We remark that a similar argument can be used for the proof that

the integrand is analytic and bounded for k such that 3¢ < arg(k) < .

Consider the integral around 9D~ given by

/ pik(@—L)+ik’t (Lkz)@) dk |
oD 1 —e "o

and let k € D;. Then (k is such that 0 < arg((k) < % and (*k is such that

2 < arg(¢*k) < m. Hence

ik(z—L)+ik3t

e c is bounded,

i ; 2
ekl iCkL kL are bounded,

. and e

o o
ekl emiCkL kL are unbounded.

° and e

Since e~ is bounded, the asymptotic behaviour of the integrand is given by
L
eik(z_L)—HkStgg(k) _ eik(a:—L)—i-ikgt/ e—ikz’q()(x/) da’
0

All of the exponential terms in this expression are bounded as k — oo and the

proof is complete.

]

Deforming the contours of integration in (3.40) to the real line gives the expression

q(l’,t) _ %{/ etk +k3tq0<k‘)dk—/ ek +ik3t (%) dk

—00 —00

= ik(z—L)+ik3t ﬁo(k’)

+ residue contributions.

fon:
A(kn)=0
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The integral terms trivially sum to zero, proving that the only contribution to the solu-
tion is the series term due to the explicit computation of the principal value contributions

at the zeros k, of the determinant function A(k). We let
p*(k) _ eikm+ik3thO(k,) 7
p (k) = eik(az—L)+ik3tan0(k,) 7
r(k) = 1—e *qa.
Therefore the series solution, computed over all of the zeros k,, is given by

1 { ' 0o eiknx-i—ik%t (1 + e_ik"LOC) qAO(kn) }
T

1 Lae—thnL

w b
Z elkner'kaLthO(kn) ’

which coincides with (3.38) and the proof is complete.

Case 2: a>1
The Integral Representation of the Solution

It follows from Proposition 3.2.5 that the contours of integration around dD*, whose
integrands involve the term ¢y(k), can be deformed to the real line, and because in the
case a > 1, infinitely many zeros lie inside of the domain D, it follows that no residue
contributions arise from this deformation. Hence, the integral representation of the
solution is given by

q(gjﬂf) = %{/_ ek +k3tq0(k)dk_/ ek +ik3t <1_Oe——zk[,a dk

o0 — 00

= ik(x—L)+ik3t (j()(k) dk / ikx (j(t7 k) dk
+/;006 Oé(l—e_ikLOz + 8D+e 1 — e—tkLgy

—l—/aD e (6] (—1 ~ o ikl .
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The integrals along R sum to zero, and hence

1 , 1(t, k . 1(t, k
q(z,t) = — / etk Atk ) dk +/ e*la=L) g _atk) ) dk .
270 | Jop+ 1 — e kly aD- 1 — e kly
(3.41)

This representation of the solution involves ¢(z,t) on the RHS, however, we now show
how to overcome this, and obtain the solution as an infinite discrete series.

The integrands of the integrals around D' and D™, in the integral representation
of the solution given by (3.41), are analytic and bounded in DT and D~ respectively.
The denominators however, have zeros in DT and D~ respectively and it is these that
give rise to a residue contribution, which yields the series representation, given by (3.38).

Let
pt(k) = e*q(t, k),
p (k) = e*Hag(t, k),
’(k) = 1— e,
Therefore, the series solution, computed over all of the zeros k,, is given by
q(z,t) = %{m g ]:j((::)) + mg ij((::)) }

1 X iknx 1 —ikn LY 45 (¢ kn
Ly Z e ( 4.—046 A )d(t, k)
2 - 1Loe=hnL

> et ky). (3.42)

n=1

SIS

Via expression (3.37), we substitute §(¢, k,) = e*n'gy(ky,), and conclude that (3.42) is

equivalent to (3.38).

3.2.4 An Example of More General Coupled Boundary

Conditions

We consider now the third order linear evolution PDE given by (3.10) with the coupled

boundary conditions

q(0,t) =0, q(L,t)=0, q.(L,t)=aq.(0,t), (3.43)
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for some real a # 0. These boundary conditions were considered in [53], and it was
shown that for |a| < 1, one obtains a well-posed problem. Indeed, in this case the
x-differential operator is dissipative in nature, hence the energy (i.e., the Ly norm of the
solution) decreases with time. To show this we multiply (3.10a) throughout by ¢(z,t)

and integrate with respect to x over the domain, to obtain

/0 (D, t) + a(z, Dpan( £)) da = 0.

Integration by parts, along with the imposition of the boundary conditions, yields
d

Hence provided |a| < 1 and ¢,(0,t) does not vanish, the energy will decrease.
This problem has been studied in detail by Zhang and Russell, [53, 42], and we include
the following proposition which proves that the solution is expressible in terms of the

appropriate eigenfunctions basis. The proof is given in [53].

Proposition 3.2.7. Assume that o« # 0. Then the operator L = —8‘9—;3 1s a discrete
spectral operator. The operator L and its adjoint L* = 88—;, on the bounded domain

[0, L] have complete sets of eigenvectors, given by
{pp(z) : —co <k < oo}, {Yp(x): —oc0o <k <oo},
respectively, which normalised to satisfy the bi-orthogonality condition

L
(Oula) 05 ioa = [ 05() du(a)do = b,
0
where by ; is the Kronecker delta, form the Riesz bases {¢y(z)} and {1;(x)} for L* ([0, L]).
The corresponding eigenvalues of L have the asymptotic form

A = (87°K* + O(K?)) i — 120°k*r + O(k), k — oo,

where

14+ 2«
24+«

r= —log‘

We remark that the crucial property is the completeness of the families of eigenfunc-

tions. In this case, this follows from rather complex general results in functional analysis

[9, 10, 11].
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It follows from Proposition 3.2.7, that the system given by (3.10) and (3.43) has
a unique solution which can be represented as an infinite discrete series in terms of
the eigenfunction basis, and in what follows, we derive the series representation of the
solution using the transform method. For the analysis that is to follow we do not need
to assume that |a| < 1.

We use the Fokas transform method and derive an integral representation of the solu-
tion involving complex contours. We then show that this alternative form is equivalent
to a discrete series representation. Moreover we show that when coupled boundary con-
ditions are prescribed, the zeros of the determinant function A(k) always lie on the six
boundary rays of D, and this implies the existence of a series term in the representation
of the solution.

Recall the system of global relations given by (3.18). The imposition of the boundary
conditions implies that fo(t, k) = 0, go(t,k) = 0 and §,(t,k) = afi(t, k). Hence the
global relations form the following system, solvable for the three unknowns fi (t, k),

fot, k) and Go(t, k):

1—e a1 e —ik fi(t, k) Go(k) e (1, k)
C(1—ehlq) 1 ikt —falt.k) | = do(ck) | — | e ™"t k)
¢? (1 - e*iCQkLa> 1 e iCkL 9a(t, k) Go(C*F) e 41, )
(3.45)

The determinant function A(k) is given by
A(k) = (C _ Cz) {e—ikL 4 Ce—iCkL 4 C2e—i<2kzL TLa <€il~cL 4 (el 4 C2€i(2kL> } 7

which is a sum of the same six exponential terms as that of the determinant function,
given by (3.27), for the periodic case. Therefore, the zeros k = k,,, such that A(k,) =
0, are located according to Levin’s Theorem (Theorem 1.3.22) and found to cluster
asymptotically along the boundary rays of D such that arg(k) = %, n =0,1,...,5. The

location of the zeros is given in Figure 3.5(b).
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The Integral Representation of the Solution

The integral representation of the solution is given by (2.56) where the domains D* in

the complex k-plane are defined by (3.28). Hence

1 % krrikdt ikz+i 7 3
a(z,t) = %{ / G () dk — / (ki) - a(tR) dk

_/ pik(a—L)+ik3t (_ikaf1 (t, k) — ga(t, k)) dk} : (3.46)
oD~

The system of global relations, given by (3.45), is solved for the three unknown boundary

values. This yields the following expressions in terms of the known functions go(k),
Go(Ck) and Go((?k):

—ikfi(t, k) = fa(t, k) = 1-¢) {Qo(k?) (CaeikL + (2eTikL 4 e_iCQkL>

_ CQC_?O(gk) (e—ik‘L _ aei(k‘L)

—Q0(¢?H) (7 — ') } (3.47)

and

_ika.fl(tv k) - §2(t7 k) - (1 — C) {@o(k) (_C - Oée_ickL — <2a€—z’§2kL>
— C%ao(Ch) (1 — ae™iH)

—Go(C*k) (1 — ae ™ FE) } : (3.48)

Substituting these expressions into (3.46) achieves the explicit integral representation

of the solution:

1 N )
Q(fl:,t) — {/ ezkx+2k3tdo(k) dk

2| o

_ /8D+ eikzx—i—ik?’t(lA?kg) {Qo(k) <€a€ikL b (2L 6—1‘4%@)
— C2o(ck) <efikL _ aeiCkL) — (k) (efikL _ aeig%L) } dk

_ /BD pik(z—L)+ik%t (szg) {Cio(k)< . e kL _ (2046_“2’“3)

= Cao(ck) (1 — @ HE) — o) (1 @) | dk} . (3.49)
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We observe that, according to Proposition 2.4.3(ii), the unknown terms do not con-

tribute to the integral representation of the solution.

Equivalence of the Series and Integral Representations

In this section we show that we can deform the contour 0D to the real axis and realise
the integral representation, given by (3.49), entirely on R. In the process we achieve a
series term due to the explicit computation of the principal value contributions at the

zeros of the determinant function A(k).

Proposition 3.2.8. The integrands, of the integrals around 0D and 0D~ , are analytic

and bounded, as k — oo, for k € DI and k € D respectively.

Proof. We prove the case only for the integral around 0D, (the proof for the integral

around 0D~ follows analogously), and consider the integrand given by

pika+ikt (1AZI<;§) {(jo(k) (CaeikL (2R efi@kL) — 2o (Ck) (efikL _ aeiCkL)

—Go(C2R) (e—z‘kL _ aeiCQkL)} 7

where A(k) = (¢ — ¢?) {e*““L 4 CeiChL 4 (2p=iCKL | a(eikL 4 CeikL C2ei<2k[’>}.

We divide the proof into two parts. In the first we prove that the integrand around
0D*, in (3.49), is analytic and bounded as k — oo, for k such that & < arg(k) < %,
and in the second part we prove that the integrand is analytic and bounded as k — oo,

for k such that 0 < arg(k) < §. (A similar argument can be used for the proof that the

integrand is analytic and bounded as k — oo for k such that 2F < arg(k) < ).

i.) Consider the wedge such that § < arg(k) < 5. Then for k in this wedge

ikx+ik3t

e c is bounded,
. A s
o ¢FL kL and ekl are bounded,
o ¢ kL =ikl and e "FL are unbounded.

Therefore asymptotically, the denominator behaves like (¢ — (?) (e*ikL + e iR
aCQeiCQkL) To establish which of these terms is dominant we substitute k =
kg + ik;. This implies that

=L | = ML

ik — e%(\/ﬁlﬂrm)L7 |iPRL| — o3 (V3kR+Rr)L (3.50)
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)

Ck

Figure 3.8: The deformation of the contour D™ for k such that % < arg(k) < %.
Now, & < arg(k) < % implies that kg < V3k; < 3kg. Therefore
1 1
5 (\/gk’R — k’]) <kr< 5 (\/gkR—i—k‘[) ,

and we conclude that the dominant term in the denominator is given by

(C — C2) aC2e°*L | Therefore, the asymptotic behaviour of the integrand is given

by
eike+ik3t

e—ig“?kL{(jO(k) (CaeikL 4 (2R e—ig%L) — C240(CE) <6—z‘kL _ aei(kzL)

—Go(C2R) (e—z‘kL _ aeig%L) } ‘

By definition (2.22) for D, it follows immediately that et is bounded in D,. The

(67

behaviour of the z-exponential terms are given as follows:
(a) eikxe—iCZkLe—ikxeikL + eikxe—iCZkLe—ikxe—iCkL + eikxe—ic2kLe—ikxe—iC2kL
_ efiCQkLeikL + ekl 4 efz'ngLefi(sz’
(b) eikxe—iCZkLe—i(ka:e—ikL + ez‘kze—ig%Le—igkxeigkL
— ¢tk giCk(L—1) + eikxefiCZkLeiCk(fo)y
(c) ez‘ka:e—z‘g“2kLe—z‘C2kxe—ikL + eikxe—i(2kLei§2kLe—iC2k:c

— etk efig%x eiCkL | gikz efiCQkx

All of the terms in these expressions are analytic and bounded as k£ — oo, for k
such that § < arg(k) < % and the proof is complete.
ii.) Consider the wedge such that 0 < arg(k) < §. Then for % in this wedge

Lt i13y .
o cFr+ikt ig hounded,
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o cfL kL and e~ *L are bounded,

i . -
o ¢ kL o=iCkL and e "F are unbounded.

Ck

2

Ck

Figure 3.9: The deformation of the contour D% for k such that 0 < arg(k) < &.

Therefore, as in case (i), the denominator behaves like ({ — ¢?) (e‘ikL + e~k ¢
aCZeiCQkL) and expressions (3.50) apply. Now, 0 < arg(k) < % implies that 0 <
V3k; < kg. Therefore k; < V3kr — kr < V3kgr + k;, and it follows that the

dominant term in the denominator is given by (¢ — ¢2) a¢2ei¢* L.

Since the dominant term in the denominator is the same as for case (i), the re-

mainder of the proof follows identically.
O

Corollary 3.2.9. The contours of integration, 0D and 0D, in expression (3.49) can

be deformed to the real axis. Hence representation (3.49) can be rewritten as

o t) = - { / ) et Go (k) dlk — / T bt (—@'k At k) = fat, k)) dk

2r ~

e i)

+ Z residue contributions. (3.51)

kn:
A(kn)=0

Proof. The expressions for —ikfy(t, k) — fo(t, k) and —ikafi(t, k) — Ga(t, k) are given
by (3.47) and (3.48) respectively. A simple computation shows that the all the integral

terms sum to zero, proving that the only contribution left in the solution is due to the
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series term. The integrand in (3.51) is given explicitly as

{q<k> - i Lo (caet s+ ey i)

= Cao(Ck) (7™ = ') — Go(C%h) (e — <) |

1 kL (1-9) [%(k) <—C — e kL _ <2Oéefi<2kL>

2o (Ck) (1 _ ae—ig%L) — o(C?k) (1 _ ae—z’(jkL) } } 7

and the terms can be grouped together to give

. 3
ezkx+7,k t

W{ﬁo(k?) (A(/f) - (¢ - CQ){ TR (eI (2T
T a (ez’kL 4 ekl <2€ic2kL> })

+Go(Ck)(C2 = 1) (@—ikL _ ekl _ =ikl 4 aeiC"‘L)

+@0(C2k)(1 — () <€—ik’L — eSPkL _ pmikL aeig%L) } '

These trivially sum to zero, and the proof is complete. We remark that the proof that the
integral terms sum to zero is sufficient for the proof that the solution can be expressed

entirely as an infinite discrete series. ]

We now derive the series solution as the explicit computation of the residue contri-
butions at the zeros k, of the determinant function A(k).

o o= [ S e X

(kn)

o == S et

(kn)

where
pHR) = M= ) do(k) (Cae™® + (PR 4 k)
= Cao(Ck) (67 — ae'M) — (%) (e — e ) 1,
(3.52)
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P (k) = B = L) (¢ — aeHE - Rae L)
= C%au(k) (1= ae™ M) = Go(¢%k) (1 — ae™) |
(3.53)
r(k) = A(k) = (¢ = (%) {7 o CemiOkE - e o (4 etk (2R )

It has already been proved that all of the integral terms sum to zero, and therefore all

that remains are the summation terms which yield the series solution of the form

g(z,t) = % kz p*(ki),(zj—(kn).
A(k:5=o

We observe that, (3.52) and (3.53) imply that

pr(k) — p~ (k) = e*o U — Vo (k) A(R)

and therefore p*(k,) = p~(k,). It follows that the infinite series representation of the

solution, computed over all the zeros k,, is given by

- i —iCk —i¢?
o (kn) (e n b e ikl ¢2emicthn L)

—Cao(Chn) (™ E —aein L) (2o ((Php) (67 L —aei L)

1 . .
lat) = 3 it
kn:

7e—iknL7<2€—i4knL7<e—ic2knL+a(eiknL+C2eiCknL+<eig‘2knL)

A(kn)=0
Remark 3.2.10. We remark that the procedure for deriving the explicit series represen-
tation of the solution is constructive, and the existence of the solution, in this form, is

known to exist by general theorems [35, 36].

Remark 3.2.11. In order to derive the series representation of the solution directly from
the system of global relations, for the problem with coupled boundary conditions and
a # 1, it is necessary to analyse the adjoint problem. We stress that this analysis
was not required for the derivation of the series solution via the contour deformation

approach.

3.2.5 Uncoupled Boundary Conditions

In this section we consider the imposition of uncoupled boundary conditions and illus-

trate the method for the boundary conditions of the form
Q(07t> = fO(t)7 Q(L7t) :g()(t)? qI(L7t) :gl(t)7
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where fo(t), go(t) and g¢1(t) are given functions. It is shown that the solution cannot
be represented by a discrete series but the integral representation of the solution, which
always exists, can be written alternatively as the sum of an infinite series and an integral
term involving complex contours of integration.

The boundary conditions imply that the functions fo(t, k), Go(t, k) and §i(t, k) are
known, and therefore the three global relations given by (3.15), (3.16) and (3.17) reduce

to the system given by

1 1 e ikL —ikfi(t, k) N(t, k) e~ FtG(t, k)
¢ 1 emickL —fa(tk) [ =] N k) | —| e*tat,ch) |, (3.54)
(21 iR Ga(t, k) N(t,¢%k) e M4(t, k)

where

N(t,k) = do(k) = k* (Jolt, k) = e Go(t, k) ) — ike 1 (£, k)
and the determinant function A(k) of the system is given by
A(k) = (¢ — ¢?) (e—ikL 4 CeiORL C26—i§2kL> '

This problem was introduced in Section 2.5 where the homogeneous uncoupled boundary
conditions of the form ¢(0,t) = 0, ¢(L,t) = 0 and ¢,(L,t) = 0 were considered. The
system that was obtained, and given by (2.57), is of the same form as (3.54) but with
N(t, k) = qo(k).

We conclude immediately, from the analysis of Section 2.5, along with the result of
Levin given in Section 1.3.7, that there are infinitely many zeros of the determinant
function A(k) in the complex k-plane. These zeros accumulate only at infinity and are

clustered exactly along the lines

E 5T

3
L, = {k carg(k) = 6}’ Ly, = {k} carg(k) = F}’ Ly = {k carg(k) = g} .

The domain D = {k € C: Rew(k) < 0} has three connected components given by
D+:{k€C:§<arg(l€)<%’r}
Di ={keC:m<arg(k) <% (3.55)

D= =Dy UD;,

Dy ={keC: 2 <arg(k) <27}

and it can be seen in Figure 3.10 that the zeros cluster along the three bisecting rays of

the complement regions D, of D = Dt U D™
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LQ Ll

Ly

(a) z-plane (z = —ikL). (b) k-plane.

Figure 3.10: The regions DT for the third order problem ¢;(z,t) 4 @pzs(7,t) = 0 with the boundary
conditions ¢(0,t) = fo(t), q(L,t) = go(t) and ¢, (L,t) = ¢1(t) and the location of the zeros of the
determinant function A(k) = (¢ —¢?) (e’ikL + (e kL 4 CQe’iCQkL> found using Levin’s Theorem,

(Theorem 1.3.22).

Remark 3.2.12. Having established where the zeros of A(k) lie in the complex plane we
might try to establish a series representation of the solution, according to the global
relations, as we did for the second order problem. Solving for example with respect to

g2(t, k) yields the following

A(k)ga(t, k) = N(t,k) + (N(t,Ck) + (PN (t, k)

— e (Gt k) + Calt, Ck) + Calt, ¢R))

where

A(k) — kL + Ce—z’(kL + <26—ig2kL‘

Evaluating this expression at the zeros of A(k) appears to yield an expression for the
unknown functions in terms of the known functions N (¢, k), N(t,Ck) and N(t,(%k).
However, if we consider for example the zeros k,, such that arg(k,) = 37” then we see that
whilst the functions ¢(¢, k) and N(¢, k) are bounded as k — oo, the functions ¢(¢, (k),
q(t,C*k), N(t,Ck) and N(t,(?k) are not. Furthermore, no multiple of the identity

N(t, k) + CN (8, Ck) + CN (8, k) = e ((t k) + Cat, Ck) + Cat, Ck))

makes all of the terms bounded. Therefore, these expressions have no meaning as

k — 00, and cannot be used to derive directly a series representation.
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The Integral Representation

The integral representation of the solution is given by (2.56) where the domains D* in
the complex k-plane are defined by (3.55), and f(t, k) and §(t, k) are given by (3.13)

and (3.14) respectively. Hence,

, S o
Q(l’y t) = %{ / elkaerstC}O(k) dk — /8D+ elkaﬂkdtszO(t? k) dk
_/ pika+ikdt (—ik’ﬂ(t, k) — folt, kf)) dk
oD+
B / =D (125, (4 k) — kg (t, k) dk
oD~

+ / ehE=L)+ikt g (¢ k) dk;} : (3.56)
0D~

The three global relations given by system (3.54) are solved using Cramer’s rule to

achieve expressions for the three unknown boundary values fi(t, k), fa(t, k) and go(t, k):

—ikfi(t,k) = ﬁ{N(t, k) (e‘i52kL — e—iCkL> + N(t, Ck) <€—ikL _ e—iC2kL>
+N(E, G (7 HF — e |
_fZ(ta k) = ﬁ{N(t, k) (CQG_iCkL — Ce_icsz> + N(t,Ck) <€—i42kL _ C2€—ikL>

o+ N(t, Ch) (Go™™E — eIk
dolt k) = ﬁ{N(t, B)(C— ) + N(5:CR) (G = 1) + N(CR) (1= 0) |
Using the identity A(k) = (¢ — C2)A(k) where A(k) = e *E 4 Ce~iCkL 4 (2e~iCkL glong
with the equality
Nt ) (CeSHE 4 2R — N(1, CR)Ce™E — N(t, Ch)(2e
A(K)

- <N(t, B) + CN(t,Ck) + (N (¢, CF)
A(k)
the expressions for the unknown functions are given by
(N (k) + CN (1, Ck) + (N (1, Ch)
A(k)

) e R L N(t, k),

—ikfi(t, k) — fot, k) = —

) e L L N(t, k),

N(t, k) + CN(t,Ck) + CN (1, CF)
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Proposition 3.2.13. The unknown terms involving 4(t, k), q(t,Ck) and ¢(t,(?k) do not

contribute to the integral representation of the solution, given by (3.56).

Proof. The proof follows directly from Proposition 2.4.3(7), however, we give the rigorous
proof for the integral around 9D~ of the unknown functions (¢, \;(k)), I = 0,1, 2, given
explicitly by

/ eik(:va) (Cj(tv k) + g(j(t, Ck) + QQQ(ta <2k)> dk .
oD~

e—ihL | (e—iChL 4 (2¢—iC%kL
We show that the integrand is bounded as k — oo in D~ and therefore by Jordan’s
Lemma (Lemma 1.3.3) does not contribute to the integral representation.

Let k € D;. (The proof for k € D; follows analogously). Then

» i o
kL oiCkL kL are bounded,

o ¢ and e

. . o
o L ikl and e~"*L are unbounded.

Therefore, asymptotically the denominator behaves like e~“**L and the exponential

terms of the integrand are given by

) o ) ) o
° ezk(sz)ezg kLefzk::v — efszezC kL’
) o )
° ezk(sz)ezg kLeszkx’
° 6ik(sz)ei§2kL67iC2k:p _ eik(:rfL)eic?'k(sz)‘

All of these terms are bounded and analytic in D~ and the proof is complete. n

Remark 3.2.14. An analogous proof can be used to show that the unknown terms in-
volving G(t, k), ¢(t,Ck) and ¢(t, (*k) do not contribute to the integral representation of

the solution around 0D™.

Therefore the integral representation of the solution is given by

1 oo
q(x’t) — _{/ ezkw+lk3tA (k) dk _/ elkz+zk3tk2f (t k) dk

27 —00 oD+

/ pik(a—L)+ik3t (k:2§o(75» k) — ik (t, k)) dk

D—

5

+

/ " ( (14) + CN (L CR) 4+ CN(LCR) k)> s
oD+

e—ikL 4 (e~iCkL 4 (2¢—iC?kL

e—tkL + Ce—zCkL + CQe—ZCQkL

. / oDy <N(t,@+cN<t?<k>+<2N<t,<2k>) dk}_ (357)
oD~
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Contour Deformation and Alternative Representations

In this section, we show that the contour of integration in expression (3.57) cannot be
deformed. As a consequence, we show that the integral representation is not equivalent

to a series representation obtained by a residue computation, as in previous sections.

The deformation of the integral around 0D to L,

Proposition 3.2.15. The contour of integration cannot be deformed from 0D™, where

arg(k) = %, to the ray L, = {k :arg(k) = %}

Proof. For the proof, we show that the integrand is not bounded in the closed region
% < arg(k) < §. Hence we show that the integrand contains either an z-exponential

term and/or a t-exponential term which is unbounded in the closed region § < arg(k) <
3
It will suffice to consider the integral around 9D in (3.57), of only the term involving

fl(t, k) given explicitly by

S N(t,k) (e—i(QkL_e—igkL) FN(tCk) (efikL_efz(QkL) +N(t7<2k)(67i§kL_€7ikL> m
oD € e—ikL 4 (e—iChL 4 (2¢—iC?kL :

Consider the wedge such that ¢ < arg(k) < %. Then for & in this wedge, (k will be

such that 2% < arg(Ck) < m and ¢*k will be such that & < arg(¢*k) < 2F. Hence k and
Ck will lie in the upper half of the complex k-plane and (2% will lie in the lower half of

the complex k-plane (Figure 3.11). Hence, for k in this wedge

. 1.3+ .
o cFr+ikt ig hounded,

. . e
o cFl kL and ekl are bounded,

i®kL are not bounded.

and e

o ik o—iCkL

To determine the asymptotic behaviour of the denominator, we substitute { = —% +1

e[S

. . i _ir2 . .
into the expressions for e “** and e~*"* which gives

o iCkL _ e(§+%)kL, oichL _ (P H5)hL

and conclude that asymptotically the denominator behaves like e ™% 4 e~k To

establish which of these terms is dominant we set k = kg + ik;. This implies that

Im(k) = kr,  Im(Ck) = % <\/§kR - k,) .
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L, k\l L,

Ck
Ly
Figure 3.11: The deformation of the contour D™ for k such that & < arg(k) < %.
Since Im(k) > Im(Ck), we conclude that the dominant term in the denominator is e~*L.

Therefore, the asymptotic behaviour of the integrand is given by
eikx—&-ik?’t{N(t’ k) (6(1—<2)z‘kL _ e(l—()ikL) + N(t, Ck) (1 - 6(1—C2)ikL>
+ N(t, k) (6(170“611 — 1) } :

Consider the integral around 9D% of the second of the terms involving N(¢, k), and

more specifically the term involving §o((k):

R . .7 9 L . /
/ eh kG (Ck) dk = / eikatik’t (/ e~ R go (") dx’) dk .
oD+ aD+ 0

Integration by parts implies that

TR — ik L ick t L gmicka!
ikx —iCka’ Ndz' = etk —iCkz’ / (2 da!
e /0 e q@o(z')ds" = e {——z{ke qo(z )]0 ~|—/0 ik qo(2") dx

2 ;-2 L
— &eikm—zCquo(I» o £€zkx / e—z(km’q(/)(x/) dz'
K A

To analyse the term e**~%FL for any = € [0, L], we substitute & = R(cos@ + isinf)

where £ <6 < % and R > 0. Therefore (k = R (cos(f + %) + isin(f + 2)) and hence
Re (eikx—iCkL) _ o Rsinfe Rsin(6+37)L
If § = % then sinf = sin (9 + %”) = % and hence Re (eikx*““) — e Fer =3l

Since L — x > 0 this expression is unbounded as R — oo.
This concludes the proof that the contour of integration cannot be deformed through

the region I < arg(k) < Z to the ray Ly = {k : arg(k) = Z}. O
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Remark 3.2.16. We remark that a similar argument can be used for the proof that the

contour of integration cannot be deformed from 9D, where arg(k) = %’r, to the ray

Ly = {k : arg(k) = 22 }.

The deformation of the integral around 0D~ to L;

Proposition 3.2.17. The contour of integration cannot be deformed from the positive

real axis to the ray Ly = {k‘ carg(k) = %}

Proof. For the proof, we show that integrand is unbounded in the closed region 0 <
arg(k) < §.
It will suffice to consider the integral around 0D, in expression (3.57), of only the

term involving go(k) given explicitly by

/ eik(l‘—L)-‘rik‘St : qo(k> __ dk? )
aD- efsz + C€7,CkL + CZel( kL

Consider the wedge such that 0 < arg(k) < ¢. Then for £ in this wedge, (k& will be such

that & < arg(Ck) < 2% and (?k will be such that 4 < arg(¢*k) < 3. Hence k and Ck

will lie in the upper half of the complex k-plane and (?k will lie in the lower half of the

complex k-plane (Figure 3.12). Hence for k in this wedge,

113y
o ¢Fr+ikt ig hounded,

) ) o
ekl giCkL kL are bounded,

° and e

2
kL are unbounded.

Ck

and e

° E_ZkL, e—zCkL

Ly

Figure 3.12: The deformation of the contour 9D~ for k such that 0 < arg(k) < §.
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To establish the asymptotic behaviour of the denominator, we substitute &k = kgr + ik;

into each of the exponents in the denominator:

Re (e#L) = ef1L | Re (e7hE) = o3 (V3kr=k1)L  Ro (e—i@kzL) — o5 (VBkrtkr)L

Y Y

and conclude immediately that since k; > 0, e~ grows as k — oo. Similarly, 0 <
arg(k) < T implies 0 < v/3kg—k; and therefore e~***% also grows as k — oo. In contrast
the term e~i¢"kL decays as k — oo since v/3kr + k; > 0. Therefore asymptotically the
denominator behaves like e~ 4 (e~%* The dominant term is established using the

fact that Im(k) < Im(Ck). Hence

=L 4 (o ik — pmiRe(B)LmR)L | - o=iRe(CK)L Im(CH)L
and the dominant contribution as k — oo is therefore given by e ¥~ The asymptotic
behaviour of the integrand is therefore given by

eik(z—L)—&—ik?’teiCquo(k,) ‘

Explicitly the z-exponential terms are given by

L
eik(az—L)eigkLgO(k) _ eik(z—L)ei(kL/ e—ikx’q()(x/) de’
0

‘ ‘ 1 ‘ L L 1 ]
_ emu—L>eZ<’“L{ {_—Z-;{;e—m’qo@’)]o +/o R G dx,}'

To analyse the term e*(@=LeikLe=ikL e substitute k = R(cosf + isinf) where 0 <

arg(k) < £ and R > 0. Therefore (k = R (cos(f + %) + isin(6 + 2)) and hence

Rsin6L

. . . . D 27
Re (ezk(fo)ekaefsz) — o Rsinfa-1), Rsin(0+% )Le

If = Z then Re (e Deithle—thl) — e~ 3(@=L) which is unbounded as R — oo since
x — L < 0. This concludes the proof that the contour of integration cannot be deformed

through the region 0 < arg(k) < ¢ to the ray L, = {k: carg(k) = %} ]

Remark 3.2.18. We remark that a similar argument can be used for the proof that
the contour of integration cannot be deformed from the negative real axis to the ray

Ly = {k : arg(k) = 22 }.

6
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The deformation of the integral around 0D~ to Lj

Proposition 3.2.19. The integrand of the integral around 0D~ is analytic and bounded

in the region such that 4?” < arg(k) < 3T, implying that the contour of integration can

27

3r

be deformed through this region to the ray Ls = {k carg(k) = 5

Proof. We remark that the analyticity of the integrand around 0D~ involving the known
boundary values k2go(t, k) — ikgi(t, k), follows immediately from the definition of D

; _ 21,3 . . .
ik(z=L)+ik"t \which is necessarily

(since the only exponential appearing in the integrand is e
analytic and bounded for k € D).
Therefore we consider only the integral around 0D~ in (3.57), of the terms involving
N(t, k), N(t,Ck) and N(t,(%k) given explicitly by
/ ez’k(z—L)+ik3t (N(t’ k) + CN(tv Ck) + CQN(tv Czk)> dk.
oD~

e—ikL 4 (e—iChL 4 (2¢—iC?kL

Consider the wedge such that %’T < arg(k) < 37” Then for k in this wedge, (k will be
such that 0 < arg(Ck) < £ and ¢*k will be such that 2% < arg(¢?k) < 3F. Hence (k and
¢%k will lie in the upper half of the complex k-plane and k will lie in the lower half of
the complex k-plane (Figure 3.13). Hence

z—L)+ik3t :

o ¢kl is bounded,

By . -
ekl giCkL kL are bounded,

° and e

. » o
o L o7kl and e~"FL are unbounded.

Ly

Ls

Figure 3.13: The deformation of the contour 0D~ for k such that %’r < arg(k) < 2F.
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We must now establish the asymptotic behaviour of the denominator. Substituting

k = kg + ik; into each of the exponents in the denominator gives

Re (e—ikL) _ ek,L7 Re (e—iCkL) _ e%(\/gkR—kl)L’ Re (e—iCkaL) _ 6—%(\/§kR+k1)L'

Since k; < 0, the term e ** will decay as k — oo, and since v/3kgr — k; > 0, the term

o—iCkL —iC2kL

will grow as k — oco. To determine the nature of e we need to compare the

—iCkL

imaginary part of the term to the imaginary part of e and see which is dominant.

Im (Ck) = % (\/gkR - k]) , Im (¢Pk) = % (_\/gkR - k[) ;

therefore Im (Ck) = Im (¢%k) + v/3kg and since kg < 0 this implies that Im ((%k) >

Im (Ck). Hence the dominant contribution in the dominator is given by e ICkL a9 | —

00, and the asymptotic behaviour of the integrand is given by
eik(fo)+ik3teiC2kL (N(t, k) + CN<t7 Ck) + CQN(t, Czk)) )

The dominant behaviour of the x-exponential terms in the integrand is given as follows:

ik(a:—L)ei{?kLe—ikL
Y

i.) 6ik(:c—L)€iC2kL€—ik:x’ _e

B i o e —— 9 »
11.) ezk(m L)e”LC kLe iCkx' ezk(x L)ezC kLe szL’

iii.) eth(e—L)iC®kLg—iCha! _ gik(e—L) oiC*kL o —iC*kL

for any 0 < z, 2’ < L. Now, the term e®*(@—L) = e=ki(@=L)gikr(@=L) for = kp + ik;, and
since k; < 0 and z — L < 0 we conclude that e~ is bounded. We now analyse the

remaining terms by considering each of the expressions above, separately.

i.) Each of the exponentials e?#(*—F) ikl o=ikt" and ¢=*L are bounded and hence the

e _ _
expression e*(@—L)giCkLg—ika’ _ gik(z—L) giC*kLe—ikL is 5 hounded analytic function.

ii.) In this region Im (¢2k) > Im (Ck) and hence e=*<’**" dominates over e~¢5*'. There-
fore

. _ e o / . - . .0 27 . _ . 0 o
elk(az L)ez§ kLe iCkx < ezk(z L)ezc kLe iC*kx ik(z L)ez( k(L—z")

= € s

ik(z—L) ez‘g?kL e—i(k;r’

and since L — ' > 0 we conclude that e is a bounded analytic

. . . _ 52 . —4
function. Similarly, e=** dominates over e ***_ therefore

— o . i o e i
ezk(x L)ezC kLe iCkL ik(z L)ezC kLe i¢%kL _ ezk(m L)7

<e

which is a bounded analytic function.
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iii.) To show that the final two terms are bounded we group the terms as follows:

ik(z—L) ez‘CQkLe—ngkx’ ik(m—L)eiCQkLe—iCQkL _ eik(x—L) eiCQk(L—m’) ik(z—L)

e —e —e ,

and then conclude immediately that the expression is a bounded analytic function.

This concludes the proof that the contour of integration can be deformed through the

region & < arg(k) < 2 to the ray Ly = {k : arg(k) = 22 }. O

Remark 3.2.20. We remark that a similar argument can be used for the proof that
the contour of integration can be deformed from where arg(k) < %’T to the ray Ls =

{k:arg(k) =2},

The integral along the wedge 0D, = {k € C:arg(k) = %’T} U {k: € C:arg(k) = %’r},
orientated such that the interior of the domain is always to the right, can be computed by
Cauchy’s Theorem (Theorem 1.3.1), and is equal to the sum of the residues at the poles
of the determinant function A(k) = e hL 4 (iRl 4 (2-iCFL ingide the integration
contour. However, we now show that this function does not have any poles in this region,

and therefore the integral along the wedge 0D_ vanishes. Recall that

Lo foh
oD~ —o0 0D.

and therefore the integral representation of the solution, given by (3.57), can be written

in the form

1

t
q(z,1) = 2m

{ /OO eikx+ik3t (Cjo(k) + e_ikL(ngO(tv k) - Zkgl (tv k))) dk

.
¥

oD+

z (z—L +zk3t N(ta k) + gN(t <k> + CQN(ta CZk) dk
e—ikL + Ce—i(kL + C2€—i(2kL

zkm+zk3tk2 (t ]{3) d/{Z

+

ikx+ik3t (t7 k) + CN(t7 Ck) + CQN(t7 <2k> —ikL __
/aD+ ( e—KL 4 Co—iChL 4 (2o—iCPhL  © N(t,k) | dk

/ pik(a—L)+ik3t (K?go(t, k) — ikgn(t, k)) dk

De

Q

e—ikL 4 (e—iCkL 4 (2¢—iC?kL

o[ e Lﬂkst(N(uk)+4N<t,<k:>+<2N(t,<2k>) e
0D;
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Writing the third integral around D" as an integral along R, and combining with the
terms of the first integral, the integral representation can be written as

q(:c,t) — %{ / eikaz+ik3t (N(t7 k) + CN(t7 Ck) + C2N<t7 Czk) e—ikL - N(t, k’)) dk

RUOD e~ikL 4+ (e~iCkL 4 (2¢—iC?kL

+ eik(x—L)+ik3t N(ta k) + CN(tv Ck) + C2N<t7 CQk) dk
. e—ihL | (e—iCkL | (20—iC?kL

_/ eHETRITR (R2Go(t, k) — ikan (L, k) dk}'
oD;

The remainder of the example will be on the integrals around 0D_ and the zeros of the
denominator A(k) = e %L 4 Ce~iFL 4 (2e~iCkL which lie on the negative imaginary axis
in the complex k-plane.

Consider the integrand around 0D, involving the boundary data, given by
eik(ﬁ*L)+’L’k3t (k’%&o(t, k) o Zkg1<t, k)) )

This expression is analytic and bounded for k such that & < arg(k) < X, and there-
fore, via Cauchy’s Theorem (Theorem 1.3.1), the integral around 0D_ of the integrand
involving the boundary data vanishes. The integral representation of the solution, is

therefore given by

q(x,t) — %{ / 6ikx+ik3t <N(t7 k) + CN(tv Ck) + C2N<t7 <2k) e—ikL _ N(t, k)) d/f

RUaD: e—thL { (e—iCkL | (2¢—iC?kL

e Dyikse [ Nt E) + (N (¢, Ck) + CCN(t, k)
tk(x—L)+ikt
* /31)— © ( e—ikL + Ce—iCkL + <2€—ic2kL dk (358)

Proposition 3.2.19, and a similar argument for the region such that %” < arg(k) <
3—”, proves the analyticity and boundedness of the integrand, of the integral around
0D, in the region D_. Therefore, the integral around 9D, , in expression (3.58), can
alternatively be written as an infinite series in terms of the explicit computation, at the
zeros of the determinant function A(k) situated on the negative imaginary axis, of the

principal value contributions. Therefore

p(k) p
dk =27
/8D T(k

(kl) 0
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where {k;} represents the set of zeros of A(k), situated on the ray Ly = {k : arg(k) = 2},

and

p(k) = MR (N (8, k) + (N (2, Ch) + CN (1, CR))

r(k) _ A(k) _ efikL_i_Cefi(kL_'_CQefig’?kL.

Hence expression (3.58) can alternatively be written in the form

1 / piketikdt (N(t7 k) + CN(t, Ck) + (Nt §2k7)e_ikL B

o e—ikL 4 Ce~iCkL 4 (2¢—iC?kL

_ l Z eik}(z—L)+ik§’t (N(t7 kf) + CN(t7 Ckf) + 62N<t7 §2k1)> ‘

e—ikiL 4 (2e~iCkiL  (e—iCkiL

q(z,t) = Ni(t, k:)) dk

RUOD+

Homogeneous Boundary Conditions

For the remainder of the example, we consider the case where fo(t, k) =0, go(t,k) =0

and gy (¢, k) = 0.

Proposition 3.2.21. Consider the homogeneous boundary conditions q(0,t) = 0, q(L, t)
=0 and ¢,(L,t) = 0 such that N(t,k) = qo(k). The integrand, of the integral around
oD,

{%’r < arg(k) < %”}

in the representation of the solution given by (3.58), is analytic for k such that

Proof. The integral around 0D, in (3.58) is given explicitly in terms of the given initial

data as

eyt ((Go(k) + Cho(Ck) + (Pqo(CPR)
/8 A <€M oy e ) W (3.59)

Using the formula for the Fourier transform (2.26) and integration by parts, the numer-

ator of the integrand involving the initial data, can be expressed as follows:

L . . 9
éo(k) +C(§0(C/€) +C2(§0(C2]€) :/O (efzkw _i_ce*lex +C2671C kz) qo(x) dz
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. ‘ . 1 3
= (e”kL + iRl 4 67242“]) (—ﬁqg/(L)) ﬁqg/(())
I (efikL_{_C2€7i§kL_|_Cefi42kL> (L (iv)(L))
k5Q0

. . . j 1 (o
(e eI (2R (‘%%’(L) + ><L>)

1 [E . . - (vi)
o ﬁ (efzkz + Cefzgkx 4 C2671C kx) qom (33) dx .
0
Therefore
R R R 1 - 3 1 - v
k) + Co(Ch) + Co(Ch) = T35 A (R (L) + 38 (0) — 5= B (K)al™ (1)

#8009 (e 0) + ol (D)

1 L

- (efik:t 4 Cemithe 4 Czeﬂ'czkx> qévi) () dz.
0

This expression can be further simplified using the relations

0 0 0

Q(/)”(O) = —a%(o) =0, Q(,)//(L) = —EQO(L) =0, qgv)(L) = —E%(L) =0,

implied by the PDE itself, when the boundary conditions are homogeneous. Hence

)+ Gan6h) + a6 = A0 (~ 50+ a0

1 [t ‘ ‘ i
o E <6—zkac + Ce—z(km + CQG_ZCZI“E) Q((] )(ZL‘) de .
0

Further integration by parts achieves terms of the form A(k)q(()p )(L) where p is an arbi-

trary positive integer congruent to 2 modulo 3. Hence,

do(k) + Cao(Ck) + (Pao(CPk) = A(k) (—k%qg(L) + %qé”)([‘,) 4. ) _

Therefore the integral around 0D, = {k : arg(k) = 4=} U {k : arg(k) = =} involving

the initial data, given by (3.59), can be written as

. , ' 1 G
/ ezk(x—L)-Hk?’t (—%QS(L) =+ %CI(() )(L) + .. ) dk .
0D

The integrand is an analytic function, and it follows via Cauchy’s Theorem (Theorem

1.3.1) that the integral vanishes. O
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Therefore, when the boundary conditions are homogeneous, N (t, k) = Go(k) and the
integral representation of the solution is given by

L[ e (0 GOl BN s 1) .
—RUOD+

o e~ikL 4 (e~iCkL 4 (2p~iC?kL

Q(x7t) =

3.2.6 General Uncoupled Boundary Conditions

We have analysed in detail the case when the given boundary conditions are ¢(0,t) =
fo(t), q(L,t) = go(t) and q.(L,t) = g1(t) and have shown that the corresponding deter-

minant function of the algebraic system of global relations, is given by
A(k) ~ (efich I Ceﬂ'@m 4 C267i§2kL> ’

with zeros that cluster asymptotically along the three semilines Ly, L, and L3 given by

5T

le{k:arg(k):%}, ng{k:arg(k): . } ng{k:arg(lﬁ):%}.
(3.60)

In general, the following lemma is valid and the proof is a simple computation.

Lemma 3.2.22. The determinant function A(k) of the system of global relations, ob-
tained from the imposition of one of the functions fj(t, k) and two of the functions
gi(t,k), 7 = 0,1,2, has (up to linear terms in ¢ and (*) one of the following three

forms:
i.) A(k) ~ el (6—ikL 4 CemiChL C2€_i<2“>,
i.) A(k) ~ et (e—ikL 4 eiCkL 4 e—iCQkL)’
ii.) A(k) ~ etkE (e—ikL + (2e~iCkL 4 Ce—iCQkL>'

Hence, if the boundary conditions are uncoupled, an application of the general result
given in [33], summarised by Levin’s Theorem (Theorem 1.3.22), implies that the argu-
ment of the zeros depends only on the exponents in the exponential terms, which in all
three cases is the same. Therefore, for all cases of uncoupled boundary conditions, the
determinant function A(k) always has infinitely many zeros accumulating at infinity and
clustering asymptotically along the lines L, Ly and L3, given by (3.60). These zeros are

given pictorially in Figure 3.14 for the third order problem ¢ (z,t) + Guze(z,t) = 0. It
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Dt
LQ Ll

Figure 3.14: The regions DT for the third order problem q;(z,t) + Guzz(7,t) = 0 with uncoupled
boundary conditions, and the location of the zeros of the determinant function A(k) of the form given

in Lemma 3.2.22.
follows that in all cases the zeros of the determinant function lie outside of the domain
D. Hence A(k) # 0 for k € D and it is therefore necessary to deform the contours of
integration to the rays upon which the zeros lie to explicitly compute the principal value
contributions at the zeros and realise the series representation of the solution. However,
analyticity arguments prove that this deformation is not possible throughout D., and
it is therefore never possible to write the integral representation of the solution as an
equivalent discrete series representation.

It has been shown however that the deformation of the contours is possible in the
domain D_, and the terms integrated around this domain give rise to a series contribu-
tion. It is therefore possible to express the solution as the sum of an integral around a

complex contour and an infinite discrete series.
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Chapter 4

Higher Order Problems

In this chapter, we consider some extensions and generalisations to higher order of the
results discussed in the previous sections for the second and third order problems. In
the first part, we use the Fokas transform method to solve some illustrative examples
of fourth order on the bounded domain [0, L], and in the second part we study the
eigenvalues of two-point boundary value problems and prove, for problems of order
n < 4, that what we defined as the spectrum of the boundary value problem, coincides
with the classical discrete spectrum of the associated differential operator in z. We also
prove a general result regarding the location in the complex k-plane of the zeros of the
determinant function A, (k), for the general n'* order problem of the form (2.1).

It is well known that the fourth order linear differential operator Dy = 8‘9—; is formally
self-adjoint [7], and that on [0, L] the adjointness properties of this operator depend
on the particular boundary conditions imposed at the endpoints of the interval. The
solution of such a boundary value problem admits always a series representation, but to
find it one must in general consider not only the given problem but also its adjoint.

We begin by recalling the characterisation of the boundary conditions for which the
operator is self-adjoint, and in general, given such a problem, which corresponding
problem is its adjoint. We also recall how one can find the series representation of the
solution using the separation of variables approach. We then apply the method to solve
a self-adjoint example, and two examples of problems that are not self-adjoint but are
adjoint of each other. In both cases, our transform method can be used to derive the
series representation of the solution without making any assumption on the existence

of a bi-orthogonal basis, or any knowledge of the eigenvalues and eigenfunctions of the
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associated differential operator.

4.1 Fourth Order Problems

4.1.1 The Characterisation of Boundary Conditions

In this section, we study uncoupled boundary conditions for a fourth order two-point
boundary value problem. We only look at conditions of the form (4.2) below. It is not
difficult to generalise our results to any form of uncoupled boundary conditions.

We analyse those among such conditions that yield a self-adjoint operator, and discuss
the boundary conditions for which the operator fails to satisfy the requirements for self-
adjointness, and for these cases indicate what the adjoint problem is.

For the remainder of this chapter, we shall consider a specific fourth order PDE, given

by
(2, t) + Quaza(z,t) =0, t>0, z€l0,L], (4.1a)
q(z,0) = q(z), z€l0,1], (4.1b)

where ¢o() is a given function. For the problem to be well-posed, two boundary condi-
tions must be prescribed at = 0 and two boundary conditions must be prescribed at
x = L, according to Theorem 2.1.1, and we shall consider the imposition of uncoupled

boundary conditions of the form
¢(0,t) = fi(t), ¢9(L,t)=g;(t), i,5€{0,1,2,3}, (4.2)

for some given functions f;(t) and g;(t). It follows, from (1.25), that for the fourth order
problem to be self-adjoint, the boundary conditions that are imposed must be such that
the boundary terms that arise during the integration by parts process are eliminated.

For any functions ¢(z),r(z) € L* ([0, L]), integration by parts yields
L
(Dua(o).r(@)) = [ Digla)7(a) da
0

- [D3q(x) 7(z) — Daq(z) DF(x) + Dq(z) Do7(z)

L

~q(a) Da(a)] + {ae), Dar(x) (43)
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If the boundary conditions are such that not all of the boundary terms in the brackets
in (4.3) can be eliminated, then the resulting operator is not self-adjoint. There are four

cases for which the fourth order operator D; = 2 is not self-adjoint:

i) q(0,8) = folt), Guea(0,8) = f3(t), (L, 1) = go(t) and quus(L, 1) = gs(t),
ii.) q(0,t) = fo(t), Gzaa(0,1) = f3(t), qu(L,t) = g1(t) and qua(L, 1) = g2(t),
i) ¢u(0,1) = f1(t), ¢ue(0,1) = fa(t), q(L,t) = go(t) and guas(L,t) = gs(t),
iv.) @:(0,8) = f1(1), qua(0,8) = fo(t), qu(L,t) = g1(t) and qua(L,t) = ga(t).

The boundary conditions posed by (i) and (iv) are adjoint to each other, and similarly
the boundary conditions posed by (ii) and (iii) are adjoint to each other. This implies
that the imposition of the boundary conditions given by (i) yield eigenfunctions e, ()
satisfying the boundary conditions e,(0) = 0, €7(0) = 0 and e,(L) = 0, €’(L) = 0,
defining problem (iv). Similarly, the imposition of the boundary conditions given by
(i), yield eigenfunctions e,(x) satisfying the boundary conditions €/,(0) = 0, €//(0) = 0
and e,(L) = 0, /(L) = 0, defining problem (iii). Analogously, the imposition of the
boundary conditions given by (iii) and (iv) yield eigenfunctions satisfying the boundary
conditions defining problems (ii) and (i) respectively.

When the boundary conditions yield a self-adjoint operator, the method of separation
of variables can be used to obtain the discrete series representation of the solution.
However, for the fourth order problem, this approach becomes cumbersome when the
boundary conditions are non-homogeneous. When the operator is not self-adjoint, the
method of separation of variables can be used to derive the series representation, but
to find it one must also consider the adjoint problem. In both cases, the results rely on
the specific knowledge of the relevant eigenvalues.

In the next section, we consider the spectral representation of the solution of two-point
boundary value problems for fourth order linear evolution PDEs. We shall begin with an
example for which the boundary conditions yield a self-adjoint operator. Thereafter we
consider boundary value problems such that the operator fails to satisfy the conditions
for self-adjointness. In all cases the Fokas transform method yields an integral repre-
sentation of the solution, which is shown to be equivalent to the series representation of

the solution.
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4.1.2 The Solution Representation

In this section we consider the fourth order PDE, given by (4.1), with the imposition of
the boundary conditions of the form (4.2).

For every case of boundary conditions we derive the integral representation. We aim
then to show that the integral representation of the solution can always be written as
an infinite discrete series. To do this, we apply the Fokas transform method to (4.1) for
a variety of boundary conditions and show that, although the zeros of the determinant
function A(k) are always such that A(k) # 0 for & € D, the integration contours
appearing in the representation can be deformed to include them. More specifically, we
prove that, as in the case of the heat equation, the zeros always lie on the rays that
bisect the domain D..

In Section 4.1.4 we consider the imposition of the boundary conditions ¢(0,t) = fo(t),
q(L,t) = go(t), qz2(0,t) = fao(t) and q,.(L,t) = go(t) for some given smooth functions
fo(t), fa(t), go(t) and go(t), and show that in this case the operator is self-adjoint
and the appropriate basis of eigenfunctions is algorithmically constructed. Hence the
solution is easily expressible as an infinite discrete series. In Section 4.1.5 we consider the
imposition of the boundary conditions ¢(0,t) = fo(t), ¢(L,t) = go(t), quaz(0,t) = f5(t)
and @, (L, t) = g3(t), for some given smooth functions fy(t), go(t), f3(t) and gs(t), and
show that the method does not directly yield the appropriate basis of eigenfunctions,

but rather the adjoint basis.

The Main Elements of the Solution Method

Following the steps of the method outlined in Section 2.1.1, we derive the Lax pair,

given by (2.11), where

w(k) = k*,

X(z,t,k) = ik’q(z,t) + k*qu(2,t) — ikGue (7, 1) — Quaa(T,1) .

The dispersion relation implies that the domain D comprises the four connected com-

ponents given by

Df ={keC:Z<arg(k)<Z

Dt = DF U D}, (4.4)
Df ={keC:% <arg(k) < %}
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Dy ={keC:%¥ <arg(k) < 4~}
D~ =Dy UD;, (4.5)

Dy ={keC:2r Carg(k) < 2}

given in Figure 4.1.

2 25

Figure 4.1: The regions D} = {k € C: ¥ <arg(k) <3}, D ={keC: 5 <arg(k) < F}, D] =
{k eC: 9{ < arg(k) < HT”} and Dy = {k eC: 1%’7 <arg(k) < I%’T} for the fourth order problem

The functions ¢y = ik®, ¢; = k%, ¢co = —ik and c3 = —1 imply that the functions

f(t, k) and g(t, k), according to (2.23) and (2.24) respectively, are given by

ft, k) = ik fo(t, k) + K2fi(t, k) — ik fot, k) — f3(t, k),
Gt k) = ik3Go(t, k) + K*gu(t, k) — ikga(t, k) — Ga(t, k),

where fj(t,k) and g;(t,k), 7 = 0,1,2,3, represent the t-transforms of the boundary
functions. The integral representation of the solution is given by (2.56) where the
domains Dt and D~ in the complex k-plane are defined by (4.4) and (4.5) respectively.

Hence

1 o kA
q(z,t) = %{/ ek a0 (k) dk

—00

_/ pika =kt <z’k3fo(t, k) + K2 fi(t, k) — ik fa(t, k) — fs(t, k‘)) dk
oD+

B / pik(a—L) kit (ik3§o(t,k) + K251 (t, k) — ikga(t, k) — (2, k)) dk}-
oD~

(4.6)
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In order to rewrite the unknown boundary functions in terms of the known functions,
it is necessary to exploit the invariance properties of the functions fj(t, k) and g;(t, k),
j =0,1,2,3. The transformations that leave w(k) invariant are determined by the roots

of the equation w(k) = w(\) and are given explicitly by
MNk) =k, M) =ik, (k)= —k, Xs(k)= —ik. (4.7)

Therefore, the system of global relations, given by (2.30), relating the eight unknown

boundary functions f;(t, k) and g;(t,k), 7 = 0,1,2,3, is given by
ik (folt k) = e EGo(t, k) ) + K2 (it k) — e *Ega k))
—ik (ot K) = e go(t,8)) = (Jolt. k) = e *EGa(t K)) = do(k) — " alL, k).
0 (7)) - (e w>
b () - 500) - w -
—ik? (fo(t k) — e Lgo(t, k) ) 2( (L, k) — el (t,
i (B - 43408) - (.
i

.5
)

(1K) — e gg(, ) ) = dol—k) — (e, k).
K (Folt. k) = e g0t k)) k2 (it k) = it b))
>

—k <f2(t7 k) — e M ga(t, k)) - (fza(t, k) — = Go(—ik) — *'G(t, —ik) .
(4.8)

After the imposition of four well-posed boundary conditions, the four global relations
that result, form a system that is solvable for the remaining four unknown boundary

functions.

4.1.3 The Determinant Function

In this section we study the determinant function that arises from the system of global
relations, given by (4.8), after the imposition of four well-posed boundary conditions.

In general the following proposition is valid:

Proposition 4.1.1. The determinant function A(k) of the system of global relations,
given by (4.8), obtained from the imposition of two of the fj(t, k) and two of the g;(t, k),
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1 =20,1,2,3, is always of the form
A(k) ~ ay + e FIRL 4 o (CIHDRL o o(=DRL ) o (—1=DkL

where a; £ 0,1 =0,1,...5, are constant coefficients and the zeros k,,, such that A(k,) =

0, lie on the real and imaginary azes in the complex k-plane.

Proof. The matrix corresponding to the system of global relations, written in terms of

the eight unknown boundary functions fj(t, k) and g,(t, k), j =0,1,2,3, is of the form

i 1 —i 1 _Z'efikL _efikL Z'efikL efikL
1 —1 1 1 _6kL 6kL _6kL 6kL
(41]42) - | | o
—i 1 i1 Z'esz . esz _Z'esz esz
-1 =1 =1 1 eka eka eka eka

The imposition of four boundary conditions (two at x = 0 and two at x = L) corresponds
to selecting two columns from each of the matrices A1 and A2.

The determinant function A(k) of the resulting 4 x 4 matrix, will comprise a linear
combination of exponential terms whose exponents correspond to summing two of the

Aj’s, 7 =0,1,2,3, defined by (4.7). These terms are given explicitly as

ePotA)L 7 ePotArz)L ’ e(PotAs)L e(A1tA2)L eP1tAs)L eP2tAs)L

Y ) Y

Taking into account expression (4.7) for the \;’s and that A\g + Ao = Ay + A3 = 0, it

follows that the determinant function is of the form
A(k) ~ oq + apeMIRE 4 qgeCIHIRL ) o=DRL | o o(Z1=DRL (4.9)

for arbitrary constants aq, ..., as, and the first part of the proof is complete.
The proof that the zeros lie on the real and imaginary axes in the complex k-plane,
follows immediately from an application of Levin’s Theorem (Theorem 1.3.22). The

transformation z = —ikL is applied to the determinant function, and the five exponents
0, (<l+i)z, (-1—i)z, (+i)z, (1—i),

indicate the four rays emanating from the origin, passing through the points 1+, —1-+7,
—1 —4 and 1 — ¢ in the complex z-plane, (Figure 4.2(a)). These points are joined to

form a convex hull (remarking that the point at the origin is contained within this hull).
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(a) z-plane (z = —ikL). (b) k-plane.

Figure 4.2: The regions D* for the fourth order problem g;(x,t) + qupzz(,t) = 0 with the boundary
conditions ¢(0,t) = fo(t), ¢(L,t) = go(t), g=(0,t) = f1(t) and ¢, (L,t) = g1(t) and the location of the
zeros of the determinant function A(k) = —8i + 24 (e(l'”)kL + e(F1HIRL 4 o(1=i)kL e(_l_i)kL).

The zeros cluster along the rays that perpendicularly bisect the sides of the polygon
that is formed. In the complex k-plane, these zeros accumulate only at infinity and are
clustered exactly along the real and imaginary axes, which bisect the domain D, (Figure

4.2(b)). O

The location of the zeros in the complex k-plane, of the determinant function A(k),
can be found graphically and the following proposition (Proposition 4.1.2) gives the
alternative forms, in terms of trigonometric functions, that the determinant function
can take. The proof is less concise than the the proof of Proposition 4.1.1, but makes

no reference to general results.

Proposition 4.1.2. The deteminant function A(k) of the system of global relations,
given by (4.8), obtained from the imposition of two of the fj(t, k) and two of the g;(t, k),

Jj=0,1,2,3, always has one of the following forms:
i.) A(k) ~ cos(kL) cosh(kL) £1,
ii.) A(k) ~ sin(kL) sinh(kL),
iii.) A(k) ~ cos(kL) cosh(kL),
iv.) A(k) ~ cosh(kL) sin(kL) &+ cos(kL) sinh(kL) ,

and the zeros of the determinant function always lie on the real and imaginary axes in

the complex k-plane.

134



Proof. A simple computation proves that (4.9) can be written in one of the forms above.
All of the proofs for locating the zeros of the determinant function, use geometric con-

structions and trigonometric identities:

i.) The zeros of cos(kL) cosh(kL) &1 = 0 are found to be the intercept points of the
functions cosh(kL) and + sec(kL) in the complex k-plane. We give the proof for the
case cos(kL) cosh(kL) — 1 = 0 and remark that the proof for cos(kL) cosh(kL) +

1 = 0 follows analogously.

Plotting cosh(kL) against sec(kL) in the complex k-plane, implies two sets, {r,}
and {s,}, of real zeros (Figure 4.3). Since |cos(kL)| < 1 Vk, it follows that

sec(kL)

cosh(kL)

Figure 4.3: The real roots {r,} and {s,} of the equation cos(kL) cosh(kL) = 1 associated
with the determinant function A(k) = 8i (—1 + cos(kL) cosh(kL)) of the fourth order problem
qt(z,t) + uaza(x,t) = 0 with the boundary conditions ¢(0,t) = fo(t), ¢(L,t) = go(t), ¢.(0,t) =
f1(t) and q. (L, t) = g1 ().

|sec(kL)| > 1Vk. In the interval [0, 7] the graphs of cosh(kL) and sec(kL) intersect
at k = 0. Since cosh(kL) is an increasing function there must be a point of
intersection in every interval of the form [@, W] forn =0,1,2,..., and
given there are an infinite number of intervals there must be an infinite number of
intersection points. Therefore, there are an infinite number of real roots. These

take the form

and an application of Newton’s method achieves the improved approximations

dn — 1 dn — 1 dn — dn —

2 2 2 2
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The existence of infinitely many purely imaginary roots in the complex k-plane is

an immediate consequence of the identities
cos(ikL) = cosh(kL), cosh(ikL) = cos(kL). (4.10)
It follows that if A(k,) = 0 then A(ik,) = 0, and the proof is complete.

ii.) The zeros k, of sin(kL) sinh(kL) = 0 are found trivially. The zeros of sin(kL) are

nm

given by k, = "%, n € Z and imply an infinite number of zeros lying on the real

axis. Using the identities
sin(ik, L) = isinh(k,L), isin(k,L) = sinh(ik, L),
it follows that if A(k,) = 0 then A(ik,) = 0.

iii.) The zeros k, of cos(kL) cosh(kL) = 0 are found analogously to (ii). The zeros

(2n+1)m

of cos(kL) are given by k, = “=7

, n € Z and imply an infinite number of
zeros lying on the real axis. Using the identities, given by (4.10), it follows that if
A(ky,) = 0 then A(ik,) = 0.

iv.) We give the proof for the function A(k) ~ cosh(kL) sin(kL) — cos(kL) sinh(kL)
and remark that the proof for the other case follows analogously. The positive real
roots of cosh(kL) sin(kL)—cos(kL) sinh(kL) = 0 are given by the intercept points
of the functions tan(kL) and tanh(kL), (Figure 4.4). In the interval [—%, %], the

‘ ‘ ‘ tan(kL)
s . tanh(kL)

ol

Figure 4.4: The real roots of the equation cosh(kL) sin(kL) —cos(kL) sinh(kL) = 0 associated
with the determinant function A(k) of the fourth order problem ¢:(x,t) 4+ gugzs(x,t) = 0.

graphs intersect at k = 0. Since tanh(kL) increases asymptotically to 1, and
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tan(kL) has period 7, there must be a point of intersection in every interval of the

form

2n+ 1)1 (2n+3)7
2 ’ 2 ’

n=0,1,2,....

Therefore, since there are an infinite number of intervals, there must be an infinite
number of intersection points and hence an infinite number of real roots of the
equation cosh(kL) sin(kL) — cos(kL) sinh(kL) = 0. A similar argument holds for
the proof that there are an infinite number of negative real roots of the equation

cosh(kL) sin(kL) — cos(kL) sinh(kL) = 0.

The existence of infinitely many purely imaginary roots is proven as follows. Sup-

pose that ¢kL is an imaginary root. Then
cosh(ikL) sin(ikL) — cos(ikL) sinh(ikL) = 0
= cos(kL) sinh(kL) — cosh(kL) sin(kL) =0,
which is true, and the proof is complete.

]

Remark 4.1.3. We give a simple argument ruling out the existence of any other complex

roots. Consider the function
A(z) = cosh(z) sin(z) — cos(z) sinh(z), ze€ C.
Writing 2z = x + 1y, z,y, € R, we obtain
. 1 1T— —ix+ 41 —xr—1
A(x—irzy):—z{(e Vg e ) (e — e
— (ex-i-iy + e—x—iy) (eix—y o e—ix—I—y) } ]
Assume, without loss of generality, that z,y > 0. Then
w—y

lim e ™™ =0, lim e ,

—00 Yy—00
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and therefore

1 .
im |A(2) = — lim_|(1—é)e"ve2)|"
x,Y,—00 16 Z,Y,—00
ff:y7>0 x,Y, >0

1 . - 2
= — lim_[e"t¥e'™)|
Z,Y,— 0
z,y,>0

lim |ex+y‘ #0.
,Y,—00
z,y,>0

co| —

4.1.4 The Case of a Self-Adjoint Operator

In this section we consider the imposition of boundary conditions of the form (4.2), for
which the operator is self-adjoint. As an illustrative example, we consider the imposition

of the boundary conditions

Q(O’ t) = fO(t) ) Q(La t) = gO(t) ) sz(07 t) = f2(t) ’ QCB;B(L7 t) = 92(t) )

for some given smooth functions fo(t), go(t), fo(t) and go(t). The system of global

relations, given by (4.8), simplifies to yield

= (f1<t k) — e LG (1, k)) <f3(t k) — e~ — N(t, k) — 'q(t, k),

= N(t,—k) — e"*q(t, — k),

)

k2 (Jilt. k) = a1t k)) = (Fat k) = gt k) = N(t,ik) — e"G(t, k),
;2 <f1(t,k) LG (1, k)) (fg(t k) — e*Lg, )
L)

—k? (fl(t, k) —e Mgt kr)) - (f (t, k) — e Flg = N(t,—ik) — "' 4(t, —ik),

(4.11)
where
N(t k) = Go(k) — ik® (fo(t k) — e~ go(t, k:)) +ik (fg(t k) — e~ gy (t, k;))

is a known function in terms of the t-transforms of the given initial and boundary data.

In matrix form we write the system as

1 1 —e ikl kL K2f1(t, k) N(t, k) Rt (t, k)
—1 1 e ek —fs(t,k) | | Nt ik) er'tg(t, ik)
11 o—ert et | g || Ne—r) || g —n) |
—1 1 e*b ek Gs(t, k) N(t, —ik) eFtg(t, —ik)
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where the determinant function A(k) of the system is given by

A(k) = 16isin(kL) sinh(kL).

The Integral Representation

We now start from the integral representation of the solution, given by (4.6). The
functions f; (t, k), fg(t, k), g1(t, k) and g3(t, k) are determined from solving the system
of global relations, given by (4.11). This yields the following expressions, in terms of

the known functions N (¢, \(k)), [ =0,1,2,3:

k?fl(t,k) — fg(t, k) = Azlk) (6(1+i)kL . e(—l—l—i)k:L) (N(t, k) — e—mLN(t7 —k)) [(4.12)
K250 (t, k) — Gs(t, k) = ﬁ (ME — e FEY (N (k) — N(t, —k)) . (4.13)

An application of Proposition 2.4.3(7) proves that the unknown terms do not contribute
to the integral representation of the solution. Expressions (4.12) and (4.13) are sub-
stituted into the integral representation of the solution, given by (4.6), to achieve the

following solution:

1 © - 4y . ikr—k4 . ra 17
g(z,t) = 2—{ / e Gy (k) dk — / etk kt(zk?’fo(t, k) — ik fa(t, k:)) dk
T /- D+

o0

4 ikx—k*t ) ) i
_/ QAT (eWFIRL — (FIFDRLY (N (¢, k) — e 2 N (8, —k)) dk
oD

- / DT (ik5Go(t, k) — ikga(t, k) dk
oD~

eik(z—L)—k*t
_ /M 4W (e — &KLY (N(t, k) — N(t, —k)) dk} .

(4.14)

The Direct Derivation of the Series Representation of the Solution

The series representation of the solution can easily be obtained from the system of global

relations. Subtracting the third global relation from the first yields the following:

(K*g1(t, k) — Gs(t, k)) (™" — e ™* ) = N(t, k) — N(t, k) — (Gt k) — Gt —k)) .
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Evaluating this expression at an arbitrary positive real zero k = k, = 7, n € Z we

obtain
e—kﬁt (N(t, kn) _ N(t, —k‘n)) = qA(t, kn) - (j(ta —kfn) .
Therefore
L . . 4
/ (e7n® — ) g(z,t) da = e " (N (t, kn) — N(t, —kn)) -
0

Since the family e, (z) = e*n* — ¢~ = 2jsin (k,x) is a complete orthogonal basis in

L% ([0, L)), it follows that there exists functions ¢, (t) such that

q(z,t) = ch(t) en(T) .

n=1
The coefficients ¢,(t) can be found using the orthogonality of the basis functions, and

are given by

L e N R — N —E)) |

alt) =57

Therefore, the infinite discrete series representation of the solution is given by the sine

series

1 > _ iknx —tknx
glz,t) = EZ@ K (N(t, k) — N(t, —k,)) (e — emhn)
n=1

_ %Zekfzt (N(t, kn) — N(t, —kn)) sin (knz) | (4.15)

where the index indicates that only the positive real zeros contribute to the series rep-

resentation.

An Alternative Derivation of the Series Representation of the Solution

In this section we present an alternative derivation for the series representation of the
solution, given by (4.15). For this approach we begin by proving that the contours of
integration in (4.14) can be deformed throughout D.. We then show that the only con-
tribution to the solution is from the explicit computation at the zeros of the determinant
function A(k), of the principal value contributions in the integral representation of the

solution.
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The derivation of the series representation of the solution via the global relation,
relies on the assumption that g(x,t) can be expressed as a generalised Fourier series, in
terms of the eigenfunctions e, (x). We remark that no such assumptions, regarding any
knowledge of bases, orthogonality or eigenfunctions etc., are required for the derivation

based on the explicit computation of the residues.

Proposition 4.1.4. The integrands of the integrals around 0D* and 0D~ in (4.14),

are analytic and bounded for k € D} and k € D respectively.

Proof. We prove the case only for the integrand, of the integral around 0D, for k such
that 0 < arg(k) < %, and remark that a similar argument can be used for the other
regions in D..

The integrand, of the integral around 0D™, in (4.14), is given explicitly by
ei’m’f”{ (8" fo(t. k) — ik fat. )

gy (e = e (N (1 k) — N (1 k) } |

Consider the wedge such that 0 < arg(k) < §. Then for & in this wedge ik will be such
that 7 < arg(ik) < °F, —k will be such that 7 < arg(—k) < ¥ and —ik will be such
that 2F < arg(—ik) < L% (Figure 4.5). Hence in this wedge

o ¢k is hounded,

e "L and e * are bounded,

e ¢ L and el are unbounded.

Now, the denominator, A(k) ~ e(FIRE _ o(Z14DkL _ o(1=DkL 4 o(=1=DkL ' hehaves asymp-
totically like e 9L 1 o(1=DkL "and the terms that matter for the asymptotic behaviour

are given by the real part of the exponents. Therefore, if we set k = kg + ik; then

Re (e(l—i-i)kL) _ e(kR—kI)L’ Re (6(1—i)kL) — okr¥EDL

For k such that 0 < arg(k) < %, if § = arg(k) then 0 < k; < kg tan (%) < kg. Therefore

e(kak])L + e(kR+k])L — ekRL(efk‘]L _|_ ek[L) < ekRL(l + ek[L) < ekRL(l +€kRL>,
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ik

—ik

Figure 4.5: The location of k, ik, —k and —ik such that 0 < arg(k) < 3

and we conclude that the dominant term in the denominator is given by e?**. Therefore,

the asymptotic behaviour of the integrand is given by
e B (I folt, k) — ik fo(L, k) )
4 (e HEORE IR (N (1, ) — e 2N (2, —R)) |
where N (t, k) is given explicitly by

N(t,k) = /O ’ e~ g (2') da’ — ik? ( Folt. k) — e *Lgo(t, k))

ik (falt B) = e *EGa(t, k)
Therefore, in terms of z-exponentials, the integrand is given in terms of the following

Y

1) eikxe—ikx’e—kLeikL — eikxeik(L—a:’)e—kL

tkx ,—ikx’ ,—3kL ,ikL __ _ikz jik(L—=z') ,—3kL
ee € € =ee ( )6 s

eikxe—ikLe—kLeik:L — eikzxe—kL

b

ika ,—ikL ,—3kL ,ikL _ ikz ,—3kL
e e e et = e"e ,

11) eik:ceik:c’e—kLeikLe—ZikL — eikxeikx’e(—l—i)kL

I

ikx jikx' ,—3kL ,ikL ,—2ikL __ _ikz jikx’ ,—2kL ,(—1—i)kL
ee € ee =ee e 6( ) s

eik:ceikLekaeikLefﬂkL — e’ikxeka

b

eikxeikLe—BkLeikLe—%kL — eikxe—SkL

Since Re (e(_l_i)kL) = elkr=kr)L and k; — kg < 0 for k such that 0 < arg(k) < it

—1-9kL ig hounded as k — oo. Hence all of the terms

follows that the exponential el
in the integrand of the integral around dD"are bounded as & — oo and the proof is

complete. O
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Corollary 4.1.5. The contours of integration, 0DV and 0D~ , in (4.14), can be de-
formed to any contour inside DT and D~ respectively. Hence (4.14) can be written in
the form

1 & . 4y . o ikx— 4 . ~ . ~
q(z,t) = %{/ e* R go (k) dk—/ et <Zk3f0(t, k) — ik f(t, k)) dk

—00

) ikx—kt
_/ ZLZT (e(l“)kL B e(—lJri)kL) (N(t, k) — e ¥ LN (t, —k)) dk

N / MDY (ik3g0(t, k) — ikga(t, k)) dk

o0

%) 4€zk(a: L)—k*t . il N . N -
+/_ww(e — e ") (N(t,ik) — N(t, —ik))

p+(k7n) +p (kn)
kz ) } : (4.16)
A(kn)=0

where
p+(k:) _ 4€ikm—kz4t (6(1+i)kL i e(—1+z‘)kL) (N(t, k) N G—QikLN(t’ —k:)) :
p(k) = de@mD=RE (kL o=kLY (N(¢, k) — N(t, k) ,
r(k) = A(k) =4 (e(l-i-i)kL _ e(FLHDRL _ (1KLL | 6(—1—i)kL) '

By Corollary 4.1.5, it follows that the contours can be deformed through the region
D., to the zeros that lie on the real and imaginary axes in the complex k-plane. The

residue contributions from all of the poles k,, are computed using the formulas

p(k) .. [T pT(k) p
/a dk = /OO )k + (4.17)

p+ (k) r(k)
Alky=0
p (k) . [Tp (k) p n)
/aD- ) /OO R Gk - (4.18)
Ao

Substituting these expressions into the integral representation of the solution, given
by (4.14), yields the representation in terms of an integral along the real line and a
series contribution due to the residues, given by (4.16). All of the integral terms sum
to zero and the solution is given only in terms of an infinite series, due to the explicit

computation of the residues.
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Consider first, the case where k,, represents the real zeros, i.e., k, = 7, n € Z. Then

it follows that
pr(ka) = d(=1)"eknmRnt (el — b L) (N(t k) — N (¢, —kn)) |
P (ko) = (=) (ehn — R ) (N(E ko) = N (8, —ha)
P k) = AL(=1)"{ (1 =) (75 = eFrE) 4 (140) (eeF — o) }
= 8iL(—1)" (""" —e ™) .

Hence

%' 3 pH(ka) + 07 (ka) _ LL N R (Nt k) — N(t, k) -

knreal knreal

Now let k, = 2% n € Z. It follows that p*(k,) = 0 and p~(k,) = 0 and therefore, the
series solution is calculated from the residue contributions that arise from the real zeros

only, and is given by

1) = 5r 3 €M (N k) — Nt —ka))

knreal
To prove that this is the same as (4.15), we sum over the positive zeros only:

1 L
a(z.) = 57 Y TNt k) = Nt ~kn))
£

1 iknz—kAt . o
o 3 RN ) — N ()

knreal
n>0

1 . .
= o7 et (N (t, k) — N(t, —ky)) (e*n® — emthne) (4.19)
knreal
n>0

The index of the summation can now trivially by written in terms of n, i.e., from n =1

to oo, and the proof that (4.19) is identical to (4.15) is complete.

4.1.5 The Case of a Non Self-Adjoint Operator

In this section we consider the imposition of the boundary conditions for which the
operator is not self-adjoint. This implies that the eigenfunctions that are found from

the transform approach satisfy the homogeneous conditions characterising the adjoint
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problem, rather than the given conditions of the problem. Therefore, as it is natural
to expect, it is not possible to obtain directly from the global relation the appropriate
basis of eigenfunctions for a given problem if the operator is non self-adjoint, and one is
forced to consider the adjoint problem at the same time as the given one. In contrast, it
is possible to obtain the series representation of the solution considering only the given
boundary conditions, by deforming the contours of integration and realising the solution

entirely as the residue contribution from the poles.

Example 1

We consider the imposition of the boundary conditions

Q(O’ t) = fO(t> ) Q(Lv t) = gO(t) ) qgcxx(Oa t) = fS(t) ) qgcxoc(Lv t) = gS(t) ) (420)

for some given smooth functions fy(t), go(t), f3(t) and gs3(t). The system of global

relations is given in matrix form by

1 —i —e kL jeikL K2 f1(t, k) N(t, k) et k)
—1 1 eFL ek kfo(t, k) N(t,ik) et ik)
10 e ek || kg, k) N(t,—k) Fgt,—k) |
—1 —1 ek kL ko (t, k) N(t, —ik) er'tg(t, —ik)
(4.21)
where

N(t, k) = do(k) = k" (Jolt, k) = e Go(t, 1)) + (falt. k) — e *-ga(t, k) ) |
and the determinant function A(k) is given by
A(k) = —8i + 2i (eHIRD 4 oML | ((1=DRL 4 o(—1=DKL)
= —8i + 2i(eF 4 7Y (M 4 o7
= 8i(—1+ cos(kL) cosh(kL)) .

The Integral Representation of the Solution

The integral representation of the solution, for the general fourth order linear evolution

PDE of the form (4.1), is given by (4.6). The functions fi(t, k), fa(t, k), G:(t, k) and
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g2(t, k) are determined from solving the system of global relations, given by (4.21), to

yield the following expressions, in terms of the known functions N (¢, \;(k)), = 0,1,2,3:
~ ~ 1 ) .
K fu(t k) — ik fa(t k) = M{N(t, k)2i (—2+ eUHIRL 4 e(_”’)“)
— N(t,ik)(2 — 20) (1 — Tk

+ N(t, —k)2 (e(flfi)kL _ e(lfi)kL)

+N(t, —ik)(2 + 2i) (1 — e0-DL) } L (422)

K2g1(t, k) — ikga(t, k) = —{N(t, k)2 (—ie ™ + 2ie™ — ie*h)

+ N(t,—k)2 (e’kL — ekL)
+ N(t, —ik)(2 + 2i) (eFF — L) } . (4.23)

An application of Proposition 2.4.3() proves that the unknown terms involving (¢, \;(k)),
[ =0,1,2,3 do not contribute to the integral representation of the solution. Expressions
(4.22) and (4.23) are substituted into the integral representation of the solution, given
by (4.6) to yield the following:

1 o, o i ~
g(z,t) = 2—{ / etha =kt (k) dk — / gihak't (z’k3 Folt k) — Falt, k;)) dk
™ —o0 oD+
eikx—k4t ] ] )
= /8 . W{N(t, k)2i(—2 4 eUFORE 1 o(CIFOREY  N(3 k) (2 — 26) (1 — el 71Ok
+ N(t, —k)2(e IR — OOREY L N (4 —ik) (2 + 2i) (1 — e<1*i>’fL)} dk
- /8 eI (k350 (¢, k) — gs(t, k) dk
.

ik(z—L)—k't A )
— /8D W{N(t, E)2(—ie ™ 4 2ie™ L — jektY 4 N (t,ik)(2 — 26) (e FF — e*l)

+N(t, —k)2(e™ E — bl + N(t, —ik)(2 + 20) (e — ekL)} dk} .

(4.24)
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The Series Representation of the Solution

The series representation of the solution can be obtained by deforming the contours of
integration, and realising the solution entirely as the explicit computation of the residue

contributions due to the poles.

Proposition 4.1.6. The integrands of the integrals around ODT and dD~, in (4.24),

are analytic and bounded for k € D} and k € D respectively.

Proof. We prove the case only for the integrand, of the integral around 9D, for k such
that 0 < arg(k) < %, and remark that a similar argument can be used for the other
regions in D..

The integrand, of the integral around 0D™, in (4.24), is given explicitly by

ez‘kx—k“t{ <ik3f0(t, k) — falt, k)) i ﬁ{N@’ k)2i(—2 4+ e0+IRL | o(-1+IRLY

— N(t,ik)(2 — 2i)(1 — eTRE) 1 N(t, —k)2(eT1DkL - (1=DkL)
+ N(t, —ik)(2 4 2i)(1 — e(l—i>kL)}} :

Consider the wedge, such that 0 < arg(k) < §. Then for k in this wedge, ¢k will be
such that Z < arg(Ck) < 2, (*k will be such that 7 < arg(¢*k) < 2 and (*k will be

such that & < arg(¢®k) < £2% (Figure 4.5). Hence

. _ 144 .
o ekt is hounded,

o ¢*I and e *F are bounded,

e ¢ L and el are unbounded.

Now, the denominator, A(k) ~ 1 4 eUF+IkL 4 o(Z1H+DkL 4 o(=1=DkL 4 o(1=DkL " hehayes

1—i)kL

asymptotically like e +IFL 4 ol , and the terms that matter for the asymptotic

behaviour are given by the real part of the exponents. Therefore, if we set k = kg + ik;

then
Re (e(l—l-i)kL) — e(krkDL R (e(l—z‘)kL) _ plhr+kn)L
For k such that 0 < arg(k) < g, if 0 = arg(k) then 0 < k; < krtan (%) < kp. Therefore
6(kR_kI)L +€(kR+k])L — ekRL(e—kIL +€k[L) < ekRL(l +€k1L) < ekRL(l +6kRL>7
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2kL

and we conclude that the dominant term in the denominator is given by e**~. Therefore,

the asymptotic behaviour of the integrand is given by
gika k't (z’k3 Folt, k) — falt, k)) + {N(t, k)2i(—2e KL o CIFDRL 4 o(=3+IRLY
— N(t,ik)(2 — 2i) (e 2 — e(’g’i)kL) + N(t, —k)2(e(’3’i)kL — e(’lfi)kL)
4 N(t, —ik)(2 + 20) (e 2 — e<*1*i>kL)} ,
where N(t, k) is given explicitly by
V) = [ @) i (R k) e e )
0

+ (fg(t, k) — e " gs(t, k)) :
Therefore, in terms of z-exponentials, the integrand is given in terms of the following
1) 6ikx€—ikz’e—2kL — eikaceik(L—ac’)6(—1—2‘)1@L€—kL7
ik p—ika! ;—kL gikL _ ik jik(L—a') g—kL

ikx ,—ikx’ ,—3kL ,ikL ikxeik(L—m

eikz =ikt o =3kLoikL — o —3kL

!/

Je
ik ,—ikL ,—2kL _ ika ,(—1—i)kL ,—kL
e e = ethre(=1-kLg=kL

eikxefikLekaeikL — eikxeka

)

ikx ,—ikL ,—3kL

oike o —ikL okl — gika ,—3kL

e'"re ,

.. : ro_ i L) —
11.) etk pha’ o—2kL _ ezkxek(ac L)e kL’

eikxek:c’e—SkLe—ikL — eikxek(ac’—L)6(—1—i)kL€—kL7
eikxekLekaL — eikxeka

b

ek FL =3k g—ikL _ gike o=KL o(~1=i)kL.

iii.) ik pika! o =3kL o—ikL _ gikz gika' o—2kL o(—1—i)kL

)

. oy . . ) ;
etk ik’ p—kL  —ikL _ gikz yikz 6(7171)kL7

ikx ,ikL ,—3kL

ke gikL o—ikL — gikz ,—3kL

e'"re ,
ik pikL o —kL g—ikL _ gikz o—kL

)

. y J— ! —
1V.) ezkxe kxe 2kL

)
) , ) . , )

ezkmefk::p ekaefsz _ ezkmeka e(flfz)kL’

eik‘ace—kLe—QkL7

ik p—kL o —kL g—ikL _ gikLo—kL ,(~1=i)kL
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Since Re (e(—l—i)kL) = elki=kr)L and k; — kr < 0, for k such that 0 < arg(k) < g it

—1-9kL is hounded as k — oo. Hence all of the terms

follows that the exponential e
in the integrand of the integral around dD"are bounded as k — oo and the proof is

complete. O

Corollary 4.1.7. The contours of integration, 0D and 0D, in (4.24), can be de-
formed to any contour inside Dt and D~ respectively. Hence (4.24) can be written in
the form

1 R oo ~ ~
g(z,t) = 2—{ / eh =k Go (k) dk — / gika—klt (z‘k3fo(t,k) —fs(t,k)) dk

Q —00 —00

e 14
Ooezk:r: k=t

A(K)

{N(t, k)2i(—2 4 eUFIRL 1 o(FIHIRLY _ N (¢ k) (2 — 20)(1 — e T1IRL)

—00

+ N(t, —k)2(e IR — OU=OREY L N (4 —ik) (2 + 2i) (1 — e<1*i>kL)} dk

. / ORI (i3 o (¢, k) — Gs(t, k) dk

oo

o0 e'k(fo)kat . |
+ / W{N (t, k)2(—ie " 4 2™t — jeFl) 4 N(t,ik)(2 — 2i) (e M — e™*L)

FN(E, —k)2(e ™ — bl - N(2, —ik)(2 + 20) (L — ekL)} dk

Y p+(k")+p(k")}. (4.25)

pr(k) = ei’“*k“t{N(t, k)2i(—2 + eMHIRL L o(CIHIRLY N (¢ ) (2 — 20)(1 — e(T1ORE)
+ N(t, —k)2(el R — IR 4 N (¢, —ik) (2 + 2i) (1 — e<1—i>kL)} ,
p (k) = eik(x’L)’k%{N(t, k)2(—ie ™ + 2™ — Ry 4 N (t,ik) (2 — 2i) (e FF — e'FF)
FN(E, —k)2(e™E — KLY & N (¢, —ik) (2 + 2i) (eFE — ekL)} ,
r(k) = A(k) = —8i + 2i (eUTIFL 4 THHIRE 4 o=k 4 o(F1=DkLY

By Corollary 4.1.7, it follows that the contours can be deformed through the region

D,., to the zeros that lie on the real and imaginary axes in the complex k-plane. The
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residue contributions from the poles are computed using the formulas given by (4.17)
and (4.18), and substituting these expressions into (4.24) yields the representation, given
by (4.25).

A simple cancellation of terms shows that all of the integral terms sum to zero, proving
that the solution is expressible entirely as an infinite discrete series. Substitution and

simplification yields the series solution given by

1 zknx knt k
qlz,t) = 57 ) ik
’ 2L (1 + Z) (e(l—i-i)knL _ 6(—1—z)k" ) + (1 _ Z) (e(l—z‘)knL _ 6(—1+i)knL)

n-

Akn)=0

Z zknm k"tp<k' )
8L tanh(k, L) — tan(k, L)’
A(kn)

(4.26)

where
kn) = N(t,kn)2i (2 — ekl _ o(C1=0kaL) _ N (¢ ik, ) (2 — 20) (1 — ("1 Dkel
p(kn) (L, kn)2i ( ik
+ N(t, —ky,)2 (e 0kl — o(=0knly o N(2, —ik, ) (2 + 2i) (1 — 0DnL)

We observe that since the denominator is invariant under k& — (k, with ¢ the fourth
root of 1, the series can be written in terms of the positive real zeros only:

eknep(k,) — e *nvp(—ky,) + e m e p(ik,) — iekrp(—ik,)
- 3L Z ( tanh(k, L) — tan(k, L) ) '

(4.27)

The Direct Derivation of the Series Representation of the Solution using the

Adjoint Problem

In this section we show that the eigenfunctions that are found from the analysis of the
global relations, satisfy the homogeneous boundary conditions of the adjoint problem,
and therefore, the analysis of the adjoint problem is necessary for the derivation of the
series solution. This derivation can be compared to the classical separation of variables
approach, in that it relies on the assumptions of orthogonality of eigenfunctions and
convergence properties etc.

In this first part, we use the system of global relations, given by (4.21) to derive the
appropriate basis of eigenfunctions e, (z) satisfying the homogeneous boundary condi-

tions of the adjoint problem. Therefore, an analogous repeat of this procedure is required
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in the second part, where the adjoint problem is analysed and the appropriate basis of
eigenfunctions f,,(z) is derived, satisfying the homogeneous boundary conditions of this
problem. The functions e, (x) and f,,(z) are shown to satisfy a bi-orthogonality condi-
tion, and the series representation of the solution for example 1, is given in terms of the

eigenfunctions f,,(x) of the adjoint problem.
The system of global relations, given by (4.21), can be solved for the unknown bound-

ary functions using Cramer’s rule. The expression that results for k2 fl (t,k) is given by

K fi(t k) = ﬁ(l +i)e(TImOkL
N(t, k) — ek“tq(t’ k)) (i62ikL 1+ i)e(l—i-i)kL 1 6(2+2z‘)kL)
+ (N(t, ik) — e, z'k:)) (=€l — i 4 (1 + i)e IR
+ (N(t, —k) — ek4tg(t, —k)) (_(1 +i)eHIR 1 4 Z-e%L)

i (N(t, —ik) — M, —zk)) (—ie@20L | (1 4 j)eUHbL _ (2bL) } .

Evaluating this expression at an arbitrary, positive real zero k, of the determinant
function A(k), yields an expression for the unknown functions (¢, A;(k)) in terms of the

known functions N (t, \i(k)), I = 0,1,2,3. This is given explicitly by

Nt ) (12500 — (14 i)el30beE 4 (2120800

+ N(t,ik,) (—e2ik”L —i+(1+ Z’)e(l-I—i)knL)

+ N(t, —kn) (—(1+ )Rl 41 4 ety

+ N(t, —iky) (_Z-e(2+2i)knL + (1 + 4)e(Hidknl _ 62knL)

0 k) (6P — (L 0y 2200

(k) (—e*Frl — i 4 (1 4 i)elHkn Ly
+ Gt —kn) (—(1 4 D) HME 1 e?nt)
+(t, —iky) (—ie2 TRl 4 (1 4 )eltDRnl _ o2hal) } .

Multiplying throughout by e~ yields the following expression which is bounded, for
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all positive real k,,, as k,, — oo:

4(t, kn) AL+ q(t,ik,) A2 + §(t, —k,) A3 + 4(t, —ik,) A4

— N k) AT+ N(t, k) A2+ N(t, —kn) A3+ N (1, —ik) A4},

where
Al = je2+20knl _ (1 +i)€(—1+i)knL 1 2knL (4.28a)
A2 = —e(F2H2kal _jo=2knl 4 (1 4 j)e(-1HDkaL (4.28b)
A3 = —(140)eTHDEal o g=2kal 4y (4.28¢)
A4 = —ie¥nl (1 4 g)eCIHDkL (4.28d)

Assuming that the RHS can be written as the L? inner product (go(z), e,(z)) for some

basis functions e, (z), we find
/L (Ale ™ 4 A2eM7 4 A3 ™" + Ade ") g(z,t) da = e kA5

0
where

A5 = N(t, k,) Al + N(t,ik,) A2 + N(t, —k,) A3+ N(t, —ik,) A4, (4.29)
is a known function in terms of the t-transforms of the given initial and boundary data.
Proposition 4.1.8. The functions e, (x), given by

en(r) = Al ™ + A2eM* + A3 e ™" 4 Ade Fn®
satisfy the homogeneous boundary conditions
e (0)=e (L)=0, €(0)=¢e!(L)=0,. (4.30)

Proof. All of the conditions follow by a direct cancellation of terms, except for the

condition e//(0) = 0 that requires the identity A(k,) = 0:

en(0) = k2 (—AL 4+ A2 — A3+ A4)
_ ki (ie(—2—2i)knL +(1- Z-)e(—l—z')k;nL _ e 2iknLl _ (=2=20)knl | ;o—2knl

_|_ (1 _ Z’)e(—l—i)knL + (1 _ i)e(_l_i)knL _ €—2knL _|_ Z + Z'e—QiknL

441—@&*4WJ—1>
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= —(1— i)kie(—l—i)knL (_4 4 e(tDknl o (~14)knl o (=i)knl e(—l—i)knL)

_ (1 + Z) kie(_l_i)k"LA(k?n)

2

= 0.
[l

The conditions, given by (4.30), do not correspond to the boundary conditions, given
by (4.20), imposed on the PDE, proving that the analysis of the system of global rela-
tions, given by (4.21), is not sufficient for the derivation of the series solution. It follows
that to find the appropriate eigenfunctions f,,(x), satisfying the boundary conditions
fm(0) = frn(L) =0 and f7(0) = f"(L) = 0, the transform method must applied to the

adjoint problem, posed by (4.1) with the boundary conditions

Q:c(ovt) = fl(t) ) qx(Lvt) = gl(t) ) Q'mc(oa t) = f2(t) ) sz(La t) = gQ(t) )

for some given functions fi(t), ¢g1(t), fo(f) and g2(¢), and this is what we do next.

Example 2

In a way analogous to that of the previous example, we find the system for the unknown
boundary conditions. The determinant of this system has the same zeros as the deter-
minant of its adjoint. The system of global relations can be solved to yield expressions

for the unknown terms. The expression for &3 fo(t, k) is given by

3£ b (—1-DkL
{ < (t k:)) ( 2ikL + (1 _ Z-)e(l—f—i)kL _ 6(2+2i)kL)
+ ( (t,ik) (j(t, zk)) (—1 —ie¥ 4 (1 + Z-)e(1+i)kL)
( t — _ 6k4tfj(t, _k)) (1 _ <1 _ i)€(1+i)kL _ ierL)

+ (N(t, —ik) — €k4tq(t’ —zk)) ((_1 _ Z')e(1+i)kL 1je2kL 4 e(2+2i)kL) } '

Evaluating this expression at a positive real zero k,, of the determinant function A(k),

and multiplying throughout by e~2*=% yields the following expression, which is bounded,
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for all positive real zeros k,,, as k,, — oo:
G(t, k) Bl + q(t,iky,) B2 + §(t, —k,,) B3+ q(t, —ik,,) B4

_ e—k;‘nt{N(t’ km) Bl + N(t,ik,,) B2+ N(t,—k,,) B3+ N(t, —ik,) B4} ;

where
Bl = je(=2+20knL 4 (1— i)e(—l-&-i)kmL _ eQikmL7 (4.31a)
B2 = —e ml =220kl (] 4 gyt 1 DkmL (4.31b)
B3 = el _ (1 —4)e"1HDkal (4.31c)
B4 = (=1 — )71 0kml g 4 p2ikml (4.31d)

Assuming that the RHS can be written as the L? inner product (go(z), fin(z)) for some

basis functions f,,(x), we find

/L (Ble "#m* + B2eMm” + B3 e + Bde ") q(x,t) dz = e *mtB5

0

where

B5 = N(t, k) Bl + N(t,ik,,) B2+ N(t, —k,,) B3 + N(t,—ik,,) B4.
Proposition 4.1.9. The functions f,,(x), given by

fm(z) = Ble*m® + B2 efm® 4 B3 e m® 1 B e~hm
satisfy the homogeneous boundary conditions
fn(0) = fm(L) =0, f(0) = fr/(L)=0.

Proof. The proof that f,,(0) =0, f,,(L) =0 and f (L) = 0 follow by a direct cancella-
tion of terms. The proof that f7(0) = 0 however, requires the identity A(k,,) = 0:

f(0) = k2, (-iB1+ B2+ iB3— B4)

_ k,?.’,l< _ e(~2-20)kmL | (1- i)e(—l—i)ksz 4oje2kmL _ o=2kmL o (=2-20)kmL

+ (1 —d)eTtmkml 4 je=2kml 4 (] _ g)e(-1=Dkml _

+ (1 + q)etHkml _ g eQikmL>
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_ _ks,n(l . Z->€(—1—i)kmL (_4 4 e(tkmL 4 o(=14kmL | (=D)kmL | e(—l—z’)kmL)

_ (1 + Z) k?nff(_l_i)kMLA(km)

2

= 0.

The Series Representation of the Solution for Example 1

In this section, we show how to derive the series representation of the solution, from
the analysis of the global relation of the adjoint problem, in the example for which the
operator is non self-adjoint.

The eigenfunctions e, (z) that result from the problem posed by (4.1), with the im-

position of the boundary conditions
q(0,t) = fo(t), a(L,t) = go(t) s quaa(0,1) = f3(t),  Guaa(L,t) = g3(t)
for some given functions fy(t) , go(t), f3(t) and gs(t), are given by
en(7) = Ale™® + A2eM* 4 A3 e ™" 4 Ade Fn®
where Al, A2, A3 and A4 are given by (4.28), and satisfy the boundary conditions
e (0)=0, € (L)=0, €(0)=0, e(L)=0.

Similarly, the eigenfunctions f,,(z), that result from the imposition of the boundary

conditions
@(0,1) = fi(t), @(L.,t)=g1(t), @u(0,t)= fo(t), @u(L,t)=g2(t),
for some given functions fi(t), g1(t), fo(t) and g2(t), are given by
fin(x) = Ble*m® 1 B2 efm® 4 B3 e m®  Be~Fme
where B1l, B2, B3 and B4 are given by (4.31), and satisfy the boundary conditions

fm(0) =0, fu(L)=0, [f0)=0, [f(L)=0.
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Proposition 4.1.10. The functions e,(x) and f,,(x) satisfy the bi-orthogonality condi-

tion
/ () () o =

for some function c(ky, L).

Proof. Integration by parts yields the following:
(Dafm(x), en(x)) = | Dsfm(z) en(x) = Dofin(x) Den(x) + D frm(2) Doen()
— ) DyEa(a)] + (), Diea(e)

= <fm(x>7 D4€n(x)> .

Hence

(Daf(x),en(@)) = {fum(@), Daen(@)) = (ky, — ky) {f(2), €nl2)) = 0,
and the proof is complete. O]

To obtain the series representation of the solution for example 1, we assume that the
solution ¢(z,t) can be expressed in terms of the eigenfunctions f,,(z) and written in the

form
dat) = 3 anlt) fula).

for some functions a,,(t) to be found, and where the series converges in the L? norm.
The index, from m = 1 to oo indicates that only the positive real zeros contribute to
the series representation.

The coefficients are found by multiplying both sides by €,(z) and integrating from 0
to L:

/OL en(z)q(x,t) de i </OL fm(z) 0 (2) dx> am(t) = c(kn, L) an(t)

m=1
Therefore
(t) = : /L_()( t)de = L kg
i) = e ) Jy O )¢ ’



where A5 is given by (4.29) in terms of k,,, and
(ks L) = 8L tan (ki L) sin (ki L){ sin (kL) — sinh (kL) pe~ 2.

Therefore, the series representation of the solution, for example 1, computed in terms
of all of the positive real zeros k,, such that A(k,,) = 0, is given by

> 1 _ 14 7 ik Ba T Do —ikmz DA ,—kmx
q(z,t) = Z me Fmt A5 (Ble*m" + B2 + B3e *m® + Bde ") . (4.32)
m=1 m»

The expression (4.32) is identical to the expression one obtains by separating variables
and using the classical approach and bi-orthogonal basis. By algebraic manipulations
(which are long and tedious, and are therefore omitted) this expression can be put in
the more concise form (4.26), via (4.27). We remark that the latter form is arrived at

directly when using the integral representation and contour deformation.

Remark 4.1.11. Suppose that instead of (4.1a) we consider the PDE ¢;(x, t)+iqppee (2, t) =
0. The dispersion relation of this PDE is w(k) = ik* and D is given by

Df ={keC:0<arg(k) <3}
D* = Df UD;,
D ={keC:

w3

< arg(k) < %’r}

Dy ={keC:rm<arg(k) <2}
D™ =Dy uUD;.
Dy ={keC:% <arg(k) <X
By following the same steps as for the analysis of (4.1a), we find that the zeros of
the determinant of any boundary value problem for uncoupled conditions of the same
form as in the previous section has zeros lying on the real and purely imaginary axes.
Hence these zeros are on the boundary of D, and the general theory implies that the
residue contribution, hence a series term, always exists. Indeed, one can show that the

representation can be reduced to a series.

Since the z-differential operator associated to (4.1a) and to this PDE is the same,
it follows from this observation, without any reference to classical results, that it is
possible to deform the contour and realise the corresponding representation as a series

also in the case of equation (4.1a), for which the zeros are outside D.
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Figure 4.6: The regions D} = {ke C:0<arg(k) <%}, Df = {keC:Z <arg(k) <3}, D] =
{k: e C:m<arg(k) < %’T} and D, = {k: eC: 37” < arg(k) < %’T} for the fourth order problem

4 (2, 1) + iquaa(x,t) = 0.
4.2 The Eigenvalues of Linear Evolution PDEs

In this section, we return to the notion of spectrum of the boundary value problem. In
all examples we have considered, this set indeed coincides with the discrete spectrum
of the linear differential operator in = defining the PDE, considered with the given
boundary conditions at x = 0 and x = L. We give here a proof of the fact that this
is indeed the general case, and that the notion of effective spectrum of the PDE and
discrete spectrum of the differential operator yields the same set, modulo the operation
of taking n'® roots. Namely, the effective spectrum of the boundary value problem is
precisely the set of the n'" roots of the discrete spectrum of the differential operator.
We prove this result for the case of second, third and fourth order problems that we

have considered in this work.

Notation: In the remaining part of this section we will denote by S1 and S2 the sys-
tems characterising the two different notion of spectra. More precisely, we let D,, denote

the n'" order linear differential operator (%;. We then consider:
Problem 1: The PDE ¢(z,t) + aD,q(z,t) = 0, for some «, with given initial condi-

tion go(z) and an appropriate number of prescribed boundary conditions. We denote

by fi(t) the given boundary conditions at x = 0, and by g¢;(¢) the prescribed boundary
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conditions at = L, where i,7,€ {0,1,... ,n —1}.

Problem 2: The eigenvalue problem for the operator D, is subject to homogeneous
boundary conditions corresponding to f;(¢) and g;(¢). This is the problem of determining
all values of A € C for which the ODE D,v(z) = Av(x), admits a solution v(z) # 0,
which also satisfies the given homogeneous boundary conditions. The general solution

of this ODE is given by

1 1 1yl

v(z) = ape"® + a1e® T 4o ay_qe® AT (4.33)
where a;, i = 1,2,...n — 1 is a primitive n'® root of unity, chosen as the appropriate
n™ root of A\. Imposing the boundary conditions at = 0 and = = L, which are a total

of n homogeneous conditions, then yields a system of n equations for the coefficients

ag, A1, -« - 5 Anp—1.

The System S1: We associate with Problem 1 the system S7, obtained from the

global relation and characterising the unknown boundary conditions.

The System S2: We associate with Problem 2 the system S2, obtained from the
imposition of the homogeneous boundary conditions to determine the solution of the
ODE. Because of the presence of n'" roots in (4.33), it is convenient to write the ODE
in the form D,v(z) = (ik)"v(x), and write the system S2 in terms of k rather than the

roots of .

Remark 4.2.1. The form D,v(x) = (ik)"v(x) is chosen purely for convenience of nota-
tion. For example, for the second order problem, it is necessary to choose A = —k? to

be able to satisfy the boundary conditions.

In Proposition 4.2.2, we show that the two determinants arising from systems S7 and
S2 have the same set of zeros. It will be shown that the reason that these sets are
identical is that there is an interplay between the derivatives in the two systems S7 and
S2. In one case, the rows that are retained correspond to the boundary conditions that
are imposed, and in the other the complementary rows are selected. However, in one

case, multiplication by k corresponds to the order of the derivative that is imposed,
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and in the other it corresponds to ((n — 1)-order) of the derivative that is imposed. In

the proof that follows, we show that there is a direct balance between the interplay of

derivatives and the k multipliers.

Proposition 4.2.2. The set of zeros of the determinant of the system S1, arising from

the analysis of Problem 1, coincides with the set of zeros of the determinant of the system

S2, arising from the analysis of Problem 2.

Proof. To prove this we show that the two determinants involved in the two definitions

always have the same set of zeros. We give a proof for each value of n:

i) n=2

S1

: Consider the PDE
q(x,t) — quo(z,t) =0, t>0, xz€]l0,L],
q(z,0) = qo(x), x€]|0,L].

The analysis of the global relation, using the Fokas transform method, leads

to the following pair of equations
ik (Jolt. k) = e Go(t, 1)) + (filt k) — 11, k) )
= Go(k) — "4(t, k),

iCk

/N

folt k) = ¥ (e, k) ) + (Filt, k) — g (2. k)

= Go(Ck) — eF4(t, Ck) .

Since one of the f’s and one of the §’s are known, the matrix of the system

for the unknown boundary values has the form

T
1k

KL Ck kL ) k1,2 S {07 ]-} ’ (434)
e’ 2¢’

where all the information is in the second column and the factor of ik has been
incorporated into the unknown terms. The values of k; and k5 correspond to
the boundary functions that are unknown at x = L and z = 0 respectively.
Hence, the value of k;, [ = 1,2, indicates the order of the derivative of the

function sought:
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52

e k; =1 — (the order of the derivative that is sought) .

For example, if the boundary conditions at ¢(0) and ¢,(L) are prescribed,
then k?l =1 and k?g = 0.

: Consider the second order eigenvalue problem
Ve (2) + K?v(z) =0, x€]0,L],
chosen according to Remark 4.2.1. The general solution is given by
v(x) = ape™ + a1, (=e" = -1,

for constants ag and a;. The imposition of two boundary conditions, one at
either end of the interval [0, L], corresponds to choosing two appropriate rows

from the following system:

v(0) 1 1

v(0) | ik iCk ag
v(L) N ekl ikl ay
v, (L) ike*l iCkeiCkE

The coefficient functions of k, in the matrix that results from the imposition
of the boundary conditions, appear as a multiplicative constant in the deter-
minant function, and therefore for the purposes of analysing the zeros of the

determinant function can be ignored.
Therefore, by eliminating the factors of ¢k, the boundary condition at x = 0
takes the form ag+ (’'a; and the boundary condition at o = L takes the form
ape™ + (2a,€* where the value of j;, [ = 1,2, indicates the order of the
derivative imposed, at = 0 for j; and at x = L for j;. Hence the matrix for
the system can always be put in the form

1 CJ&

1o € 10,1 4.35
ez’kL CjzeiCkL 9 ]1,2 { ) } ) ( )

where all the information about the problem is in the second column of the

matrix.

For example, if the boundary conditions at v(0) and v,(L) are prescribed,

then jl =0 and jg =1.
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The structure of the vectors is always
(¢ &) (¢ )
and it is trivial to prove that these vectors are identical, since the knowledge of j;
and/or jo determines k; and/or ko respectively:
e 1=0,1 = k=01,
e =01 = k=01
Therefore the determinants of the matrices, given by (4.34) and (4.35), up to a
variant of sign, are identical, and the proof is complete.
ii.) n=3
S1 : Consider now the third order PDE
@ (2, t) + Quaa(z,t) =0, t>0, z€][0,L],
q(z,0) = qo(x), x€][0,L].
The global relation is given by
2 ( Folt k) — e~ %G, (¢, k)) ik ( Fit k) — e g, (4, k))
— (b k) = e Ga(t, 1)) = dolk) — e a(t. k),

and the matrix is formed by evaluating this expression at ¢k and ¢%k and
selecting one of the g;’s and two of the ﬁ-’s corresponding to the boundary
values that are sought. The coefficient functions of k are eliminated and the

resulting matrix is always of the form

T
1 Ckl C‘37k1

eihL (hagiCkL 3=k oiC?kL , k123 € {0,1,2}, (4.36)

eikL <k3 eiCkL C3—k:3 eig%L

where the first row corresponds to the unknown ¢ which is sought, the second
and third rows to the two unknowns f; and f] where 7 < j respectively and all
the information is contained in the second column. The value of k;, [ = 1, 2, 3,

indicates which boundary functions are known. It follows that
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52

e k; = 2 — (the order of the derivative that is sought),
o ky > ks.

For example, if the boundary conditions ¢(0), ¢(L) and ¢, (L) are prescribed,
then k?l = O, k?g =1 and k?g = 0.

: Consider the third order eigenvalue problem
Vawe () + ik%0(z) =0, x€10,L].
The general solution is given by
v(z) = age™ + a1eF 4 ape’ R (=5 (4.37)

for constants ag, a; and as.
Remark 4.2.3. We remark that the general solution, given by (4.37), has no
hope of being bounded for any choice of complex set of k’s, and this is the

reason that this problem cannot be solved to yield a series solution.

For the problem to be well-posed, one boundary condition must be prescribed
at x = 0 and two boundary conditions must be prescribed at x = L, corre-

sponding to selecting three appropriate rows from the following system:

v(0) 1 1 1

vz(0) ik iCk ik
Vz2(0) _ k2 22 T ao

v(L) B ekl EiCkL QiC2kL @
vz(L) ike* L iCkeikL i 2keiC?kL 92
Uza (L) —k2ethL _(2k2eiCkL (|21 RL

The boundary condition at z = 0 takes the form ag + (*a; + (377'ay and
the two boundary conditions at * = L take the form age™™" + (Jla,e’*F +

(3 Iaye™*FL for | = 2,3. The matrix that results is therefore given by

1 le C3—j1
L (il (3=jagiCPkL | J123 € {0,1,2}, (4.38)

kL ng eiCkL C37j3 eicsz

where all the information is in the second column. The values of j;, 7o and

73 represent the order of the derivatives imposed. Hence
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e If 0v(0) is given then j; =i for i =0, 1,2.
o If OLv(L) is given then jy, j3 = for [ =0,1,2.
® Jja < Js.
For example if the boundary conditions at v(0), v(L) and v,(L) are pre-

scribed, then j; = 0, jo = 0 and j3 = 1.

The knowledge of the two boundary conditions at © = L determines k; and the
boundary condition at = 0 determines the values of ks and k3. Since k; indicates
the order of the unknown function at x = L and the values of j, and j3 are the
orders of the derivatives which are known, it follows that (2—k1)+ja+Jj3 = 0+1+2.

Hence
ki=ja+73—1.

Similarly, since ko and k3 are the orders of the derivatives at x = 0 that are
unknown, and 7 is the order of the derivative at x = 0 which is known, it follows

that (2 — ko) + (2 — k3) + j1 = 0+ 1 + 2. Hence

Now, if j; = 0 or 1 then either ¢(0) or ¢,(0) is the prescribed boundary condition
at © = 0. In either case it follows that k3 = 0. If however j; = 2 then it follows
that k3 = 1. Therefore, it is simply an interpolation problem to express k3 in
terms of j; and then find k» from substitution into (4.39). This yields

1 3 1
ks = —71(71 — 1 ko =14+ —j4; — —j2. 4.4
3 2J1(.71 ) 2 + 5J1— 31 (4.40)

Definition 4.2.4. Two triples of the form (C“, Cb,CC) and (Cd,(’e,(f) are equiva-

lent if one of the following conditions is satisfied:
(a) C(¢*¢"¢) = (¢4, ¢ ¢7),
(b) ¢* (¢, ¢ ¢%) = (¢%,¢5 ¢f),
(¢) a=d and b,c = e, f in any order.
Remark 4.2.5. The matrices corresponding to the triples (¢, ¢*, %) and (¢%, ¢4, ¢7),

either vary by a constant multiplier in the second column or by the order of the

rows. In both cases, the zeros of the determinant functions are unaltered.
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Proposition 4.2.6. The structure of the dominant vectors is always
(¢ ¢ )t (¢R ),
and exactly one of the following conditions is satisfied:

(a) If ji,jo,js are distinct, then ki, ko, ks are distinct. The resulting vectors are

tdentical and given by the triple
e (1,¢.¢%).
or one of its equivalents.

(b) If j1 = jo then either ky = ky or ky = k3. These correspond to the two cases

below and necessarily give equivalent triples:

hd (17 1’ C)J
o (1,1,¢%).

Proof. 1t follows immediately from the central columns of the matrices (4.38) and

(4.36), that the structure of the dominant vectors is always of the form
(Cﬁ’ ¢, st)T : (Ckl, ke, Ck3> _ (Cj2+j3*1’ C1+%j1*%jf’ C%jl(jrl)) :
once the common exponential terms to each vector have been omitted.

(a) Suppose ji, jo, j3 are distinct. Then, according to (4.40),
e If j; = 0 then the vectors are (1,¢72, (%) and (¢273~1 ¢ 1) where jo, j3 =
1,2.
o If j; = 1 then the vectors are ((,(72,¢%%) and (¢/27371 (2 1) where
J2,J3 =0,2.
e If j; = 2 then the vectors are ({2, (%2, (%) and (¢727371 (2 () where
J2,J3 =0, L.
In all cases, both vectors are equivalent to (1,(,¢?). Hence ky # ko # k3 and

the proof is complete.

(b) If j; = j5 then there is a pair of known boundary conditions of the same order
corresponding to a pair of (’s of equal power. The two remaining boundary

values at x = 0 are unknown, and of the two remaining boundary values at
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x = L, one is known (with a different power of { to the pair) and one is
sought. Necessarily, one of the unknown boundary values at x = 0 must be
of the same order as the unknown boundary value at x = L, and the proof is
complete. In all cases the triples that result take the form (1,1, ) or (1,1,¢?)
or one of the equivalents, where the pair of known boundary values of the

same order, correspond to the first two equal terms of the triple.

iii.) n=4
S1 : Consider now the fourth order PDE

@(x,t) + Qe (z,t) =0, t>0, x€]l0,L],
q(z,0) = qo(z), z€][0,L].
The global relation is given by
ik? (folt, k) — e g0t k)) + K (filt k) = e ™, (1,k) )
=ik (falt k) = e Gt k) ) = (falt, ) — e ga(t, b))

= qo(k) — e"'q(t, k),

and the matrix is formed by evaluating this expression at Ck, (?k and 3k
and selecting two of the f’s and two of the §’s corresponding to the unknown
boundary values. The k’s are extracted and the matrix that results is always

of the form

1 Ckl <4—2k1 C4—k21
1 CkQ C472k2 C47k‘2

(4.41)

etkL Ckg ¢iCkL C4—2k3 eiC2kL <4—k3 eiCSkL

etkL <k4 eiCkL <4—2k4 eic%L <4—k4 ei§3k:L
where k1234 € {0,1,2,3}, and all the information about the problem is in
the second column. The first two rows correspond to the two unknowns g;
and g;, where ¢ < j, and the last two rows correspond to the two unknowns

fk and fl, where k < [. The value of k;, [ = 1,2, 3,4, indicates the order of

the derivative that is sought:
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e k = 3 — (the order of the derivative that is sought),
o k> ky and ]{33 > ky.

For example, if the boundary conditions at ¢(0), ¢.(0), (L) and uu.(L)
are prescribed, then ky =3, ks =2, k3 =1 and ks = 0.

S2 : Consider the fourth order eigenvalue problem
Vegae(T) — k*v(2) =0, 2 €[0,L].

The general solution is given by

me

v(x) = aoe™ + 1M + ayetc R 4 qgeih (=e2 =1,

for constants ag, a1, as and az. For the problem to be well-posed, two bound-
ary conditions must be prescribed at either end of the interval. Incorporating
the coefficient functions of k£ into the unknown terms, implies that the two

boundary conditions at x = 0 take the form
ao + ¢May + ¢ Fag + ¢ ag,
ao + (Pay + (" ay + ¢ as,
and the two boundary conditions at x = L take the form
aoeikL + ngaleiCkL + C4—2j3a2eig2kL + C4—j3a36ic3kL :
aoez’kL + Cj4alei§kL + C4—2j4 a2ez‘<2kL + C4—j4 a3€z’(3kL '
The matrix formed from the system is therefore always of the form

1 gjl g4*2j1 C4*j1
1 Cj2 <4—2j2 C4_j2

(4.42)
etkL ngeiCkL C4—2j3 ez’g?kzL C4—j3€z‘§3kL

eikL Cj4 eiCkL C472j4 ei@kL €47j4 ei(3kL

where j1234 € {0,1,2,3}, and all the information is in the second column.
The value of j; represents the order of the derivative imposed:
e If 9Lv(0) is given then j;,jo = for | = 0,1,2,3.

o If 9/v(L) is given then j3,j4 = j for 7 =0,1,2,3.
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® ji1 <j2 and js < ju.
For example, if the prescribed boundary conditions are at v(0), v,(0), V(L)

and v, (L) then j; =0, jo =1, js = 2 and j4 = 3.

Moreover, the values of k; and ko determine the order of the derivatives at = L
which are known, hence the values of j3 and j4. It follows that (3 — ki) + (3 —
ks) + j3+ 74 =0+ 142+ 3. Hence

ki 4 ko = js + Ja. (4.43)

Similarly the values of k3 and k4 determine the order of the derivatives known at
x = 0, and hence the values of j; and j,. It follows that (3—k3)+(3—k4)+j1+Jj2 =
0+ 1+ 2+ 3, and therefore

ks + ks =71+ Jo. (4.44)
Proposition 4.2.7. The structure of the dominant vectors is always
(CIRCNC A I (GG C RGO
and exactly one of the following cases is satisfied:

(a) If j1,J2, J3, ja are distinct then ky, ko, ks, ky are distinct. The resulting vectors

are identical and given by the quadruple
e (1,(,¢% ¢,
or one of its equivalents.
(b) If j1 = js and jo = js then ky = ks and ky = k4 corresponding to the quadruple
e (1,¢,1,0),
or one of its equivalents.

(¢) The other cases correspond to those for which two of the j’s are equal. FEither
J1 =173, J1 = Ja, Jo = J3 or jo = ja and there is always a pair of equal powers
of ¢ among the k’s. These correspond to the cases below and necessarily give

equivalent quadruples:

hd (1767 ]" C2)7
o (1,¢,1,¢%).

168



Proof. 1t follows immediately from the second columns of the matrices (4.41) and

(4.42), that the structure of the dominant vectors are always of the form
(¢, ¢, ¢ ), (S gt O M)
once the common exponential terms have been omitted.

(a) The proof is an immediate consequence of equalities (4.43) and (4.44).

(b) Suppose j; = js and js = j4. It follows from equations (4.43) and (4.44) that
ks + k4 = k1 + ko and the quadruples are of the specified form. Similarly, by

construction, it follows trivially that ky = k3 and ko = k4.

(c) Suppose j; = j3. Then there remains three derivatives of ¢(x) at both x = 0
and x = L, from which all of the k’s have to be selected. Necessarily, either
k1 or ko has to be equal to either k3 or k; and the proof is complete. It
follows trivially that if only one pair of the j’s are equal then the quadruple
is necessarily of the required form (or one of the equivalents). The proof

follows identically for the other cases.

]

]

Theorem 4.2.8. The effective discrete spectrum of a PDE boundary value problem,
coincides with the classical discrete spectrum of the differential operator D associated

with the PDE, equipped with the same boundary conditions.

Proof. The proof follows immediately, from Proposition 4.2.2. O]

4.3 The Location of the Zeros of the Determinant

Function

The location of the zeros of the determinant function, for the second, third and fourth
order linear evolution PDEs, has been discussed in the previous chapters for a variety
of boundary conditions. In this section, we give a general result regarding the location
of the zeros of all n* order linear evolution PDEs of the form (2.1), with the boundary

conditions chosen according to Theorem 2.1.1.
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Theorem 4.3.1. The zeros of the determinant function A, (k), of the general n'™ order
linear evolution PDE, of the form (2.1), with the boundary conditions chosen according

to Theorem 2.1.1, satisfy one of the following properties:

i.) Even: If n is even, then the zeros k, cluster, in the complex k-plane, along the n

rays, given by

2(3 —1
L;= {k:n: arg(kn)zy} , J=12...,n. (4.45)

i.) Odd: Ifn is odd, then the location of the zeros ky, in the complex k-plane, depends
on the boundary conditions that are imposed, and satisfy one of the following

properties:

(a) Coupled (periodic): If the boundary conditions are periodic, then the zeros

cluster along the 2n rays, given by

1
L; = {kn: arg(kn)zw} C j=1,2,... .20, (4.46)

possibly shifted along any fixed axis in the complex k-plane.

(b) Uncoupled: If the boundary conditions are uncoupled, then the zeros cluster

along the n rays, given by

—4445
Lj:{kn: arg(k,) = (8n i ])W}, j=12...,n, (4.47)

2n

or along the reflection of these rays about the real axis, in the complex k-plane.

Proof. For the proof, we shall use the results given in the proof of Proposition 4.2.2,
and analyse the set of zeros of the determinant of the system S1. We remark that the

results are analogous for all well-posed PDEs of the form (2.1).

i.) Even: We begin with the proof for the second and fourth order PDEs. It follows
from the matrices given by (4.34) and (4.41), corresponding to the systems for
the unknown boundary values, for the second and fourth order linear evolution
PDEs respectively, that the determinant functions Ay(k) and A4(k), can always

be written in the form

Au(k) = F (607 e(l-&—i)k‘L’ e(—1+i)kL7 6(—1—z’)kL’ 6(1—i)k;L)

9

where I3 and F) are linear functions of the indicated exponential terms.
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Remark 4.3.2. The coefficients of the exponential terms in the determinant func-
tions are given in terms of powers of (. For example, Ay(k) is given explicitly as
Ay(k) = (k2e=kE — (kgL where ky o € {0,1}. However, in order to locate the
rays in the complex k-plane upon which the zeros lie, it is sufficient to consider

only the exponential terms.

The zeros are located using Levin’s Theorem (Theorem 1.3.22). Substituting z =

—ikL, the determinant functions can be written in the form
Ay(z) = Fy (€0, 102 ol-1=0 =iz o(1L402)

In each case, the points, indicated by the exponents, are joined to form a convex
hull in the complex z-plane, and the zeros found to cluster asymptotically along
the rays that perpendicularly bisect the sides of the polygon that is formed. In
the complex k-plane, these rays correspond to the n rays given by (4.45), (Figure

4.7), and the proof for n = 2 and n = 4 is complete.

(a) n=2. (b) n =4.

Figure 4.7: The location of the zeros, in the complex k-plane, of the determinant functions
Ay (k) and Ay(k), of the general second and fourth order linear evolution PDEs, with the bound-

ary conditions chosen according to Theorem 2.1.1.

To prove the case for the general n'* order problem, we follow the approach used
for the proof of Proposition 4.2.2. It follows that 3 boundary conditions must be

prescribed at either end of the interval, and hence the n x n matrix corresponding
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to the system S1, comprises exactly 3 rows of complex exponential terms:

; T
) ® ...... ®
n
2
L [ ] e ...... [ ]
( etkl giCkL i kL )
ekl oiCkL eiC”‘lkL
n
2
ekl giCkL ez‘gnflkL

\
where ( = e%, and for the purposes of analysing the exponential terms of the

determinant function A, (k), the coefficients of all of the entries have been omitted.

It follows that the determinant function A, (k), will be a linear function of expo-
nential terms, whose exponents result from summing any % of the X\(k) terms,
k =0,1,...n — 1. For example, for the sixth order problem, the determinant
function Ag(k) will always take the form

Ag(k) = Fs <6(1+C+42)z‘kL’ €<1+C+C3)z‘kL e(C3+C4+<5)z‘kL>

g e e 5

and for the general n'" order case, A, (k) can always be written in the form
An(k’) _ Fn <e(1+'~~+C%71)ikL7 e €(§%+1+...+C”—1)z’kL> ) (448)

To locate the zeros in the complex k-plane, we use Levin’s Theorem (Theorem
1.3.22), which means constructing a convex hull in the complex plane, of the

points indicated by the exponents.

For the sixth order problem, Figure 4.8(a) indicates the 6 exponential terms that
form the convex hull. It follows trivially for this case that the rays upon which
the zeros lie, satisfy expression (4.45), (Figure 4.8(b)). For the n'® order problem,
when the exponents in expression (4.48) are analysed, one finds that the exponents
that contribute to the convex hull are precisely those whose distinct ¢ terms lie on
adjacent rays in the complex z-plane. So for example, for the sixth order problem,
we see that the exponent given by (1 + ¢ + (?)ikL contributes to the convex hull
(Figure 4.8(a)), whereas the exponent given by (1 + ¢ + (?)ikL does not, because
¢ does not lie on an adjacent ray to ¢® in the complex z-plane, and as a result

—(1 4 ¢ + ¢?) lies within the convex hull.
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—(1+¢+¢) ()

—(1+¢+¢) -+

-1+ —(C+E+¢)
(a) z-plane (z = —ikL). (b) k-plane.

Figure 4.8: The location of the zeros of the determinant function Ag(k) of the sixth order linear
evolution PDE, of the form (2.1) with the boundary conditions chosen according to Theorem

2.1.1.

It follows that for the n'® order problem, there are precisely n exponential terms
that contribute to the convex hull, and hence there are n rays in the complex
k-plane upon which the zeros of the determinant function A, (k) lie. The proof
that these rays are given by (4.45), follows trivially from the observation that
the exponential term, whose exponent comprises the 7 terms, 1,(, SN G i)

contributes to the convex hull.
ii.) Odd:

(a) Coupled (periodic): The proof follows trivially from the system of global
relations, given by (2.30). The imposition of periodic boundary conditions,

yields the system of equations, given by
(1—e™N®ry {Co(Al(k))fo(ta k) + ex(A(k) it k) + -
s G (k) faa (8 k)} = qo(Nu(k)) — e M1q(t, M(k))

for [ = 0,1,...n — 1. It follows that the determinant function is always of

the form

Ap (k) ~ (1 = e *E) (1 — ek (1 _ e—z‘c2kL> (1 _ e—igﬂ*%L) 7

271
n

where ( = e™» . Hence the zeros cluster asymptotically along the rays given

by (4.46), and the proof is complete. Figure 4.9(a) and Figure 4.9(b) show
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(b)

the location of the zeros in the complex k-plane, for the cases where n = 3

and n = 5 respectively.

(a) n=3. (b) n=5.

Figure 4.9: The location of the zeros in the complex k-plane of the determinant functions
As(k) and As(k) of the third and fifth order linear evolution PDEs respectively, with

periodic boundary conditions.

Remark 4.3.3. The imposition of coupled boundary conditions, either does
not effect the location of the zeros in the complex k-plane, or there is a shift

of the axes upon which the zeros lie.

For example, it was shown in Section 3.2.4, that the imposition of coupled
boundary conditions yields a determinant function whose zeros lie on the
same rays in the complex k-plane as the corresponding problem with peri-
odic boundary conditions, whereas in Section 3.2.3, it was shown that the
imposition of quasi-periodic boundary conditions corresponds directly to a
shift in the complex k-plane of the rays upon which the zeros lie.

Uncoupled: For the proofs that are to follow, we consider the PDEs of
the form q;(z,t) + qg(cn)(a:, t) = 0 and prove that the zeros of the determinant

function A, (k) lie on the n rays in the complex k-plane, given by (4.47).
We begin with the proof for the third order problem, and recall the general
matrix, given by (4.36), that results from the imposition of one boundary
condition at x = 0 and two boundary conditions at x = L. It follows that
the determinant function Ag(k), can always be written in the form

omi

A3(]'{:) = F3 (e_ikLa e_iCkL7 e_iCkL) ) C =e3 )
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where F3 is a linear function of the indicated exponential terms. Substituting
z = —ikL, implies that the determinant function can always be written in

the form
Ag(z) = F3 (62, GCZ, 6<2Z> .

The proof now follows immediately, from Section 2.5.

Let us now consider the following fifth order PDE:
@(2,t) + Quogea(x,t) =0, t>0, z€l0,1],
q(z,0) = qo(z), =€l0,L].
The global relation is given by
—k (ot k) — e ™ go(t, k) +ik*(fi(t, k) — e g (t, k)
R (ot k) — e Ga(t k) — ik (fo(t, k) — e " ga(t, k)
= (falt, k) = e ¥ ga(t, k) = do(k) — €q(1, k)

which is supplemented by the four additional expressions, evaluated at (k,
C%k, (3k and %k, where ¢ = e’5°. For the problem to be well-posed, three
boundary conditions must be prescribed at x = 0 and two boundary condi-
tions must be prescribed at x = L, corresponding to selecting two of the f’s

and three of the ¢g’s. The resulting matrix is therefore always of the form

1 Ckl C5—3k1 C5—2k1 C5—k1 ’
1 Ckg C5—3k2 <5—2k’2 C5—k‘2
1 Ckg 4'573’63 C572k3 C571€3

etkL Ck4 eiCkL <5—3k4 6i<2kL C5_2k4 ei§3kL C5—k4 ei&kL

kL Ck5 eiCkL <5—3k5 eicsz C5—2k5 ez‘@kL C5—k5 ez‘g‘*kL

It follows that the determinant function As(k) is comprised of a linear com-
bination of the exponential terms, whose exponents result from summing any

two of the A\j(k), 1 =0,1,... 4

A5(k‘) = F5 <e(1+C)ikL 7 6(1+C2)ikL : e(1+§3)ikL : 6(1+C4)ikL ’ e(C"FCQ)ikL 7
€(<+<3)ikL7 e(<+<4)ikL7 e((2+§3)ikL7 €(C2+<4)ikL, €(<3+C4)ik’L> .
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In the complex z-plane, the points, indicated by the exponents, are joined to
form a convex hull (Figure 6.22(a)), and the resulting pentagon indicates that
the zeros cluster asymptotically along the five rays in the complex k-plane

that satisfy expression (4.47), (Figure 6.22(b)). This completes the proof for

_ (C.‘; + C.i)
-1+
@+
-(1+0
-+
(a) z-plane (z = —ikL). (b) k-plane.

Figure 4.10: The location of the zeros of the determinant function As(k) of the fifth

order PDE ¢;(z,t) 4+ ¢uozez(2,t) = 0 with uncoupled boundary conditions.

the fifth order case.

This approach of constructing the determinant function, can be generalised
for the n'® order problem. If the boundary conditions are uncoupled, then N
boundary conditions must be prescribed at © = 0 and n — N at x = L, where
N is determined according to Theorem 2.1.1. It follows that the n x n matrix
corresponding to the system S1, comprises exactly n — N rows of complex

exponential terms:

. T
[ ] ® ...... [ ]
N

. [ ] e ...... [ ]

( ekl giCkL i kL ’
oL GiCkL i EL

n—N <

ok GiCkL i EL

\

where ( = e%, and for the purposes of analysing the exponential terms of

the determinant function A, (k), the coefficients of all of the entries have been
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omitted.

Therefore, the determinant function A, (k) is given by the linear combination
of exponential terms, whose exponents result from summing any n— N of the
Ai(k) terms, k= 0,1,... ,n— 1. It follows that A, (k) will comprise exactly

"C, N terms:

g e ey

A (k) = F, (e(l—l—...—&—g“"*Nfl)z‘k;L e(C"’N+1+-~~+C”*1)ikL) |

The proof that the zeros cluster, in the complex k-plane, along the n rays
given by (4.47), follows from the observation that the n exponential terms
that contribute to the convex hull are the ones whose exponents comprise
powers of ( that lie on adjacent rays in the complex z-plane. The remainder
of the argument follows analogously to the argument used for the general

even order problem, and the proof is complete.

Remark 4.3.4. If the boundary conditions are uncoupled and n is odd, then
the zeros of the determinant function A, (k), of the n'® order linear evolution
PDE of the form ¢/(x,t) — qin)(w,t) = 0, cluster along the n rays in the

complex k-plane, given by

on—4+4y
LJZ{knarg(/{:n)z(n + ])ﬂ-}7 j:1727"'7n7

2n

which are precisely the n rays given by (4.47), reflected about the real axis.
Therefore the proof follows analogously to the above and is omitted from the

work.
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Chapter 5

Linear Numerical Results

In this chapter we consider the numerical solution of third and fourth order linear

differential equations, of the general form
ul™(z) + Tu(z) = f(x), =e[-1,1], (5.1)

where T is a linear z-differential operator, f(x) is a given smooth function, the integer
n defines the order of the problem and it is assumed that n boundary conditions are
chosen according to Theorem 2.1.1.

In the first section we solve a wide variety of third order problems. The difficulties
posed by the third order differential operator are due to the lack of symmetry, char-
acteristic of any odd order problem, and the subsequent non-symmetric nature of the
boundary conditions. All of the schemes use Chebyshev interpolation and employ the
program cheb, which was introduced in Section 1.2.2, to compute the Chebyshev differ-
entiation matrix Dy, defined by Theorem 1.2.1. Of particular interest is the solution of
the third order problem with coupled boundary conditions, which is illustrated in detail
in the next section.

Our aim is devising numerical schemes for the solution of the boundary value problems
under consideration that are simple and user-friendly, and that capture accurately the
qualitative behaviour of the solution. Our schemes are based on Matlab standard built-in
functions and routines, and their novelty is in the ability to model a variety of different
boundary conditions. However, they would not be adequate for a detailed study of small

scale phenomena in the solution.

Remark 5.0.5. We do not discuss here the direct numerical evaluation of the integral

representation formula for the solution of a linear boundary value problem, given by
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the transform method of Fokas. This approach has recently been considered [24] and
appears to yield a very competitive numerical solution technique in a large number of
cases. This is due to the property the integral representation sometime possesses, namely
that the contour for the computation can be deformed, using analyticity properties, in
such a way that all integrands are exponentially decreasing. This is a promising further
application to numerical computations of the method of Fokas, and a topic for further

investigation.

5.1 Third Order Numerical Results

In this section we solve numerically a variety of third order linear boundary value prob-
lems. We begin with a simple second order ODE boundary value problem as an illus-
trative example before developing the method for a variety of examples that do not
currently appear in the litearture, for the numerical imposition of boundary conditions
for the case of an odd order differential operator. We conclude this section with a simple
example of a third order PDE with non-homogeneous uncoupled boundary conditions

to illustrate the technique.

5.1.1 The Imposition of Boundary Conditions

All of the examples included within this section use a matrix-stripping technique of the
appropriate rows and columns of the Chebyshev matrix Dy for the explicit imposition

of the boundary conditions.

Example 1: Let us begin with one of the simplest possible examples that demonstrates
the use of the program cheb. Consider the following second order linear ODE boundary

value problem, with Dirichlet boundary conditions:

Uge () = f(2), x€[-1,1],

where f(x) is a prescribed smooth function. To achieve a numerical approximation to
the exact solution wu(z), we begin by computing the Chebyshev differentiation matrix

D3, which is precisely the square of Dy. The imposition of the boundary conditions
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is straightforward. We begin by taking the interior Chebyshev points x1,... ,zy_1 as
our computational grid, along with the vector u = (uy,... ,uy_1)" as the corresponding

vector of unknowns:

e Let p(z) be the unique polynomial such that deg(p(z)) < N with p(£1) = 0 and
plr;) =u;, 1 <j< N -1

e Set fj :p”<$j), 1 g] <N -—1.

So, D% is an (N +1) x (N + 1) matrix, that maps the vector of unknowns (uo, . .. ,uy)"
to the vector (fo,..., fx)?. Since ug and uy are known to take the values of zero, we
can ignore fy and fy, implying that the outer rows and columns of D%, have no effect.
This means that all we have to do is invert the reduced (N —1) x (N — 1) matrix, which
we shall call D?V, and multiply by the vector (fi,..., fy_1)’ to achieve an approxima-

tion to the interior points (uy,... ,uy_1)7.

Example 2: We now examine the following third order linear ODE boundary value

problem with homogeneous uncoupled boundary conditions:
Uzze() = f(2), w€[-1,1], (5.2a)
u(—=1) =0, u(l)=0, wu,(l)=0, (5.2b)

where f(x) is a prescribed smooth function. The imposition of the boundary conditions
is not as straightforward as with the second order problem, because we now have both
Dirichlet and Neumann boundary conditions at x = 1. However, to solve the problem

numerically, we employ a simple trick involving polynomials related as follows:

u(z) = (1 —z)q(x),

for some polynomial ¢(z). After three differentiations we obtain

A polynomial ¢(x) such that deg(q(z)) < N, with ¢(£1) = 0, corresponds to a polyno-
mial u(x) such that deg(u(x)) < N + 1, with u(£1) = u,(1) = 0. Hence deg(u(z)) =
deg(q(z))+ 1. We take the interior Chebyshev points x1, ... ,xy_1 as our computational

grid with u = (uy,... ,uny_1)T as the corresponding vector of unknowns:
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e Let g(x) be the unique polynomial such that deg(q(z)) < N with ¢(+1) = 0 and
qglzj)=—=L,j=1,... ,N—1.

—r. )
1—x;

o Set f; = (1 — %) quaa(®j) — 3qua(z;), j=1,... ,N — 1.

Hence

(1 —2;) DY —3D%) q(x;) = f(x;),  j=0,...,N,

where ¢(+1) = 0. Therefore the matrix [diag(1 — z) D} — 3D%] x diag (&) maps a
vector (ug,...,uyn)? to a vector (fo,..., fn)T. The problem has therefore been con-
verted from one in terms of u(z) with three boundary conditions, to one in terms of ¢(x)
with simple Dirichlet boundary conditions, which we know how to solve from the sec-
ond order problem seen previously. Hence to solve our problem, we define our spectral

discrete operator as follows:

1

L:[diag(1—xj)[);°’v—3f)§v}xdiag( ) j=1,...,N—1,

where D?\, and D]QV are the matrices obtained by taking the indicated powers of Dy and
stripping away the first and last rows and columns. So, solving our original problem

spectrally is now equivalent to solving the linear system of equations for u(x):

LU:f, f:(fl,...,fN_l)T.

There is an alternative approach to imposing the boundary conditions, which can be
adapted to accommodate more complicated boundary conditions, and will prove to be

useful later. We begin by writing the problem as follows:
Dyuj=f;, 0<j<N,

where u; = (u(z0),u(z1), ... ,u(zy))" and f; = (f(x0), f(z1), ..., f(zn))". To impose
the two Dirichlet boundary conditions, we begin by stripping D3, of its outer rows and

columns to produce D?\,:
Diu;j=f, 1<j<N-1. (5.3)

To impose the Neumann boundary condition at © = 1 we replace the first row of D?\,

with the first row of Dy and replace f; in (5.3) by 0, since u,(1) = 0. The system can

181



be viewed as follows:

DN(O,l) DN<O,2) DN(O,N — 1) Uy 0
D%(2,1)  DX(2,2) D§(2,N — 1) Uy f2
D3(N —1,1) D}(N —1,2) ... D3(N —1,N —1) Uy frnoa

Example 3: The technique of transforming the problem for u(z;) into one in terms of
q(x;), where just two boundary conditions are imposed on ¢(x), can be extended to the
case where u(z) has non-homogeneous uncoupled boundary conditions. We consider the

example
Uzzz () + Aty (x) + Bug(z) + Cu(z) = f(z), xe€[-1,1], (5.4a)
u(—=1)=ua, u(l)=>b, u,(l)=c, (5.4b)

where A, B, C,a,b and ¢ are constants and f(x) is a prescribed smooth function. So in

this case our operator L is given by

d d d
L= A 4+B—1C.
dx3+ dx2+ dx+0

To impose the boundary conditions, we suppose that u(z) takes the form

u(z) = g(x) q(x) + h(z), (5.5)

for some smooth functions g(z) and h(z) and polynomial ¢(z) such that ¢(+1) = 0. By

inspection we find that

@) —zo1,  h)— (a+240—b>x2+(b;a)x+(3b+z—20) |

The original problem can therefore be expressed in terms of ¢(x) as follows:

(# = D)guee(®) + 3+ A(z — 1)) gaa(z) + (24 4+ Bz — 1)) gu(z) + (B + C(z — 1)) ¢(x)
— f(2) = Ahyu(z) — Bhy(z) — Ch(z),
where ¢(£1) = 0. Hence our spectral discrete operator for the problem is given by
L = diag(z; — 1)D% 4 3D% + Adiag(z; — 1)D3% + 2ADy
+ Bdiag(x; — 1)Dy + BDS + C diag(z; — 1)DY,
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for j =1,... N —1. Thus we solve the linear system for ¢(z) and compute the solution

u(z) via equation (5.5).

Example 4: Consider now the third order linear ODE boundary value problem, with

coupled boundary conditions:
Upee(2) = f(2), 2 €[-1,1],
u(—=1)=0, u(l)=0, wu,(l)=au,(-1),

where f(x) is a prescribed smooth function and « is a given constant. We begin by

discretising the problem as follows:
Diu;=f, 0<j<N, (5.6)

where u; = (u(zo), u(xy),... ,u(zy))" and f; = (f(zo), f(z1),..., flzn))". The two
Dirichlet boundary conditions are imposed by stripping D3; of its outer rows and columns

to produce D3;:
[)?Vuj:fj, 1<]<N—1

The coupled boundary condition is imposed by replacing the final row of f)f’v by a
combination of the first and last rows of Dy. The system of equations that result, can

be viewed as follows:

D3.(1,1) D¥(1,2) ... D3(1,N-1) Uy fi
D%(2,1) D%(2,2) D%(2,N — 1) Uy fo
D3 (N —2,1) D}(N—-2,2) ... D}(N—-2,N —1) Un—_2 frn—o
B(N-1,1) &B(N-1,2) ... &N —-1,N—1) Un- 1 0
where

dx(N —1,i) = Dy(0,i) — aDyn(N,i), i=1,2,...N—1.

The solution on the interior grid points is now easily obtainable by inverting the matrix.
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5.1.2 The Time Dependent Boundary Value Problem with

Non-Homogeneous Uncoupled Boundary Conditions

We now solve the following time dependent problem
w(x,t) + Alugg,(x,t) + A2uyy (2, t) + A3uy(z,t) + Adu(z,t) + A5 =10,
w(z,0) =ug(x), t>0, ze[-1,1],
u(—1,t)=a, u(l,t)=0>, wu,(l,t)=c,

for constants A1(#£ 0), A2, A3, A4, A5, a,b and c.

For the time derivative we use a Backward Euler formula, and we approximate the
spatial derivatives via the Chebyshev differentiation matrix Dy. The approximation is
given by

u(mja t+ At) — u('rj’ t)

A7 = —A1D3u(zj, t + At) — A2DJu(z;,t + At)

—A3Dnu(zj, t + At) — Adu(z;,t + At) — A5,
which we rearrange to give

A2 A
Diu(zj, t + At) + MDZZVu(xj, t+ At) + A—?DNu(xj,t + At)

1 1 1
— A4+ — Gt AY) = ——u(z;,t) — —.
17 ( + At) u(zj, t + At) T Atu(rﬁ],t) T

At each time level, the problem takes the form of (5.4) where

A2 A3 1 ( 1 11 A5

which we know how to solve, via Example 3.

5.2 Fourth Order Numerical Results

We now develop the numerical schemes of Section 5.1 for the solution of fourth order
linear boundary value problems.

In the next section we present a numerical scheme involving a simple polynomial trick
for imposing clamped boundary conditions, which follows closely the analogous third

order problem, given by Example 2 of Section 5.1.1. This approach is then contrasted
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to a new, more adaptable scheme for the explicit imposition of the boundary conditions,
involving the manipulation of the rows and columns of the Chebyshev differentiation
matrices. This approach, based on the Matlab Differentiation Matrix Suite of Weide-
man [51], has the advantage of being easily adaptable for more complicated boundary
conditions, and essentially follows the general approach that was used in Section 5.1.
We conclude the chapter by introducing the concept of implicit transform methods
for the imposition of boundary conditions. This is well known for second order prob-
lems, where it essentially reduces to the use of the sine and cosine transform. We
illustrate here, the use of these transforms to solve a fourth order example, with a view
to extending this idea to more general transforms tailored to the specific problem to be
solved, and modelled on the solution representation given by the Fokas transform. This

approach is not pushed further here, but will be the focus of further work.

5.2.1 Clamped Boundary Conditions

In this section we present an approach, involving a simple polynomial trick, for the
imposition of clamped boundary conditions. We consider the fourth order linear ODE

boundary value problem, given by
u:r:p:m:(x) = f(x) s T & [—1, 1] s (57a>
u(£1) =0, wu,(£l)=0, (5.7b)

where f(z) is a prescribed smooth function. The spatial domain [—1,1] is discretised
by N + 1 unevenly spaced Chebyshev points, defined by (1.12), and the corresponding
vector of unknowns is given by (u(xg),u(z1), ..., u(zy))t.

To solve the problem numerically, we employ a simple trick involving polynomials

related as follows
u(@) = (1 - 2)g(z), g(21) =0. (5.5)
Differentiating (5.8) four times, we obtain
Uszaa (%) = (1 = %) owee () — 82Guaa () — 12q40 () .

A polynomial ¢(z) such that deg(q(z)) < N, with ¢(£+1) = 0, corresponds to a polyno-
mial u(z) such that deg(u(z)) < N + 2, with u(+1) = u,(£1) = 0. Hence deg(u(x)) =
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deg(q(x))+2. We take the interior Chebyshev points z1, ... ,zy_1 as our computational

grid with u = (uy,... ,uny_1)T as the corresponding vector of unknowns:

e Let ¢(x) be the unique polynomial such that deg(q(z)) < N with ¢(£1) = 0 and

11—z

q(z;) = uj?,jzl,... N —1.
o Set fj - (1 B x?)wamx<$j) o ijszm(l'j) - 1QQ17m(xj)7 j - 17 R 7N — 1.

Hence
(1= 22)DY — 82,03 — 12D3) glay) = f(z;), J=0,....N,

where ¢(&1) = 0, and D%, D3 and D} are defined by taking the appropriate powers

of the matrix Dy. Therefore the matrix [diag(l — «3)D3 — 8diag(z;) D} — 12D%] x

diag <ﬁ), maps the vector (ug, ... ,ux)’ to the vector (fo, ..., fy)T. Hence, to solve
J

(5.7), we define our spectral biharmonic operator by

N . N 1
L= [diag(l — a%) Dy, — 8diag(z;) D3, — 12D]2V} x diag <1 2) . j=1,...,N—1,

where D%, D3, and DY are the matrices obtained by taking the indicated powers of Dy
and stripping away the first and last rows and columns. The solution of the original
problem is now obtained from solving the following linear system of equations for u(x)

on the interior grid points:

LU:f, f:<f17...,fN_1)T.

Remark 5.2.1. This approach can be compared to the analogous third order case, given
by (5.2), where the boundary conditions u(£1) = 0 and u,(1) = 0 were imposed by
letting u(z) = (1 — z)g(x) where ¢(£1) = 0.

5.2.2 Weideman’s Matlab Differentiation Matrix Suite

The Matlab Differentiation Matrix Suite of Weideman and Reddy [51] comprises 17 Mat-
lab functions for solving differential equations by the spectral collocation (pseudospec-
tral) method, and combines the concepts of the differentiation matrix, along with the
matrix-based approach to the numerical solution of differential equations. The codes

presented, enable the user to generate spectral differentiation matrices, plus associated
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nodes, based on Chebyshev, Fourier, Hermite and other interpolants, and can be used
to solve a variety of boundary value problems.

The emphasis of the paper is on the matrix-based implementation of the spectral
collocation method. It is recognised that transform methods, such as the fast Fourier
transform (FFT), can be computed in O(N log N) operations rather than O(N?) oper-
ations, required by the direct computation. However, for small values of N, the matrix
approach is faster than the FFT implementation. Hence, there are situations when the

matrix approach is preferable.

Remark 5.2.2. The general approach used for the numerical schemes in the paper of
Weideman [51], can be compared to the approach used for the schemes that have already
been presented in Section 5.1 for the third order numerical results. However, the schemes
of interest in [51] are presented in the context of solving fourth order problems, and hence

are discussed in this section for the first time.

Clamped Boundary Conditions

In this section, we present two more approaches for solving the problem, given by (5.7).
The first is an adaptation of the method presented by Weideman [51], for the imposition
of the hinged boundary conditions u(+1) = u,,(£1) = 0, and the second involves the

construction of an interpolating polynomial.

Method One

In this section we explain how the approach of Weideman, used for the imposition of
hinged boundary conditions, can be adapted for the imposition of the clamped boundary
conditions u(+1) = u,(41) = 0. This approach can be compared to the analogous third
order example of Section 5.1.1. We begin by writing the problem u,,..(x) = f(z), for
some given function f(z), on the N 4 1 point grid, as the linear system of equations,

given by
Dyu;=f;, 0<j<N,

where D3 represents the fourth power of the Chebyshev differentiation matrix Dy,
u; = (u(xo),u(x),... ,u(zy))” and £; = (f(xo), f(x1), ..., f(zn))T. The imposition of

the Dirichlet boundary conditions, corresponds to removing the outer rows and columns
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of D} and reducing the problem to a linear system of N —1 equations. The interpolating

polynomial is given by
N-1
py-1(2) = ) u;o5(x), py-a(£1) =0, (5.9)
j=1

where {¢;(x)} is the Lagrangian basis set corresponding to the set of Chebyshev nodes
{z;} on [—1,1], and the requirement that the equation w,...(z) = f(x) is satisfied on

the interior N — 3 grid points, implies

"

N-1
Py_q(xg) = Z ujgzﬁ;-m(xk) = flxy), k=2,...,N—2. (5.10)
j=1

The Dirichlet boundary conditions have already been considered, but the Neumann

boundary conditions, py_;(£1) = 0, must now be accommodated. These imply

N-1 N-1
Pya(D) =D udi(z0) =0,  py_y(=1) =D w;j(wn) =0. (5.11)
j=1 j=1

Hence (5.10) and (5.11) form a linear system of N —2 equations, solvable for the unknown

interior points uq,... ,uy_1. In matrix form we write
Dyu=f, 1<j<N-1,

which is given explicitly, in matrix form, as

¢1(z0)  Galwo) .. Py_i(20) Uy 0
o1 (r2) 0y (22) ... dn_y(a2) us f
: : - : : = : : (5.12)
¢1 (TN-2) Gy (Tn-2) .. dn_y(an-2) UN—2 fn—2
¢1(zn)  olan) oo Onog(z) Un—1 0

The entries of the matrix are numerically computed using the Chebyshev differentiation
matrix Dy.

In summary, the interpolation process outlined above, corresponds to replacing the
first and last equations of the linear system D}‘Vuj =1f,1<j < N—1, with the

interpolants, given by (5.11). In agreement with the notation of Section 5.1, if we let

¢;<xj):DN(j7i>7 i=1,2,...,N—1, j=0or N,

"

o) (zx) = Di(k, i), k=23,...,N—2,
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then the matrix system, given by (5.12), can alternatively be written in the form

DN(O,l) DN(O,Q) DN(O,N— 1) Uq 0
D%(2,1) D4(2,2) ... DL2,N-1) Uy fo
DY (N —2,1) DY(N —2,2) ... D4(N —2,N —1) Un—o fr—o
DN(N, 1) DN(N,Q) DN(N,N—l) UnN-1 0
Method Two

The final approach that we present for the imposition of clamped boundary conditions, is
the approach used by Weideman [51]. This involves the construction of an interpolating

polynomial pyyo(x) of degree N + 2, satisfying the N — 1 interpolating conditions
pnie(zy) =ug, k=1,... N—1, (5.13)
and the four boundary conditions
pra(E) =0, pyya(1) =0, (5.14)

The nodes {xy} are the interior Chebyshev points, with corresponding Lagrangian in-

terpolating polynomials, given by

122 T
cbj(x)=<—1>J(N_ﬁf)2xﬁ<?, Sl N-1.

where Ty (x) is the Chebyshev polynomial of degree N. We define {q%(x)} b,

1— 22

§i(x) = (1_9““2) ¢i(x), j=1,...,N—1,

and conclude that the interpolating polynomial pyo(z), satisfying all of the conditions,

posed by (5.13) and (5.14), is given by

N—
pN+2 Z j¢]

The approximation to Ug...(z) = f(x), is therefore given by

" ~////
Pryo(Tr) E u;p; k=1,...,N—1,
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and hence the approximation can be written as the following matrix X vector multipli-

cation:

T

¢ (

T

¢1 (x

T

¢1 (zn

T

¢1 (zy

1)
2)

T

N_2) ...

&y (1)
Oy (22)
o) by (2
L) by (x

Not) -

T

Oy (@

T

P 1(

T

On_1(TNn

T

On-1 (TN

1)
2)

Uy

Uz

UN—-2

UN-1

S
f2

fn—2
S

The Imposition of Alternative Boundary Conditions

In this section we generalise the approach used by Weideman [51], and develop a nu-

merical scheme for the solution of the general problem, given by

Uzzzz () = f(2), e[-1,1], (5.15a)
W) =0, uw(-1)=0, u"1)=0, nme{1,2,3},  (5.15b)

where f(x) is a given smooth function.

The interpolating polynomial, and the requirement that wu,...(z) = f(x) on the
interior N — 3 grid points, yields the expressions, given by (5.9) and (5.10) respectively.
The four boundary conditions, given by (5.15b), imply that

Z ujp; m) ()

Therefore the resulting linear system of N — 1 equations, can be written in matrix form

2

-1

P (1) =) wdl (an) =0,

J

le
1

as
" (wo) 84" (x0) o1 (o) u 0
P (22) ¢y (z2) ... N_1(z2) Uz f2
A (xn—2) 5" (xN-2) ... O _1(TN-2) UN-2 Sz
o (an) 95 (an) e ONLi(an) )\ v 0
For consistency with the notation that has been used throughout, we let
{m,n} _ ymmng oo -
07" (2) =Dy 0 | 12, N-1, j=0or N,
¢;///($k):D;1V(k7 2)7 k:2,3, ,N_
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and give the alternative form of the matrix system:

D(0,1) DR(0,2) ... DRO,N—1) uy 0
D4(2,1) D%(2,2) ... DL(2,N-1) Uy fa
D4(N —2,1) DY(N—-2,2) ... DY(N—-2,N —1) Un—_2 frn—o
D%(N,1) D%(N,2) ... D¥(N,N-1) Un_1 0

The approximation to the solution on the interior grid points is therefore easily obtain-
able from inverting the matrix.
This approach can be extended to accommodate more complicated boundary condi-
tions. As a final example, we consider problem (5.15a) with the boundary conditions
u(l) +ug(l) =ay, u(—1) +uz(—1) =a_,
(5.16)
for some given constants a+ and by. The boundary conditions are imposed numerically

by taking the system
D;lvu]':fj, 0<] SN, (517)

where u; = (u(zo), u(xy),... ,u(zy))" and f; = (f(xo), f(z1), ..., fzn))", and replac-
ing the first two and last two rows of D% by appropriate linear combinations of D%,
Dy, D% and D3, as indicated by the boundary conditions. Explicitly, the system of

equations that results is given as follows:

d(0,0) d(0,1) ... d(0,N) ug ay
d(1,0) d(1,1) ... d(1,N) u b
D4.(2,0) D4(2,1) ... Di(2,N) Uy f2
DY (N =2,0) DY(N=2,1) ... DY(N=2,N) | | un_s Froa
d(N—-1,00 dN-1,1) ... d(N—1,N) Un-1 b_
d(N,0) d(N,1) ... d(N,N) Uy a_
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where
\

d(0,4) = D%(0,4) + Dn(0,14),
d(1,7) = D%(0,4) + D3%(0,14),

d(N,i) = D%(N,i) + Dy(N, 1), )
Remark 5.2.3. This approach can be extended to any linear operator acting on u(z).
For example, if the problem was given by (%) + tz () = f(x), with the boundary

conditions given by (5.16), then the initial system, given by (5.17), would be replaced
by

(DY +D3)wy =1, 0<j<N,

and the remainder of the method for imposing the boundary conditions is unchanged.

Remark 5.2.4. The general approach of the numerical schemes for imposing the bound-
ary conditions, given by (5.16), can be adapted to accommodate other, more compli-

cated, boundary conditions.

5.3 Numerical Transforms

We conclude this chapter by discussing an alternative approach for solving boundary
value problems, involving the implicit imposition of the boundary conditions.

The use of numerical transforms will be discussed in further detail in Chapter 6, in
the context of periodic problems. Indeed, the use of the discrete Fourier transform,
which can be implemented using the fast Fourier transform algorithm, offers a fast and
efficient approach for solving such problems. However, our attention now turns to the
problem of solving linear boundary value problems by using the appropriate transform.

The most common boundary conditions are when either the solution vanishes, or when
the derivatives vanish, at the two endpoints of the interval. i.e., when the boundary con-
ditions are either of Dirichlet or Neumann type. In these cases, the two transforms that
are employed, for the implicit imposition of the boundary conditions, are the discrete
sine transform and the discrete cosine transform respectively, and these will be the focus

for the remainder of the chapter.
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5.3.1 The Sine Transform and the Cosine Transform

Let us begin with the continuous case. Recall the Fourier transform pair of a function

u(z), x € R, defined in Section 1.2.1 by

u(k) = Fu(x) :/ e *y(z)dx, x,keER,

u(z) = Fra(k) = % / h e*q (k) dk .

— 00
In the case where u(x) is either an odd or an even function, the Fourier transform pair
reduces to the sine transform pair or the cosine transform pair respectively. Furthermore,

if u(z) is either an odd or an even function, then @ (k) will be either odd or even too:

i.) Fourier Sine Transform: If u(x) is an odd function, i.e., u(z) = —u(—z), z € R,
then the Fourier sine transform u4(k), and the inverse Fourier sine transform u(x),

are defined by

us(k) = Fus(z) = /000 us(x) sin(kz)dr, x,keR, (5.18a)
us(z) = FViy(k) = % /0 " (k) sin(kz) dk, (5.18b)
where
u(z) = — ak) = —V2iay (k).

ii.) Fourier Cosine Transform: If u(x) is an even function, i.e., u(z) = u(—x),
x € R, then the Fourier cosine transform u.(k), and the inverse Fourier cosine

transform wu.(z), are defined by

(k) = Fug(z) = /0 " ue(z) cos(ha)dz, z.kER,  (5.19)
uc(r) = F (k) = %/OOO tc(k) cos(kx)dk, (5.19b)
where
1 o e
u(x) = 7 u(x),  alk) = v2u.(k).

The formulae used to obtain the Fourier sine/cosine transform of a derivative, are

achieved by integration by parts of equations (5.18a) and (5.19a) respectively. For
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example, the first derivatives are given by

wy(k) = —kie(k),  u(k) = d.(k) — u(0),
and the second derivatives are given by

W(k) = —kK*a,(k), (k) = —ka.(k).

Higher order derivatives are calculated analogously.
Let us now consider the discrete case, and assume that we are given a function u(z),
defined on the interval [0, 7]. We consider the discrete sine transform and the discrete

cosine transform separately:

i.) Discrete Sine Transform: Matlab has two built in functions for implementing
the discrete sine transform and the inverse discrete sine transform, that we shall

refer to as the dst and idst respectively. The formula for the dst is given by

i.e., Fyu; = uy computes the discrete sine transform of the function u(zx).

It may be convenient to think of the discrete sine transform as a matrix x vector
multiplication. The discrete sine transform of the vector u(z) = (uy,us, . .. ,uy)’,
is given by Uy = (Ug,, Uk, - - - ,ﬂkN)T, and can be performed according to the

following system:

Ug, sin (NLH) sin <N2—L) sin (NN—JZTI) Uy
U, | sin (%) sin (%) sin ]QVLJF’;) Ug
Uk sin (NN—fl) sin (%) ... sin (J]\\/[_E> Uy

The idst function, that is used to transform back to physical space, is given by

N .
Fﬁlﬁk:u:LZﬂk sin mjk 7=1...,N
S ) N+1k:1 N—|—1 ) ) ) ’

and is given explicitly by the following matrix x vector multiplication:

Uy sin (NLH) sin (NZ—L) ... sin (NN—L) Ug,

up |2 sin (NQ—L) sin (]\;“—L) ... sin (ZQVLJ:{) U,
- N+1

un sin (7) sin (343) . osin (857) )\ au,

194



Hence, the second derivative of a function, satisfying Dirichlet boundary condi-

tions, is given by
ui = F (=K Fay) , j=1,...,N. (5.20)

Remark 5.3.1. Matlab stores the wavenumbers in the order 1,... , N/2+1, —N/2+

2,...,0.

Discrete Cosine Transform: Matlab has built in functions for implementing
the discrete cosine transform and the inverse discrete cosine transform, that we

shall refer to as the dct and idct respectively. The formula for the dct is given by

N .
25 —1)(k—1
Fcujszk:ykZujcos(ﬂ(] I )), k=1,... N,
=1

2N

where

Yk (5.21)

i.e., Fruj = 4y, computes the discrete cosine transform of the function u(z). This

can be written in matrix X vector form as follows:

. L ) X
Uk, 75 75 C.. 75 m
U, 5 cos (%) cos (S—j;) . oS (ﬂ(221>7v—1)) ”
g, | =\l | cos(3x) cos(3y) ... cos <2”(§JX,‘1)> us
U cos (2D cos (3=N-D) . cos (ZEN-DIN-L) UN

The idct function, that is used to transform back to physical space, is given by

N .
2 —-1)(k—-1
Fc_lak_uj_zykakcos(ﬂ-(j )( )>7 j:]-a"'an
k=1

2N

where y, is given by (5.21), and is given explicitly by the following matrix x vector

multiplication:
1 s TI'(N—l) N
Uy 7 cos (ﬂ) e cos < SN > Gig,,
T 3r(N—1 N
Us \/Li coS (S—N) ...  Cos ( (2N )) U,
u = 2 4 cos(2%) cos (SF(N_U) U
3 N/2 V2 2N T 2N k3
UN \% CoS (%) ... COS <%) @kN
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Hence the second derivative of a function, satisfying Neumann boundary condi-

tions, is given by
w2 F ' (=kKFauy), j=1,...,N.
Remark 5.3.2. Matlab stores the wavenumbers in the order 0,... ,N/2,—N/2 +

1,..., -1

Example: We conclude this chapter with a simple example to illustrate the use of the
discrete sine transform algorithm and consider the following fourth order beam equation

with Dirichlet boundary conditions:
Ut (2, 1) + Uggaa(2,8) =0, u(x,0) =ue(z), t>0, zel0,7], (5.22a)
w(0,t) =0, u(L,t) =0, wuu.(0,t) =0, wuw(L,t)=0, (5.22b)

for some given smooth function ug(z).

Remark 5.3.3. Whilst (5.22a) is not of the form of the fourth order PDEs studied in
Chapter 4, it has a physical application to the real life situation of a vibrating beam with
stationary end points. Furthermore, the focus of the example is on the approximation
of the fourth order spatial derivative and the imposition of the boundary conditions,
and the form of both in (5.22) is the same for the analogous PDE with a first order time

derivative.

For the time derivative we use a simple leap-frog formula, and we approximate the
fourth order spatial derivative using the discrete sine transform formula, analogous to

expression (5.20). Hence
Upgzo (2, 1) 2 F, 1 (K Fou(z,t)) , j=1,...,N,
and therefore
u(z,t + At) = 2u(z, t) — u(z, t — At) — (A F; (K Fou(z,t)) .

The domain was discretised by 256 grid points and the program was run with At =
0.00001 and the initial solution

a\2
u(z,0) = e=100(=5) , (5.23)
and the numerical output is given in Figure 5.1.
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Figure 5.1: The PDE wuy (2, t) + tgzar (2, t) = 0 with initial condition given by (5.23), solved using 256
grid points, At = 0.00001 and the discrete sine transform for the implicit imposition of the Dirichlet

boundary conditions.

Remark 5.3.4. Numerical transforms offer an alternative approach for the implicit im-
position of boundary conditions and the discrete Fourier transform will be used in the
next chapter to model the periodic KdV equation. The concept of developing this ap-
proach for the imposition of more complicated boundary conditions, for example Robin

or coupled boundary conditions, is left as an open problem and a topic for future work.
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Chapter 6

Nonlinear Numerical Results

In this chapter we consider the KdV equation posed on a finite interval. To be precise,

we consider the following problem

U + Uy + Ugge =0, >0, x€][0,L], (6.1a)

u(z,0) = ug(x), x€l0,L], (6.1Db)

where ug(x) is a given smooth function, L is a positive constant, and it is assumed
that appropriate boundary conditions are imposed, see Theorem 2.1.1. Equation (6.1)
is not quite the KdV equation, as the linear term w,(z,t) is missing. However, (6.1)
is equivalent to the KdV equation on R, hence for our periodic examples we can easily
add the consideration of the extra term in all computations.

The first difficulty is caused by the lack of symmetry, characteristic to any third order
boundary value problem, and the second by the nonlinearity. The numerical schemes
we use are all spectral. In particular, we shall use the FFT described in Section 1.2.1, as
well as the Toeplitz differentiation matrix approach, see Section 1.2.1. To set the stage,
we begin by addressing the periodic problem, and consider the evolution of an initial

solitary wave of the form
1
u(z,0) = 3A%sech? <§Ax) : (6.2)

where A is a constant that determines both the amplitude and speed. All schemes are
based on either the one-step method of Fornberg and Whitham [25] or the split-step
method of Tappert [45]. We use them to study the interaction of solitary solutions. We
also consider the issue of numerical conservation of energy. This is satisfied to a very

good accuracy, when the problem is periodic.
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We then consider the non-periodic boundary value problem. We first discuss the well
known issue of the necessity for unevenly spaced grid points in the construction of our
spectral methods. All the non-periodic problems considered are solved using Chebyshev
differentiation matrices and the split-step method of Tappert [45]. The focus of the
non-periodic results will be on the implementation of the boundary conditions, in view

of studying their effect on the evolution of the solitary solutions of the form (6.2).

6.1 The Periodic Problem

In this section, we consider two numerical methods for solving the third order periodic
problem for the KdV equation (6.1). The first scheme is a one step method while the

second uses a split step approach.

6.1.1 Method One: The One-Step Fourier Method by
Fornberg and Whitham

Fornberg and Whitham [25] consider the nonlinear wave equations of the form
u + f(uw)uy + Lu =0,

where f(u) is a given function, and L is a linear operator with constant coefficients.
They present an efficient numerical method for solving such nonlinear wave equations
using a simple leap-frog scheme in time, along with a Fourier transform treatment of
the space dependence. The equation that will be the focus of our attentions is equation
(6.1), hence f(u) = u(x,t) and L = 88—;,.

The spatial period is [0, 27| discretised by N points. Using a leap-frog scheme in
time, equation (6.1) is approximated by

u(z,t + At) — u(z, t — At)

AL + u(z, ) F " (ikFu(z,t)) — F~' (ik*Fu(z,t)) =0,

where F~!(ikFu(x,t)) and —F~! (ik®Fu(z,t)), according to Section 1.2.1, are the

Fourier approximations to u,(z,t) and ., (z,t) respectively. Rearranging yields

u(z,t + At) —u(z,t — At) + 2iu(z, t) At F~ (kFu(z,t) — 20 At F~ (K*Fu(z,t)) = 0.
(6.3)
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The accuracy of all consistent difference approximations to a differential equation de-
creases rapidly as the wavenumbers increase. This is particularly true for the leap-frog
scheme in time. However, the accuracy of the scheme for high wavenumbers can be

improved by modification of the last term to give
u(w,t + At) —u(z, t — At) + 2iu(z, t) At F' (kFu(z,t))
— 20 F~ (sin(k*At) Fu(z,t)) =0, (6.4)

noting that the two methods are identical in the limit At decreasing to zero. The
computational cost for both equations, (6.3) and (6.4), is three fast Fourier transforms
per time step, and since the scheme is second order accurate in time, when At is halved
the overall error due to the time discretisation can be expected to decrease by a factor
of four.

For low wavenumbers k, the difference between (6.3) and (6.4) is only O(k%). If
equation (6.3) is considered for high wavenumbers k, then the term approximating ;.

dominates uu,, and equation (6.3) is essentially
u(z,t + At) —u(z,t — At) — 20 At F~' (K Fu(z,t)) =0,
which approximates the linear equation
(2, t) 4+ Ugge(x,8) = 0. (6.5)
In comparison equation (6.4) becomes
u(z,t + At) — u(z,t — At) — 20 F~" (sin(k*At)Fu(z,t)) =0,

for large wavenumbers, and is exactly satisfied by any solution of the linear equation

(6.5). To see this, consider the solution u(x,t) = e+t of equation (6.5). It follows
that

w(z,t+ At) = e Az 1), u(z,t— At) = e *F Ay, 1),
and hence

u(z,t + At) —u(x,t — At) — 2i sin(k3At) u(z,t) =0.
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Furthermore, the linearised stability condition for (6.4), which is discussed in detail in
[25], is given by

Al < 3 ~ (0.1520
Ax3 22 T ’

Hence, for the spatial domain [0, 27| it is required that
or\

At < | — | 0.1520.
(%)

This method is used to study the interaction of solitary waves, and we begin by modelling

the evolution of a single soliton. The initial solution takes the form
2 2 (1
u(z,0) = 3A%sech (§A(J: -7+ 2)) : (6.6)

where the parameter A determines both the amplitude and speed. The program was

run using 128 grid points with Atz = 0.00001 and A = 15.

Figure 6.1: Fornberg and Whitham’s one-step method for the periodic KdV equation with the single
soliton initial solution (6.6), solved using 128 grid points, At = 0.00001 and the FFT to approximate

the spatial derivatives.

The numerical output, given by Figure 6.1, confirms the known behaviour of the
soliton. On a periodic grid, the soliton travels without losing energy, collides with the

boundary, emerges from the opposing boundary and continues to travel in the same
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direction, with the same speed. The stability properties of the solution w(z,t) can be

analysed by examining the Euclidean norm

L
uz, 8)|3 = / u(z, t) de |

where x € [0, L]. We begin with equation (6.1), multiply throughout by u(z,t) and

integrate with respect to x over the domain to give
L
/ (uut + uluy, + uuxm) dr =0.
0

Integration by parts yields the following

1d 1 1"
——||u(z, t)|]3 = {—ui — Uy — =] . (6.7)
2dt 2|2 3 |,

It follows trivially that if the problem is periodic, then the following conservation of

energy law must be satisfied:

d L
T lu(x,t)[*dz = 0. (6.8)
0
We now consider the numerical form
N N
D iz )P = Jui(w, t+ AL, (6.9)
i=1 i=1

which is the discrete analogue of (6.8). Hence numerically the Euclidean norm, for each

solution u(z,t), is computed using the formula

N
llu(z, )5 =Y iz, ),
=1

and the normalised Euclidean norms are calculated using the formula
2 1 - 2
|lu(z, )]]; = @ 02 2 |ui(z, )] (6.10)
The same program is used to demonstrate the clean interaction of two waves (Figure
6.2) and repeated for three waves (Figure 6.3). Since these problems are also periodic,

the energy is conserved and therefore in both cases the solitons travel without losing

energy. The initial solutions take the form

u(z,0) = 3A%sech? (%A(x -7+ 2)) + 3B%sech? (%B(x - 7r)> , (6.11)
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where B = 10 for the double soliton initial solution, and

u(z,0) = 3A%sech? (QA(x — 7T+ 2)) + 3B%*sech? <%B(:§ - 7r))

+ 3C?sech? (%O(x -7 — 1)> , (6.12)

where C' = 8 for the three soliton initial solution. All other parameters remained as for

the single soliton example.

M\N

Figure 6.2: Fornberg and Whitham’s one-step method for the periodic KdV equation with the double
soliton initial solution (6.11), solved using 128 grid points, At = 0.00001 and the FFT to approximate

the spatial derivatives.

The programs return favourable results, showing the clean interaction of solitary
waves. It can be seen in Figure 6.2 that for the double soliton, since the wave speed
is proportional to the amplitude, the wave starting furthest left has greater amplitude
than the smaller soliton to its right and therefore travels faster, catches up with the
smaller soliton, passes thorough its path, and continues to travel in the same direction
and at the same speed as it was travelling before the collision. The interaction is clean
and the waves propagate without any distortion. The interaction of the three solitons,
demonstrated in Figure 6.3, follows analogously to the interaction of the two soliton

example.
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Figure 6.3: Fornberg and Whitham’s one-step method for the periodic KdV equation with the triple
soliton initial solution (6.12), solved using 128 grid points, At = 0.00001 and the FFT to approximate

the spatial derivatives.

Table 6.1, gives the normalised numerical Euclidean norms, calculated using equation
(6.10), at the initial solution and thereafter in time intervals of 0.003 up to the final
solution at time ¢ = 0.030. The values obtained agree favourably with the conservation
of energy law, given by (6.9).

For completeness, the previous three examples, for the single, double and triple soli-
ton initial solutions, were repeated using the same one-step approach to numerically
model equation (6.1) but rather than using the Fourier approach to approximate the
derivatives, the spectral derivatives were calculated using the Toeplitz differentiation
matrices, (see (1.11)). Using a leap-frog scheme in time, the approximation to equation

(6.1) is given by
u(z,t + At) = u(z,t — At) — 2At u(z, t) Dyu(w, t) — 24t Dyu(z, ),

where Dyu(x,t) and D3u(z,t) are the spectral approximations to u,(z,t) and ty., (z,t)
respectively.
This approach was successfully applied with the single soliton solution, given by (6.6),

used in method one and also to demonstrate the interaction of two solitons, given by
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t Single Soliton | Double Soliton | Triple Soliton

0 1.0000 1.0000 1.0000
0.003 1.0037 1.0030 1.0027
0.006 1.0043 1.0035 1.0032
0.009 1.0011 1.0008 1.0006
0.012 0.9972 0.9981 0.9984
0.015 0.9962 1.0009 0.9998
0.018 0.9985 0.9986 1.0017
0.021 1.0019 0.9982 0.9998
0.024 1.0035 0.9994 0.9975
0.027 1.0024 1.0007 0.9980
0.030 0.9996 1.0015 0.9998

Table 6.1: The normalised FEuclidean norms of the numerical results, given by Figures 6.1, 6.2 and
Figure 6.3, for the periodic KdV equation, solved using Fornberg and Whitham’s one-step method with
N =128, At = 0.00001 and the FFT to approximate the spatial derivatives.

(6.11), and three solitons, given by (6.12). In all cases the spatial domain was discretised
by 128 grid points and At = 0.000001 and the results are shown in Figures 6.4, 6.5 and
Figure 6.6.

The normalised numerical Euclidean norms for the results given by Figures 6.4, 6.5
and Figure 6.6 are presented in Table 6.2, for the initial solution and every solution
thereafter in time intervals of 0.003, up to the final solution at time ¢ = 0.030.

If we compare the results from Table 6.2 to Table 6.1, we see that the normalised
numerical Euclidean norms calculated at comparative time intervals, suggest that the

Toeplitz differentiation matrix approach yields more accurate results.
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Figure 6.4: Fornberg and Whitham’s one-step method for the periodic KdV equation with the single
soliton initial solution (6.6), solved using 128 grid points, At = 0.000001 and Toeplitz differentiation

matrices to approximate the spatial derivatives.

800

600

Figure 6.5: Fornberg and Whitham’s one-step method for the periodic KdV equation with the double
soliton initial solution (6.11), solved using 128 grid points, At = 0.000001 and Toeplitz differentiation

matrices to approximate the spatial derivatives.
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Figure 6.6: Fornberg and Whitham’s one-step method for the periodic KdV equation with the triple
soliton initial solution (6.12), solved using 128 grid points, At = 0.000001 and Toeplitz differentiation

matrices to approximate the spatial derivatives.

t Single Soliton | Double Soliton | Triple Soliton

0 1.0000 1.0000 1.0000
0.003 1.0004 1.0003 1.0003
0.006 1.0004 1.0003 1.0003
0.009 1.0000 1.0000 1.0000
0.012 0.9996 0.9998 0.9998
0.015 0.9996 1.0000 0.9999
0.018 1.0000 0.9998 1.0001
0.021 1.0003 0.9998 0.9999
0.024 1.0003 1.0001 0.9997
0.027 1.0000 1.0002 0.9999
0.030 0.9997 1.0001 1.0001

Table 6.2: The normalised Euclidean norms of the numerical results, given by Figures 6.4, 6.5 and
Figure 6.6, for the periodic KdV equation, solved using Fornberg and Whitham’s one-step method with

N =128, At = 0.000001 and Toeplitz differentiation matrices to approximate the spatial derivatives.
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6.1.2 Method Two: The Split-Step Fourier Method by Tappert

We now present a scheme that discretises the time variable using a split-step Fourier
method. This method is due to Tappert. We follow the presentation given by Taha
and Ablowitz [45]. The idea is to split the problem into the linear and nonlinear parts
and alternate between the steps. The first step advances the solution half of the time
step using only the nonlinear term, and the second half advances the new solution the
final half of the time-step using only the linear term. The scheme can be considered as

successfully solving the equations
ut+uux:07 ut+uzxx:07

where the solution of the former equation is used as the initial condition for the latter.
The advantage of this method is the fact that it avoids solving a nonlinear system of
equations at each time level, and the fact that the linear step can be solved exactly.

We begin by considering the problem with spatial domain [0, 27| and periodic bound-
ary conditions. The spatial variable as usual, is discretised spectrally.

For the first step, we transform the problem into Fourier space, advance the solution
using the classical fourth-order Runge-Kutta formula, and transform back to physical
space using the standard inversion formula. We begin by rewriting the equation as
follows

u tuu, =0 = ut+%(u2)x:0.

Transforming into Fourier space yields
. 1.~
Uy + —iku? =0,
2
where the hat denotes the Fourier transform. Therefore
du

L. N prn
gz—ész(u)—f(u).

The fourth-order Runge-Kutta formula is given by

1
i1 = il + (A +2(d® +d®) +aW) | (6.13)
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where

At
d = Tf(un) )
At d®
d? = —f(a, + —
5 f (un+ 5 ) ,
At d®
(3) = — U —_—
d 5 f (un 5 ) 7
A
dW = Tt f (@, +d®) .

To implement the second step, the solution is advanced using only the linear term by

means of the FFT. Taking the Fourier transform of the equation u; + . = 0, gives

d
— Gy, = ik, .
dt k k

Integrating with respect to t implies

and thus
At ,
ﬁk (t + 7) — ﬁkezkgAt/Q )

Therefore, for the second step, we advance the solution using the formula

, At
u(zj,t+ At) = F~! (eZkgAt/QFu (azj, t+ 7)) .

The split-step method is successful and the results achieved are more accurate than
those from the one-step approach of Fornberg and Whitham. The first program was run

using 128 grid points, At = 0.00001 and an initial solution given by
u(x,0) = 3A%sech? (%A(x -7+ 2)) : (6.14)
where A = 15. The program was then repeated for the double soliton solution given by
u(z,0) = 3A%sech? (%A(m — 7T+ 4)) + 3B%sech? (%B(I -7+ 3)) , (6.15)
where B = 10, and the triple soliton solution given by

u(x,0) = 3A%sech? (%A(x -7+ 4)) + 3B%sech? (%B(w -7+ 3))

1
+ 3C?sech® <§C’(x -7+ 2)> , (6.16)

where C' = 8. The results for the three cases are given in Figures 6.7, 6.8 and Figure

6.9 respectively.
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0 -3
Figure 6.7: Tappert’s split-step method for the periodic KdV equation with the single soliton initial

solution (6.14), solved using 128 grid points, At = 0.00001 and the FFT to approximate the spatial

derivatives.

Figure 6.8: Tappert’s split-step method for the periodic KAV equation with the double soliton initial
solution (6.15), solved using 128 grid points, At = 0.00001 and the FFT to approximate the spatial

derivatives.
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Figure 6.9: Tappert’s split-step method for the periodic KdV equation with the triple soliton initial
solution (6.16), solved using 128 grid points, At = 0.00001 and the FFT to approximate the spatial

derivatives.

The normalised numerical Euclidean norms are given in Table 6.3 for the initial
solution and every solution thereafter in time intervals of 0.003 up to the final solution
at time t = 0.030. The results show that the conservation of energy law, given by (6.9),
is satisfied exactly. In comparison to the one-step method of Fornberg and Whitham,
we conclude that the split-step approach yields more accurate results.

As with the first method, we now solve equation (6.1) using the split step approach of
Tappert, but using Toeplitz differentiation matrices, as opposed to the FF'T, to approx-
imate the spatial derivatives. The problem we consider is equation (6.1), with spatial
domain [—7, 7] and periodic boundary conditions. For step one we begin by rewriting

the equation u; + uu, = 0 in the form

and use the classical fourth-order Runge-Kutta formula and approximate the spatial
derivative using the Toeplitz differentiation matrix Dy given by (1.11).

For step two the solution is advanced using an implicit Crank-Nicolson formula given
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t Single Soliton | Double Soliton | Triple Soliton

0 1 1 1
0.003 1 1 1
0.006 1 1 1
0.009 1 1 1
0.012 1 1 1
0.015 1 1 1
0.018 1 1 1
0.021 1 1 1
0.024 1 1 1
0.027 1 1 1
0.030 1 1 1

Table 6.3: The normalised Euclidean norms of the numerical results, given by Figures 6.7, 6.8 and
Figure 6.9, for the periodic KdV equation, solved using Tappert’s split-step method with N = 128,
At = 0.00001 and the FFT to approximate the spatial derivatives.

by

At At At
u(zj, t+ At) =u (xj,t—l— 7) — (uxm(:cj,t + Al) + Ugyy (:z:j,t—i- 7)) )

The program was run using 128 grid points, At = 0.00001 and an initial solution given

by
u(z,0) = 3A%sech? (%A (x — 21 + 2)> , (6.17)

where A = 15, and the numerical output is given by Figure 6.10.

The normalised numerical Euclidean norms are given in Table 6.4, for the initial
solution and every solution thereafter in time intervals of 0.003 up to the final solution
at time ¢ = 0.030. The results show that the scheme satisfies the conservation of energy

law, given by (6.9), exactly.
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Figure 6.10: Tappert’s split-step method for the periodic KdV equation with the single soliton initial
solution (6.17), solved using 128 grid points, At = 0.00001 and Toeplitz differentiation matrices to

approximate the spatial derivatives.

t Single Soliton

0 1
0.003 1
0.006 1
0.009 1
0.012 1
0.015 1
0.018 1
0.021 1
0.024 1
0.027 1
0.030 1

Table 6.4: The normalised Euclidean norms of the numerical results, given by Figure 6.10, for the
periodic KdV equation, solved using Tappert’s split-step method with N = 128, At = 0.00001 and

Toeplitz differentiation matrices to approximate the spatial derivatives.
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An Alternative Approach to the Split-Step Method

In the split-step scheme, as proposed by Tappert [45], the first half-step was taken by
solving the nonlinear problem. Here we show that the order of the steps can be inverted
at no cost to the computation. Hence we advance the solution according to the linear
terms first. We do this because for some boundary value problems the imposition of the
boundary conditions is more difficult at one step than at the other.

To analyse this effect, we consider the third order nonlinear KdV equation, given by

(6.1), and consider the scheme as successfully solving the equations
Up + Uggz = 0, wp +utly =0,

where the solution of the former equation is used as the initial condition for the latter.
For completeness we repeat two of the examples. The first is the example, whose results
are given by Figure 6.7 and whose Fuclidean norms can be found in Table 6.3. The

program uses 128 grid points, At = 0.00001 and initial solution
2. 21
u(z,0) = 3A%sech §A(3: —T+2)), (6.18)

with A = 15. The first half advances the solution using only the linear term by means
of the FFT, and the second half advances the solution according to the nonlinear terms
using the classical fourth-order Runga-Kutta formula. The new results are given by
Figure 6.11 and the normalised Euclidean norms are given in Table 6.5. The results are
identical to those given in Table 6.3, achieved from the standard split-step approach.
We also repeat the example using the split-step method and the Toeplitz differen-
tiation matrices, whose results are given by Figure 6.10 and Table 6.4, but with the
order of the steps reversed. Hence the first step advances the solution according to the
linear terms using an implicit Crank-Nicolson formula, and the second step advances
the updated solution according to the nonlinear terms using the classical fourth-order
Runga-Kutta formula. The program was run using 128 grid points, At = 0.00001 and

initial solution given by
1
u(z,0) = 3A%sech? (§A(J: — 27 + 2)) : (6.19)

where A = 15, and the numerical output is given by Figure 6.12.
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Figure 6.11: Tappert’s split-step method, with the order of the steps reversed, for the periodic KdV
equation with the single soliton initial solution (6.18), solved using 128 grid points and At = 0.00001

and the FFT to approximate the spatial derivatives.

t Single Soliton

0 1
0.003 1
0.006 1
0.009 1
0.012 1
0.015 1
0.018 1
0.021 1
0.024 1
0.027 1
0.030 1

Table 6.5: The normalised Euclidean norms of the numerical results, given by Figure 6.11, for the
periodic KdV equation, solved using Tappert’s split-step method with the order of the steps reversed,
N =128, At = 0.00001 and the FFT to approximate the spatial derivatives.
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Figure 6.12: Tappert’s Split-Step method with the order of the steps swapped, for the periodic KdV
equation with the single soliton initial solution (6.19), solved using 128 grid points, At = 0.00001 and

Toeplitz differentiation matrices to approximate the spatial derivatives.

The normalised numerical Euclidean norms are given in Table 6.6, for the initial
solution and every solution thereafter in time intervals of 0.003, up to the final solution
at time ¢ = 0.030. This example also demonstrates that swapping the order of the steps
has no effect on the scheme, and using either approach the conservation of energy law
is exactly satisfied.

Before concluding this section, we remark that further approaches to the split-step
method can be employed. One such scheme, splits each time step At into three parts,

and can be considered as successfully solving the equations
U+ utly =0, U+ Ugee =0, up+uu, =0.

The first step, advances the solution a quarter of the time step according to the nonlinear
terms. The second step then uses the solution achieved from step one as the initial
condition, and advances it half of the time step using only the linear term. The final
step then advances the solution from the second stage, the remaining quarter time step
according to the nonlinear terms.

We will use this approach of swapping the order of the steps later, for solving some

two-point boundary value problems.
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t Single Soliton

0 1
0.003 1
0.006 1
0.009 1
0.012 1
0.015 1
0.018 1
0.021 1
0.024 1
0.027 1
0.030 1

Table 6.6: The normalised Euclidean norms of the numerical results, given by Figure 6.12 for the
periodic KdV equation, solved using Tappert’s split-step method with the order of the steps reversed,

N =128, At = 0.00001 and Toeplitz differentiation matrices to approximate the spatial derivatives.

6.1.3 Alternative Initial Conditions

In this section we consider once again the one-step method of Fornberg and Whitham,
and the split-step numerical scheme of Tappert for solving the periodic KdV equation,

given by (6.1), but with the imposition of a Gaussian type initial condition of the form
u(z,0) = 34%790-3) e o, I). (6.20)

for some constant A. To begin with, we repeat the one-step method of Section 6.1.1
solved using a leap-frog scheme in time, with the FFT approach to approximate the
spatial derivatives and then using the Toeplitz differentiation matrix approach for the
numerical approximation of the spatial derivatives (see Figures 6.1, 6.2, 6.3 and Figures
6.4, 6.5, 6.6 respectively).

All of the programs were run using N = 128 grid points and A = 15. The first
program using the FFT approach was run with At = 0.00001 and the second program
using the Toeplitz differentiation matrices was run using At = 0.000001. The results

are given in Figure 6.13 and Figure 6.14 respectively.
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These results were then compared to the split-step Fourier method of Tappert, de-
scribed in Section 6.1.2, and the programs using both the FFT (Figures 6.7, 6.8 and
Figure 6.9), and the Toeplitz differentiation matrix approach (Figure 6.10) were run
with the initial condition of the form (6.20). The results are given in Figure 6.15 and
Figure 6.16 respectively.

In all four examples, we see that as the initial solution begins to propagate, it im-
mediately splits and forms two soliton type solutions. The energy that remains forms a
trail of smaller dispersive waves. The soliton that is to the left is smaller in amplitude
to the wave to its right, and therefore travels slower. Both waves travel without losing
energy or changing in form. The wave whose amplitude is greatest collides with the
boundary first and then reappears from the opposing boundary. This behaviour is then
repeated by the second wave. When the two waves collide, the interaction is clean and
the waves continue to travel in the direction they were travelling before the collision.

The normalised Euclidean norms, calculated at time intervals of 0.005 up to the final

time of ¢ = 0.050 for all four programs, are given in Table 6.7.

=
o
o
o
=

—

Figure 6.13: Fornberg and Whitham’s one-step method for the periodic KdV equation with the ini-
tial condition u(z,0) = 3A42¢~10@=™" solved using 128 grid points, At = 0.00001 and the FFT to

approximate the spatial derivatives.
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Figure 6.14: Fornberg and Whitham’s one-step method for the periodic KdV equation with the initial
condition wu(z,0) = 3A2e_10(m_”)2, solved using 128 grid points, At = 0.000001 and Toeplitz differen-

tiation matrices to approximate the spatial derivatives.
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1000 p ﬁ\“\

Figure 6.15: Tappert’s split-step method for the periodic KdV equation with the initial condition
u(z,0) = 3A26*10I2, solved using 128 grid points, At = 0.00001 and the FFT to approximate the

spatial derivatives.
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Figure 6.16: Tappert’s split-step method for the periodic KdV equation with the initial condition
u(z,0) = 3A2e_10’”2, solved using 128 grid points, At = 0.00001 and Toeplitz differentiation matrices

to approximate the spatial derivatives.

The results show that the one-step method, using both the FF'T approach and the
Toeplitz differentiation matrix approach for the numerical approximation of the spatial
derivatives, achieves adequate results. In comparison, the results given in Table 6.7
for the two numerical schemes using the split-step method of Tappert, show that the
solution satisfies the conservation of energy law exactly.

We conclude this section by remarking that all of the periodic problems studied in

Section 6.1 using the split-step method, satisfy the conservation of energy law exactly.
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One-Step

Split-Step

t

FFT | Toeplitz

FFT | Toeplitz

0
0.005
0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045

0.050

1.0000 | 1.0000

1.0008 | 1.0000

0.9988 | 1.0000

0.9994 | 0.9999

0.9995 | 1.0000
0.9980 | 0.9997

1.0009 | 1.0000

1.0004 | 1.0000

0.9991 | 0.9999

1.0031 | 1.0000

1.0000 | 1.0001

1.0000 | 1.0000
1.0000 | 1.0000
1.0000 | 1.0000
1.0000 | 1.0000
1.0000 | 1.0000
1.0000 | 1.0000
1.0000 | 1.0000
1.0000 | 1.0000
1.0000 | 1.0000
1.0000 | 1.0000
1.0000 | 1.0000

Table 6.7: The normalised Euclidean norms of the numerical results, given by Figures 6.13, 6.14, 6.15

and Figure 6.16 for the periodic KdV equation with a Gaussian initial condition of the form (6.20),

solved using N = 128.

6.2 The Non-Periodic Problem

The focus of the remainder of the third order numerical results is on the imposition of

a variety of boundary conditions. All of the schemes presented will combine the split-

step approach outlined in the previous section for discretising the time variable, with

the methods developed in Chapter 5 for the linear boundary value problems for the

imposition of the boundary conditions.

6.2.1 Uncoupled Boundary Conditions

We begin by considering the third order nonlinear problem

Up + Uty + Uyyy = 0,

u(—L,t) =0,

221

u(y,0) =uoly), t>0, yel[-L,L],

w(L,t) =0, wuy(L,t)=0.



The spatial domain is transformed to [—1, 1] be letting x = y/L to give
1 1)3 — _ _
u + Tty + (1) Ugee =0,  u(z,0) =up(z), ¢t>0, ze[-1,1],
u(—1,t) =0, wu(l,t)=0, wu,(l,t)=0.

If we compare the results of this section with the results of the periodic problem, we
see that for the non-periodic problem, the solitary wave solutions travel without losing
energy until colliding with the boundary. After colliding with the boundary the waves
then start to lose energy and disperse. This can be easily proved by considering the
Euclidean norm for this problem. Equation (6.7), evaluated for € [—1, 1], reduces to
the following

1d 9 1,
—— =——u,(—1,1) <0,
S lu( DI = —5ul(-1,1) <0

proving that the problem is dispersive, with energy seeping away through the boundary.

Split-Step method

The split-step approach of Tappert is used to numerically model this problem, and all
three boundary conditions are imposed numerically at both stages of the step. For the

first step, the solution is advanced by using the nonlinear part of the equation

uy + —uu, =0,

L
and the boundary conditions u(+1,t) = 0 and u,(1,¢) = 0 are imposed using the

polynomial trick
u(z,t) = (1 —z)q(z,t), q(£1,t)=0. (6.21)

(This method of imposing the boundary conditions was described in detail in Section
5.1.1, for the third order linear ODE w,,,(x) = f(z) given by (5.2)).

So, given an initial condition u(x,0), ¢(z, 0) is computed according to equation (6.21),
and then the equivalent problem in ¢(x,0), with Dirichlet boundary conditions, is ad-
vanced in time using the classical fourth-order Runge-Kutta formula, given by (6.13).
The spatial derivatives are imposed using the Chebyshev differentiation matrix Dy,

defined by Theorem 1.2.1. The problem is formulated as follows

aet) = TR0 = 50— 0@l t), gL =0,
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The Runge-Kutta formula, given by (6.13), then implies

i1 (7,1) = gala,t) + % (@ +2(d? +d¥) +dV)

At At
1 _ 2o et 2

a® = Tz - S0 n@)te),

d? = at qn(x,t) + ld(l) 2 — ﬁ(1 —2) ( qu(z,t) + =dV 2
2L n Y 2 4L n ) . Y

d® = at Qn(z,t) + 1d(2) 2 — g(1 — ) | gu(2,t) + =d? 2
oL \ T T g AL " 2" )
At 2 At 2

Once ¢(z,t) is known at the appropriate time level, u(z,t) is trivially computed using
equation (6.21). This solution then becomes the initial solution that is advanced the

remaining half of the time-step according to the linear part of the equation

1 3
U + (z) Ugpx = 07

and the boundary conditions u(+1,t) = 0 and u,(1,¢) = 0. For the time derivative we

use an implicit Crank-Nicolson formula, which yields the following approximation:

At At At At
il A Atf) = — =0 =t =t
4L3umx(:v,t+ t) +u(z, t + At) 17 Yawe (:B,t+ 5 ) +u (x,t+ 5 ) ,

uw(El,t+At) =0 , wu(l,t+ At)=0.

This is a time independent problem, which can be solved by rewriting the problem in

terms of g(x,t) using (6.21) evaluated at ¢t + At, and adapting the method presented in

Section 5.1.1 for the imposition of the same boundary conditions on equation (5.2).
The program was run using 128 grid points, At = 0.00001, L = 7 and initial solution

given by
u(z,0) = 3A%sech? (%A(mr - 1)) : (6.22)

where A = 15. The numerical output is given by Figure 6.17(a), which is then rotated
to produce Figure 6.17(b).
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Figure 6.17: The non-periodic KdV equation with the boundary conditions u(+L,t) = 0 and
uy(L,t) = 0 and the single soliton initial solution (6.22), solved using Tappert’s split-step method
with N = 128 and A¢ = 0.00001.
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If we compare these results with the results of the periodic problem (Figures 6.1,
6.4, 6.7 and Figure 6.10) we see that the behaviour of the solitary wave is similar
until reaching the boundary. In the periodic case the soliton reaches the boundary and
emerges from the opposing boundary with the same amplitude and speed and continues
to travel in the same direction. In the non-periodic case (Figure 6.17) the soliton travels
with constant speed and amplitude until it reaches the boundary, at time ¢t = 0.0185,
and then it is reflected and it starts to lose energy and disperse.

The program was then repeated for the double soliton initial solution of the form
2 2 (1 2 2 (1
u(z,0) = 3A%sech §Ax7r + 3B“sech §B(x7r -1)), (6.23)

where A = 15 and B = 10, and the output is given by Figure 6.18(a), which is then
rotated to produce Figure 6.18(b).

If we compare these results to the periodic problem (Figures 6.2, 6.5 and Figure 6.8)
we see that for the non-periodic problem (Figure 6.18), both solitons travel without
losing energy until they collide with the boundary. After colliding with the boundary,
at time ¢ = 0.0255, the waves start to lose energy and disperse.

The single soliton solution collides with the boundary when ¢t = 0.0185, and the
numerical Euclidean norm calculations, given in Table 6.8, show that after the solution
is reflected back from the boundary, it continues to lose energy and disperse. This is
reflected both in the graphical output, given by Figure 6.17, and in the numerical norm
calculations, given in Table 6.8 at time intervals of ¢ = 0.005 up to ¢ = 0.100. Table
6.9 gives the normalised Fuclidean norm calculations for the single soliton solution for
the period 0.0150 < ¢t < 0.0200 within which the collision with the boundary occurs, in
time intervals of 0.0005.

Similarly, the double soliton initial solution travels uniformly until the collision with
the boundary at ¢ = 0.0255, and thereafter the Euclidean norm values decrease as the
solution disperses. Table 6.10 gives the normalised Euclidean norms for the double
soliton solution for the period 0.0230 < ¢ < 0.0280 within which the collision with the

boundary occurs.
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Figure 6.18: The non-periodic KdV equation with the boundary conditions u(+L,t) = 0 and
uy(L,t) = 0 and the double soliton initial solution (6.23), solved using Tappert’s split-step method
with N = 128 and A¢ = 0.00001.
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t Single Soliton | Double Soliton

0 1.0000 1.0000
0.005 1.0457 1.0111
0.010 1.1356 1.0391
0.015 1.3603 1.1005
0.020 1.5898 1.2269
0.025 1.2219 1.6562
0.030 1.1074 1.2972
0.035 1.0806 1.1532
0.040 1.0417 1.1309
0.045 0.9610 1.1327
0.050 0.8503 1.1227
0.055 0.7717 1.0892
0.060 0.7072 1.0025
0.065 0.6760 0.9013
0.070 0.6721 0.8605
0.075 0.5751 0.7765
0.080 0.5802 0.7501
0.085 0.5217 0.7237
0.090 0.5322 0.7321
0.095 0.5243 0.6515
0.100 0.4454 0.6686

Table 6.8: The normalised Euclidean norms for the non-periodic KdV equation, with the boundary
conditions u(£L,t) = 0 and u,(L,t) = 0, given by Figure 6.17 and Figure 6.18, solved using Tappert’s
split-step method with N = 128 and A¢ = 0.00001.
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t Single Soliton t Double Soliton
0.0150 1.3603 0.0230 1.4168
0.0155 1.4052 0.0235 1.4752
0.0160 1.4601 0.0240 1.5440
0.0165 1.5277 0.0245 1.6124
0.0170 1.6078 0.0250 1.6562
0.0175 1.6889 0.0255 1.6582
0.0180 1.7437 0.0260 1.6248
0.0185 1.7501 0.0265 1.5745
0.0190 1.7131 0.0270 1.5213
0.0195 1.6539 0.0275 1.4718
0.0200 1.5898 0.0280 1.4271

Table 6.9: The normalised FEuclidean Table 6.10: The normalised FEuclidean

norms for the non-periodic KdV equation
with the boundary conditions u(£L,t) = 0
and u,(L,t) = 0, given by Figure 6.17, for
the single soliton initial solution (6.22) and
the period 0.0150 < ¢ < 0.0200 including the

collision of the soliton with the boundary at

norms for the non-periodic KdV equation
with the boundary conditions u(£L,t) = 0
and u,(L,t) = 0, given by Figure 6.18, for
the double soliton initial solution (6.23) and
the period 0.0230 < ¢ < 0.0280 including the
collision with the boundary at ¢t = 0.0255.

t = 0.0185.

An Alternative Split-Step Method

We now consider the effect of swapping the order of the steps and advancing the solution
according to the linear terms first. Since the boundary conditions are imposed at each
half-step, we expect the swapping to have no effect, and this is indeed what we find.

The problem we consider is given by
wp + utty + Uy, =0, u(y,0) =ue(y), t>0, yel[-L, L],
uw(—L,t)=0, u(L,t)=0, wu,(L,t)=0.

We follow the example for the single soliton exactly, whose results are given by Figure

6.17, Table 6.8 and Table 6.9, but reverse the order of the steps. Hence the first step
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advances the solution according to the linear terms using an implicit Crank-Nicolson
scheme, and the second half advances the updated solution according to the nonlinear
terms, using the classical fourth-order Runge-Kutta scheme. The program was run using
128 grid points, At = 0.00001 and L = 7. The problem was transformed to the domain

[—1, 1], and the initial solution was given by
1
u(z,0) = 3A%sech? (§A(m - 1)) : (6.24)

where A = 15. The numerical output is given by Figure 6.19.

1000

Figure 6.19: The non-periodic KdV equation with the boundary conditions u(+L,t) = 0 and
uy(L,t) = 0 and the single soliton initial solution (6.24), solved using Tappert’s split-step method
with the order of the steps reversed, N = 128 and At = 0.00001.

The numerical calculations for the normalised Euclidean norms are given in Table
6.11 at time intervals of t = 0.005 up to ¢t = 0.100, and can be compared to the results
for the single soliton given in Table 6.8. Table 6.12 gives the values for the time period
0.0150 < t < 0.0200, including the collision of the soliton with the boundary at time
t = 0.0185, and can be compared to the results in Table 6.9.

If we compare the two schemes we conclude that preliminary results indicate that
swapping the steps appears to have very little effect on the dissipation of energy of the

solution.
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t Single Soliton

0 1.0000
0.005 1.0457
0.010 1.1356
0.015 1.3605
0.020 1.5947
0.025 1.2227
0.030 1.1076
0.035 1.0811
0.040 1.0423
0.045 0.9611
0.050 0.8513
0.055 0.7718
0.060 0.7076
0.065 0.6763
0.070 0.6716
0.075 0.5752
0.080 0.5803
0.085 0.5220
0.090 0.5324
0.095 0.5246
0.100 0.4454

Table 6.11: The normalised FEuclidean
norms of the numerical results, for the non-
periodic KdV equation with the boundary
conditions u(+L,t) = 0 and uy(L,t) = 0,
given by Figure 6.19, solved using Tappert’s
split-step method with the order of the steps
reversed, N = 128 and At = 0.00001.
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t Single Soliton
0.0150 1.3605
0.0155 1.4054
0.0160 1.4603
0.0165 1.5282
0.0170 1.6091
0.0175 1.6920
0.0180 1.7494
0.0185 1.7574
0.0190 1.7203
0.0195 1.6600
0.0200 1.5947

Table 6.12: The normalised FEuclidean
norms for the non-periodic KdV equation
with the boundary conditions u(+L,t) = 0
and u,(L,t) = 0, given by Figure 6.19, for
the single soliton initial solution (6.24) and
the period 0.0150 < ¢ < 0.0200 including the
collision of the soliton with the boundary at

t = 0.0185.



6.2.2 Non-Homogeneous Uncoupled Boundary Conditions

We now consider the third order nonlinear problem
wp + utty + Uy, =0, u(y,0) =ue(y), t>0, yel[-L, L],
w(—L,t)=a, u(L,t)=0>b, wu,(L,t)=c,

for some given smooth function ug(y) and constants a, b and c¢. Transforming the problem

to [—1, 1], by substituting x = y/L, gives
Uy + %uux + (%)3%” =0, u(z,0)=wuy(x), t>0, ze[-1,1], (6.25a)
uw(—1,t)=a, u(l,t)=>b, wu,(l,t)=Lc=d, (6.25b)

for some given smooth function ug(x) and constant d. This problem is solved numeri-
cally, using exactly the same approach that was used in Section 6.2, but the imposition
of the boundary conditions follows the method that was presented in Section 5.1.1 for
equation (5.4).

The first step is the advancement of the solution according to the nonlinear term. The
boundary conditions are imposed according to equation (5.5). The equivalent problem

in terms of ¢(x,t) is given by

w=—7 [l(x - 1(¢"), +a" +

h+ q.h + qh,
7 |2 qh + gz + qhse +

1 1
(@—1) (= 1)

2d — - 9
h@):(a—l—f b)x2+(b2a)x+(3b+i d)’

and ¢(£1,t) = 0. Given an initial condition u(z,0) we define g(x,0) (on the interior

u(z;)—h(z;)
(z;—1)

in time using the classical fourth-order Runge-Kutta formula (6.13). The resulting

hhx] ~ 1),

where

points) as q(z;) = , and following the standard procedure, advance the solution
solution u(z,t) is then used as the initial solution for the second half of the step and
advanced according to the linear term in equation (6.25a). A backward Euler scheme is
used and the boundary conditions imposed according to equation (5.5). The numerical
solution to this follows immediately from the general form of the problem solved in

Section 5.1.2.
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The first result, given by Figure 6.20(a) and rotated to produce Figure 6.20(b), was

obtained by imposing the initial condition

1 5
u(z,0) = 3A%sech? <§A (mr — 5)) : (6.26)
where A = 15, At = 0.00001, L = w and N = 128. The boundary conditions were
chosen with a = 0 and b = 0.1785, according to the exact values of (6.26) at the two
end points x = —1 and x = 1 respectively, and d = —8.4118 which is the exact value of

u(1,0). It follows that for the corresponding problem on [—L, L], ¢ = —2.6776.

The program was then repeated for the initial condition

1
u(z,0) = 3A%sech? (§A (xﬂ + g)) ; (6.27)

with the boundary conditions given by a = 0.1785, b = 0 and d = 0. The numerical
output is given by Figure 6.21(a), which was then rotated to produce Figure 6.21(b).
The normalised Euclidean norms for both examples, are given in Table 6.13. The
results demonstrate the dispersive nature of the solution, with similar behaviour to the
initial solution of the equivalent homogeneous problem (Figure 6.17, Table 6.8).
The particular choice of a, b and ¢ was motivated by the initial condition. To analyse

the example in greater detail, we examine the Euclidean norm given by

2 1 2 1 3 g
HU(y, t)HQ = §uy = Ulyy — gu . (628)
—L

1d

2dt
Imposing the boundary conditions u(—L,t) = a, u(L,t) = b and u,(L,t) = ¢ reduces
(6.28) to the following

1d

1 1 1 1
5 dtHU(?Jyt)Hg = 502 — buy, (L, t) — 353 - §U§(—L,t) + aty, (=L, t) + §a3.
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Figure 6.20: The non-periodic KdV equation with the boundary conditions w(—L,t) = 0, u(L,t) =

0.1785 and wu,(L,t) = —2.6776 with the single soliton initial solution (6.26), solved using Tappert’s
split-step method with N = 128 and At = 0.00001.
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Figure 6.21: The non-periodic KdV equation with the boundary conditions uw(—L,t) = 0.1785,

u(L,t) = 0 and w,(L,t) = 0 with the single soliton initial solution (6.27), solved using Tappert’s
Yy

split-step method with N = 128 and At = 0.00001.
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Single Soliton

t a=0,b=0.1785,c=—-2.6776 | a =0.1785,0=0,c=0

0 1.0000 1.0000
0.005 1.3469 0.8643
0.010 0.9314 0.7988
0.015 0.7950 0.7616
0.020 0.7423 0.7406
0.025 0.7215 0.7316
0.030 0.6803 0.7330
0.035 0.6289 0.7462
0.040 0.5886 0.7760
0.045 0.5639 0.8366
0.050 0.5161 0.9875
0.055 0.4644 1.0943
0.060 0.4582 0.8308
0.065 0.4297 0.7326
0.070 0.3976 0.6910
0.075 0.3796 0.6664
0.080 0.3942 0.6280
0.085 0.3417 0.6177
0.090 0.3400 0.5600
0.095 0.3346 0.5445
0.100 0.3095 0.5017

Table 6.13: The normalised Euclidean norms of the numerical results for the non-periodic KdV equa-
tion with the boundary conditions u(—L,t) = a, u(L,t) = b and u,(L,t) = ¢, given by Figure 6.20 and
Figure 6.21, solved using Tappert’s split-step method with N = 128 and At = 0.00001.
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The particular boundary conditions chosen according to the initial solution (6.26),
generalise to the case where a =0, b > 0 and ¢ < 0. Hence for this example

1d
2dt

1 1 1
[u(y, )5 = 502 — buy,(L,1) — 553 - 5%2,(—L,t)-

Similarly, the particular boundary conditions chosen according to the initial solution
(6.27), generalise to the case where a > 0, b =0 and ¢ = 0. Hence

1d , 1, 1,
5&““(%@”2 = _§Uy<_L7t) + auy, (=L, t) + 3

Given we do not know the signs of w,, (£L,t) or u,(—L,t) we cannot predict for either
example how the wave should evolve, but the numerical investigation for both cases

indicates strongly that the problems are dispersive in nature.

If we consider again equation (6.28), we see that the problematic terms in analysing

the sign of < ||u(y,t)||3 are primarily those involving wu,,(+L,t). However, even if
a =b =0 then

1d , 1, 1,

5&““(%15”’2 =3¢~ §uy(_L7t>7

1d

and we could still not conclude anything about 35||u(y,t)|[3 unless we knew how the

value of ju2(—L,t) compared to the value of c.

6.2.3 Non-Homogeneous Time-Dependent Uncoupled

Boundary Conditions
We now consider the following third order nonlinear problem
U + Ully + Uyyy =0, u(y,0) =ue(y), t>0, yel[-1,1],
uw(—1,t) = f(t), u(l,t)=0, wu,(l,t)=0,

where f(t) is a prescribed time-dependent function. For the first half of the split-step

procedure, the boundary conditions are imposed using the following polynomial trick

up.t) = 50— alyt), gD =0, a(~L1)= 7).

The equivalent problem in terms of ¢(y,t) is therefore given by

0y, 1) = == 9)(@)y (.0 + 500 1) = Fla,1).
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Wl 1<j<N -1

Given an initial condition u(y;,0), 0 < j < N, define ¢(y;,0) =

Y

The standard fourth order Runge-Kutta formulae, given by (6.13), is used to advance

the solution half of the time-step:

At At At
dV = - @) =—=(1 —y)(qg2)y + T q
At d® At 1 2 At 1 2
@ _ Bl L0\ 2ty Lo at L)
d 2f(qn+ 2) 8( y)(qn+2d >y+ n (qn+2d ) :
At d® At 1 2 At 1 2
@ _ Bt (. a7\ _ At Lo at L)
d 2f(qn+2) 8(1 y)(qn+2d >+4<qn+2d ) :

Yy

At . At 2 At 2
Y = == f(gn+d¥) = === y) (gu +d¥), + - (g +d7)"

Therefore

At At
q(yj,t—i—?) = {O; q(yj,t+7); f(t)} , I<j<N-1,

and thus

At 1 At )
U(ypﬂ'?) :Q(l—yj)q (ypt*—?) , 0<j<N.

To advance the solution the remaining half of the time step a Backward Euler formula

is used:

2 2 At
Uyyy (Yj,t + At) + Eu(yj’t + At) = i <yj7t + 7) :

where

u(—=1,t+At) = f(t), w(l,t+At)=0, wu,(l,t+At)=0.
The boundary conditions are imposed by letting

o t+80) = (3 = Dt + 80+ 50 (2= L+ 1)
where ¢(£1,t) = 0. Hence

2
(yj - 1>nyy (yj7t+ At) + 3qyy (yjat + At) + E(yj —1)q (yj,t + At)
2 yi oy 1\ 2 At
+Atf(t)<4 2+4 — A y”’t+2 '
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This equation is solved for ¢ (y;,t + At) using the formula
q(yj,t +At) = L7 f,

where

2
At

2 At 2 iy 1
f—KtU(yyat+7)—th(t)(4 5> T1)-

The solution u (y;,t + At) is therefore given by

L = diag(y; — 1)D3, + 3D% + —diag(y; — 1)DY,

2
u(y;, t + At) = (y; — Da(y;, t + At) <Z] - EJ + 71) :

The spatial domain was discretised by 128 grid points, a time step At = 0.00001 was

used along with f(¢) = sin(¢) and the initial solution was taken to be

u(y,0) = 3A%sech® <%Ay> , (6.29)

where A = 15. The output obtained is given by Figure 6.22(a), which is then rotated
and presented for time up to ¢ = 0.025 only, to produce Figure 6.22(b).

The normalised numerical Euclidean norms were calculated at every time interval,
and Table 6.14 shows the values obtained starting with the initial solution, and thereafter
in time intervals of ¢ = 0.005.

If we consider the formula for the Euclidean norm, given by (6.7) for the domain
[—1,1], then the boundary conditions u(—1,t) = sin(¢), u(1,¢) = 0 and u,(1,t) = 0

reduce equation (6.7) to the following

1d

1 1
- 2 __ a2 : - T 3
Sl DI = —5u3 (—18) + sin()uy, (—1,1) + 5 (sin(t))°,

and therefore, with just the knowledge of the boundary conditions, we cannot conclude
anything about the sign of &|lu(y,t)|[3. However, the numerical analysis shows the

problem to be highly dispersive in nature.
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Figure 6.22: The non-periodic KdV equation with the time-dependent boundary conditions u(—1,t) =
sin(t), u(1,t) = 0 and uy(1,t) = 0 and the initial solution (6.29), solved using Tappert’s split-step
method with N = 128 and At = 0.00001.
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t Single Soliton

0 1.0000
0.005 1.0875
0.010 1.1426
0.015 0.9268
0.020 0.7717
0.025 0.5755

0.030 0.5881

0.035 0.4148
0.040 0.4114
0.045 0.3748
0.050 0.3328
0.055 0.2973
0.060 0.2681
0.065 0.2438
0.070 0.2235
0.075 0.2062

0.080 0.1914

0.085 0.1785
0.090 0.1673
0.095 0.1573
0.100 0.1485

Table 6.14: The normalised Euclidean norms of the numerical results for the non-periodic KdV equa-
tion with the time-dependent boundary conditions u(—1,t) = sin(t), u(1,¢) = 0 and wu,(1,t) = 0, given
by Figure 6.22, solved using Tappert’s split-step method with N = 128 and At = 0.00001.
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6.2.4 Coupled Boundary Conditions

We now construct a numerical method for approximating the solution of the KdV equa-

tion with coupled boundary conditions. The problem that we consider is given by
ut+uuy+uyyy20) u(y70) :Uo(y)> t>07 [_L7L]7
u(—L,t) =0, wu(L,t)=0, uy(L,t)=au,(—L,t).

This problem was considered in Section 3.2.4 where it was explained that « can take any
value. It is the most difficult of the examples examined in terms of numerical modelling.

The split-step method of Tappert is used to solve this problem, and the imposition
of the coupled boundary condition is restricted to the linear step. Hence at each time
level, the solution is advanced according to the nonlinear terms of the equation, but
only the Dirichlet boundary conditions are imposed. The solution that then results is
treated as the initial solution for the advancement of the solution the final half of the
step according to the linear terms, and all three boundary conditions are imposed. We
therefore anticipate a lack of accuracy from this scheme.

The problem is transformed to [—1, 1] by letting z = y/L to give
Uy + %UUI + (%)3 Ugre = Oa u(l‘, 0) = UO(I') ’ t> 07 [_1’ 1] ’ (630&)
uw(—=1,t) =0, u(l,t)=0, wu.(l,t)=cau,(-1,1). (6.30b)

For the first half of the step, the fourth-order Runge-Kutta formula is applied to u(z, 0),

defined on the interior grid points of the interval [—1, 1], according to the formula

U1 (7, 1) = un(, 1) + é (dP 42 (d? +d¥) +dV)

where

At

a0 = A (2),

d? = _at un(x t)—i—ld(l) 2
4 n Y 2 . Y

d® = _at Up (x t)+ld(2) 2
4L n Y 2 N )
At

W = 1 (un(z,t) + d(g))i .



This achieves the solution u (a:,t + %) The solution is advanced the remaining half

of the time step using the linear part of the equation and a Backward Euler scheme,

1\3
Uy + (z) Ugge = 0.

Advancing the solution half a time-step, implies that

(D?V+L3 (é) D%)u(x,t%—At) =L <%)u<x,t+%> .

Hence, the problem to be solved is of the form

according to the equation

2
(D?erLg (E)D?Quj—fj, 0<j<N,

where u; = u(z;,¢t + At) and f; = L3 (%) U (:ch,t + %) The procedure for imposing
all three boundary conditions, follows identically the method applied to equation (5.6),
by replacing D% with (D3 + L? (%) D%). This achieves the solution u(z,¢ + At).
The analysis of the Euclidean norm yields expression (3.44), evaluated for the domain
[—L, L], and shows that the stability of the solution u(x,t) depends on the value of the

constant a:
e |a| > 1 = the energy of the solution u(z,t) grows as t — oo,
e a=1 = the energy of the solution u(x,t) is conserved as t — oo,
e || <1 = the energy of the solution u(z,t) is dispersed as t — oo.

The program was run using 128 grid points and a time-step of At = 0.00001. The initial

soliton solution, given by
2 21
u(z,0) = 3A%sech (EA([MT — 1)) : (6.31)

where A = 15, was used in all cases and the results plotted on the domain [—7, 7|. The
outputs, for different values of o, are given by Figures 6.23, 6.24, 6.25 and Figure 6.26.
The normalised Euclidean norms, for all the cases, are given in Table 6.15, for time

increments of 0.005 up to the time ¢ = 0.070.
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Figure 6.23: The non-periodic KdV equation with initial solution (6.31) and the coupled boundary
conditions (6.30b) with o = —2, solved using Tappert’s split-step method with N = 128 and At =
0.00001. The soliton reaches the boundary when ¢ = 0.0195.
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Figure 6.24: The non-periodic KdV equation with initial solution (6.31) and the coupled boundary
conditions (6.30b) with o = 0, solved using Tappert’s split-step method with N = 128 and At =
0.00001. The soliton reaches the boundary when ¢ = 0.0185.
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Figure 6.25: The non-periodic KdV equation with initial solution (6.31) and the coupled boundary
conditions (6.30b) with @ = 1, solved using Tappert’s split-step method with N = 256 and At =
0.000005. The soliton reaches the boundary when ¢ = 0.0185.

Figure 6.26: The non-periodic KdV equation with initial solution (6.31) and the coupled boundary
conditions (6.30b) with a = 2, solved using Tappert’s split-step method with N = 128 and At =
0.00001. The soliton reaches the boundary when ¢ = 0.0190.
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t a=-2|a=0|a=1]| a=2

0 1.0000 | 1.0000 | 1.0000 | 1.0000
0.005 || 1.1189 | 1.0312 | 1.0380 | 1.0628
0.010 || 1.1429 | 1.1022 | 1.1179 | 1.1786
0.015 || 1.2877 | 1.2825 | 1.3182 | 1.2954
0.020 || 1.5816 | 1.4981 | 1.5361 | 1.5112
0.025 || 1.1281 | 1.0940 | 1.1490 | 1.1827
0.030 || 1.0206 | 0.9583 | 1.0212 | 1.0228
0.035 || 0.9760 | 0.9048 | 0.9943 | 1.0623
0.040 || 1.2215 | 0.8639 | 0.9975 | 1.1312
0.045 || 1.2089 | 0.8071 | 0.9934 | 1.1855
0.050 || 1.3162 | 0.7908 | 1.0293 | 1.3926
0.055 || 1.3996 | 0.7074 | 1.0226 | 1.3528
0.060 || 1.4683 | 0.6809 | 1.0214 | 1.6641
0.065 || 1.5837 | 0.6344 | 0.9425 | 1.6473
0.070 || 1.7094 | 0.5807 | 1.0109 | 1.7304

Table 6.15: The normalised Euclidean norms of the numerical results for the non-periodic KdV equa-
tion with the single soliton initial solution (6.31) and the coupled boundary conditions u(£1,¢) = 0
and u.(1,t) = au,(—1,t), given by Figures 6.23, 6.24, 6.25 and Figure 6.26, solved using Tappert’s
split-step method.

The program was then repeated under the same conditions, but with the double

soliton initial solution of the form
2 o (1 2 9 (1
u(z,0) = 3A%sech §Ax7r + 3B%sech §B(m7r -1, (6.32)

where A = 15 and B = 10. The outputs are given by Figures 6.27, 6.28, 6.29 and Figure

6.30 and the numerical normalised Euclidean norms are tabulated in Table 6.16.
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Figure 6.27: The non-periodic KdV equation with initial solution (6.32) and the coupled boundary
conditions (6.30b) with o = —2, solved using Tappert’s split-step method with N = 128 and At =
0.00001. The solitons first collide when ¢ = 0.0120 and then collide with the boundary when ¢ = 0.0255.
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Figure 6.28: The non-periodic KdV equation with initial solution (6.32) and the coupled boundary
conditions (6.30b) with o = 0, solved using Tappert’s split-step method with N = 128 and At =
0.00001. The solitons first collide when ¢ & 0.0120 and then collide with the boundary when t & 0.0255.
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Figure 6.29: The non-periodic KdV equation with initial solution (6.32) and the coupled boundary

conditions (6.30b) with @ = 1, solved using Tappert’s split-step method with N = 256 and At =

0.000005. The solitons first collide when ¢ &= 0.0120 and then collide with the boundary when ¢ = 0.0255.
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Figure 6.30: The non-periodic KdV equation with initial solution (6.32) and the coupled boundary

conditions (6.30b) with a = 2, solved using Tappert’s split-step method with N = 128 and At =

0.00001. The solitons first collide when ¢ = 0.0120 and then collide with the boundary when t = 0.0260.
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t a=-2|a=0|a=1]| a=2

0 1.0000 | 1.0000 | 1.0000 | 1.0000
0.005 || 1.0033 | 1.0004 | 1.0049 | 1.0058
0.010 || 1.0267 | 1.0198 | 1.0282 | 1.0256
0.015 || 1.0752 | 1.0736 | 1.0854 | 1.0795
0.020 || 1.1763 | 1.1756 | 1.1979 | 1.1767
0.025 || 1.5182 | 1.5184 | 1.5820 | 1.5148
0.030 || 1.2036 | 1.2007 | 1.2413 | 1.2057
0.035 || 1.0410 | 1.0097 | 1.0685 | 1.0033
0.040 || 0.9894 | 0.9512 | 1.0274 | 0.9565
0.045 || 1.0095 | 0.9550 | 1.0600 | 1.0040
0.050 || 1.1485 | 0.9737 | 1.1115 | 1.0690
0.055 || 1.1776 | 0.9340 | 1.0668 | 1.1939
0.060 || 1.1604 | 0.8836 | 1.0657 | 1.2783
0.065 || 1.2678 | 0.8173 | 1.0201 | 1.3533
0.070 || 1.3998 | 0.7477 | 1.0403 | 1.4246
0.075 || 1.5278 | 0.7085 | 0.9640 | 1.4112
0.080 || 1.4182 | 0.6862 | 0.9540 | 1.8814
0.085 || 2.0672 | 0.6398 | 0.9961 | 1.8692
0.090 || 2.1647 | 0.6447 | 0.9348 | 4.6602

Table 6.16: The normalised Euclidean norms of the numerical results for the non-periodic KdV equa-
tion with the double soliton initial solution (6.32) and the coupled boundary conditions u(£1,%) =0
and u;(1,t) = au,(—1,t), given by Figures 6.27, 6.28, 6.29 and Figure 6.30, solved using Tappert’s

split-step method.

The cases where o = 0, correspond directly to the problem with boundary conditions
w(xL,t) = 0 and w,(L,t) = 0 studied earlier, and the outputs given by Figure 6.24
and Figure 6.28 can be compared to Figure 6.17 and Figure 6.18 respectively. The
normalised Euclidean norms for o« = 0, in Table 6.15 and Table 6.16, correspond to
the general case where |a| < 1, and demonstrate the dissipative nature of the solution

under this condition. The single soliton travels uniformly until reaching the boundary at
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time t = 0.0185, and thereafter continues to lose energy and disperse. The results show
that the Euclidean norm increases in value up until the collision with the boundary.
The double solitons travel with constant speed and direction, pass through each others
path at time ¢ = 0.0120 and continue to travel uniformly, with increasing Euclidean
norms, until the collision with the boundary at time ¢t = 0.0260. The collisions with the
boundaries occur at exactly the same times for the equivalent programs with outputs
given by Figure 6.17 and Figure 6.18 and coincide, for all cases, with the value of the
Euclidean norm being at its maximum. For both the single and double soliton solutions,
after the collision with the boundary the energy is gradually dispersed.

If we compare the results for a = 0 in Table 6.15 and Table 6.16, with the numerical
results given in Table 6.8, we see that the rate of dispersion is greater from this scheme
that uses the Backward Euler approach for the linear half of the time-step. The results
shown in Table 6.8, were obtained from applying the split-step method with a Crank-
Nicolson scheme for advancing the solution according to the linear terms.

When o = 1, the boundary conditions are u(—L,t) = u(L,t) = 0 and u,(—L,t) =
uy,(L,t), and are very nearly periodic. However, they are not periodic and it is this
crucial difference that makes this a much harder problem to treat numerically. Figure
6.25 and Figure 6.29, along with the norm calculations, confirm the conservative nature
of the solution. In both cases, for the single and double soliton initial solutions, the
program was run using 256 grid points and At = 0.000005. The norm values increase
up until the collision of the solutions with the boundary, indicating an increase in energy.
For the single soliton, given by (6.31), this collision occurs when ¢ & 0.0185, and for the
double soliton solution, given by (6.32), the collision with the boundary occurs when
t &= 0.0255. After the collision, the values decrease slightly but stay consistently close
to 1, sufficiently satisfying the conservation of energy law, given by (6.9).

When || > 1, the numerical calculations for @« = —2 and o = 2, demonstrate the
increasing energy of the wave and the instability of the schemes. For the single soliton
solution, the numerical results for &« = —2 and a = 2 become unstable for ¢ > 0.070.
Similarly, for the double soliton, the solution blows-up by the time ¢ = 0.095 for both
a = +2. We stress once again that the inaccuracy of the scheme is due to the imposition

of only the Dirichlet boundary conditions for the first nonlinear step.
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Chapter 7

Conclusions and Further Work

This work started from the initial idea of a study of the behaviour of the solutions of
the KAV equation on a bounded domain. However, it quickly became clear that first
of all it was necessary to acquire a detailed knowledge of the solution of the linearised
problem, subject to a variety of boundary conditions.

Although these are classical problems and many second order examples are exten-
sively treated in the literature, the classical methods are not naturally or easily gener-
alisable to higher order, and in particular to odd order problems. We were led to their
investigation (or re-investigation) because of the appearance of a new method for their
study, due to Fokas, which offered an alternative way to consider them, as well as an
alternative, integral representation of their solution, valid in general.

The research therefore naturally split into two parts: the analysis of the solution
of the two-point boundary value problems for linear evolution PDEs, using the new
method of Fokas and comparing it with the available classical results, and the problem
of the numerical imposition of boundary conditions for linear and integrable nonlinear
evolution PDEs. In particular, interesting results were obtained for third order problems,
which paved the way for the numerical treatment of the KdV equation on a finite domain.

For second order two-point boundary value problems, it has been shown that, in
agreement with classical theory, the method can be used to derive the infinite series
representation of the solution, which always exists. This series solution can be achieved
in two ways. Firstly, the algorithmic construction of the solution, and the analysis of
the system of global relations, yields the appropriate basis of eigenfunctions. Using

additional information on this basis, coming from classical functional analysis, one then
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obtains the solution as an infinite series. Alternatively, the contours of integration, in
the integral representation of the solution, can be deformed to the real line. During this
process one acquires a series term due to the explicit computation of the residues at the
zeros of a certain function A(k), which is always a linear combination of exponential
functions.

For third order problems the integral representation of the solution is only equivalent
to an infinite discrete series, in the cases for which the boundary conditions couple the
two end points of the interval. This has been illustrated for the simple case in which
the boundary conditions are periodic, quasi-periodic and also for a more general case
of coupled boundary conditions. It has been shown how in general, the derivation of
the solution representation depends on the location in the complex k-plane of the zeros
of the determinant function A(k). For uncoupled boundary conditions, we showed that
it is not possible to deform the integral representation of the solution to an infinite
series. However, this integral representation of the solution can alternatively be written
as the sum of an integral term along the real line and a complex contour in the upper
half complex k-plane, and a series term due to the explicit computation of the residue
contributions at the zeros that lie in the lower half complex k-plane.

Finally, we studied, in some detail, the spectral representation of two-point boundary
value problems for fourth order linear evolution PDEs. The examples presented illustrate
the two classes of problems that arise in the case of a fourth order differential operator,
characterised by whether or not the operator is self-adjoint. It has been shown that
regardless of whether or not the boundary conditions give rise to a self-adjoint operator,
the Fokas transform method can be used to achieve the solution as an infinite discrete
series.

In summary, the only cases presented, for which the Fokas transform method fails to
achieve a series representation of the solution, are the third order problems, for which
the boundary conditions are uncoupled. Of all the cases considered, these are the only
ones for which the classical theory does not have a positive answer: there are to our
knowledge no results implying that such a series representation must exist. In all other
cases the method presents a fast and efficient algorithmic approach, for the derivation
of the integral representation of the solution, involving complex contours of integration,

along with the infinite discrete series representation of the solution.
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As a final result, it has been proven that the effective discrete spectrum of a PDE
boundary value problem, defined as the set of zeros of the determinant function A(k),
coincides with the classical discrete spectrum of the operator associated with the PDE,
equipped with the same boundary conditions. A general result regarding the location
in the complex k-plane of the zeros of the determinant function A(k), has also been
addressed, and generalised for the n** order case.

The secondary interest of the research presented has been the construction of nu-
merical schemes, using spectral methods, for modelling two-point linear and nonlinear
boundary value problems. In particular, we focused on the KdV equation since in this
case, due to a lack of symmetry, it is more difficult to impose boundary conditions and
we had to adopt a series of tricks to do so.

For third and fourth order linear ODE boundary value problems, the primary inter-
est of the numerical schemes has been on the explicit imposition of a wide variety of
boundary conditions, using either a simple polynomial trick, or via the manipulation of
the specific rows and columns of the Chebyshev differentiation matrices. This approach
is very versatile and all of the schemes that have been presented can be adapted to
accommodate a wide variety of boundary conditions, that have not been discussed in
this work. For the fourth order linear ODE boundary value problems, the work follows
closely the approach outlined by Weideman [51].

This approach for the imposition of the boundary conditions is not the only method
that can be used, and we have also discussed the implicit imposition of boundary con-
ditions by means of discrete numerical transforms. The examples of the discrete sine
transform and the discrete cosine transform have been presented, and in the case of
Dirichlet or Neumann boundary conditions, this alternative approach offers a fast and
efficient method for solving boundary value problems. Indeed, it is clear that if the
boundary conditions are periodic, Dirichlet or Neumann in form, then they can be im-
plicitly imposed by using the discrete Fourier, sine or cosine transforms respectively. It
is natural then to seek transforms that can be used to impose implicitly more general
boundary conditions. Since the method of Fokas, used in this work, yields constructively
the appropriate eigenfunction basis, it is possible that this kind of approach will yield an
alternative numerical way to solve boundary value problems, by using first appropriate

approximation techniques for the eigenvalues (that cannot be computed exactly).
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Another direction of investigation, departing from the usual series representation
starting point, is the idea of the direct numerical evaluation of the integral representation
which, we stress once more, can always be derived. Preliminary results in this direction
are very promising, and we intend to consider this possibility further for the case of the

boundary value problem analysed in this work.
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